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PREFACE TO FIFTH EDITION 


For this edition the type has been re-set and new diagrams have 
been made. The opportunity has been used to re-write several 
sections of the book. Those on properties of materials and 
fundamental statics have been curtailed and others relating to 
later developments of stress analysis have been added. In parti- 
cular, room has been found for an introduction to the methods of 
moment distribution, tension coefficients, the Williott-Mohr 
deflection diagram, wider use of elastic strain energy methods and 
a fuller treatment of reinforced concrete. 

In the preparation of the diagrams I have had the assistance of 
Mr. G. F. Rodmell, M.I.Struct.E., to whom I am indebted for the 
design in Plate I. For this and for his valued co-operation in 
several sections I here express my thanks. 

A. M. 

Bath, 

1948 . 
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PREFACE 


introduction to the larger treatises. Students are apt to forget how 
many stress computations in structural design are necessarily of a 
conventional nature, and the attempt has been made to point out 
when this is specially the case. In some instances more exact 
estimates have been made to indicate the nature and degree of 
possible error involved by conventional assumptions. 

Fairly free use has been made of influence lines, which form such 
clear and instructive means of understanding the stresses arising 
from moving loads. 

The practical design of structures involves so much outside of 
what may reasonably be called theory that it can only be thoroughly 
learned in the drawing office, but a few examples have been included 
to illustrate the application of the theory to practice. 

Reinforced concrete structures are becoming so important as to 
demand a complete volume for their treatment, and no attempt has 
been made to deal with this subject except incidentally as an example 
of a beam of composite cross-section. 

I take this opportunity of thanking numerous friends who have 
generously assisted me in reading proofs, preparation of designs or 
diagrams, and checking examples; particularly Messrs. S. W. Budd, 
R. T. McCallum, B.Sc., and W. N. Tbomas, B.Sc. I also thank 
Sir Wm. Arrol & Co., Ltd., Messrs. Dorman Long & Co., Ltd., and 
Messrs. R. A. Skelton & Co., for the use of tables, diagrams, and 
technical information; and Mr. H. S. Prichard for much informa- 
tion regarding American practice relating to the treatment of live 
loads. 

I should be grateful for intimation of any errors which readers may 
observe in the book. 

ARTHUR MORLEY. 

University College, 

Nothnoham. 

Afril, 1912 . 
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THEORY OF STRUCTURES 


CHAPTER I 

STRESS AND STRAIN 

1. Introductory. The subject generally known as the Theory oj 
Structures or Mechanics of Structures includes the study of the forces 
carried by structures and by the individual members of structures. 
It is largely an application of the subject of statics, but frequently the 
complexity of a structure or the uncertainty of the conditions of 
loading prevent anything like an exact mathematical analysis of the 
stresses, and assumptions have to be made which it is necessary to 
test by experiment and practical experience. It is important to 
realise the limits of much of our theory and the extent to which stress 
computations arc frequently quite conventional rather than repre- 
senting an actual physical state; e.g. the maximum intensity of stress 
in a flat bar axially pulled is not known within wide limits if the bar 
is perforated by a single hole. 

The mechanics of structures is fundamental to structural design, 
but successful design involves commercial questions, such as cost 
and durability, which are not treated as theory, and which cannot 
well be taken into account except as the result of practical experi- 
ence. 

The “ Theory of Structures ” is closely related to the subject of 
the “ Strength of Materials,” and any boundary between the two is 
necessarily an arbitrary one. “ Strength of Materials ” has been 
treated in a separate volume, but to make this book serviceable to 
the reader who is concerned with structures only and not with 
machines, sufficient of the theory of stresses and strains in single 
pieces has been included to make it complete in itself. 

2. Stress. The equal and opposite action and reaction which take 
place between two bodies, or two parts of the same body, transmit- 
ting forces constitute a stress. If we imagine a body which transmits 
a force to be divided into two parts by an ideal surface, and inter- 
action takes place across this surface, the material there is said to be 
stressed or in a state of stress. The constituent forces, and therefore 
the stress itself, are distributed over the separating surface either 
uniformly or in some other manner. The intensity of the stress at a 
surface, generally referred to with less exactness as merely the stress, 
is estimated by the force transmitted per unit of area in the case of 

fi 
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uniform distribution; if the distribution is not uniform, the stress 
intensity at a point in the surface must be looked upon as the limit 
of the ratio of units of force to units of area when each is decreased 
indefinitely. The intensity of stress is also sometimes called the 
unit stress. 

3, Simple Stresses. There are two specially simple states of stress 
which may exist within a body. More complex stresses may be 
split into component parts. 

(1) Tensile stress between two parts of a body exists when each 
draws the other towards itself. The simplest example of material 
subject to tensile stress is that of a tie-bar sustaining a pulL If the 


\ 


Fio. 1 

pull on the tie-bar is say P lb., and we consider any imaginary plane 
of section X perpendicular to the axis of the bar, of area a sq. 
in., dividing the bar into two parts A and B (Fig. 1), the material 
at the section X is under a tensile stress. The portion B, say, exerts 
a pull on the portion A which just balances P, and is therefore equal 
and opposite to it. The average force exerted per square inch of 
section is 

/7=P/a 

and this value p is the mean intensity of tensile stress at this section. 

(2) Compressive stress between two parts of a body exists when 
each pushes the other from it. 


Fig. 2 

If a bar (Fig. 2) sustains an axial thrust of P tons at each end, at a 
transverse section X of area a sq. in., dividing the bar into two 
parts A and B, the material is under compressive stress. The 
portion A, say, exerts a push on the portion B equal and opposite 
to that on the far end of B. The average force per square inch of 
section is 

p = Pla 

and this value p is the mean intensity of compressive stress at the 
section X. 
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Shear stress exists between two parts of a body in contact when 
the two parts exert equal and opposite forces on each other laterally 
in a direction tangential to their surface of contact. As an example, 
there is a shear stress at the section XY of a pin or rivet (Fig. 3) 
when the two plates which it holds together sustain a pull P in the 
plane of the section XY. If the area of section XY is a sq. in., 
and the pull is P tons, the total shear at the section XY is P tons, 
and the average force per square inch is 

q='Pla 

This value q is the mean intensity of shear stress at the section XY. 

4. Strain. Strain is the alteration of shape or dimensions result- 
ing from stress. 

(1) Tensile strain is the stretch, and often results from a pull 
which causes a condition of tensile stress to be set up. It is in the 
direction of the tensile stress, and is measured by the fractional 



Fig. 3 


elongation. Thus, if a length / units is increased to 1+51, the 
strain is 

6/// 

The strain is obviously equal numerically to the stretch per unit of 
length. 

(2) Compressive strain is the contraction which is often due to 
compressive stress, and is measured by the ratio of the contraction 
to the original length. If a length / contracts to 1—51, the com- 
pressive strain is 

5111 

Tensile stress causes a contraction perpendicular to its own direc- 
tion, and compressive stress causes an elongation perpendicular to 
its own direction. 

(3) Distortional or shear strain is the angular displacement pro- 
duced by shear stress. If a piece of material be subjected to a pure 
shear stress in a certain plane, the change in inclination (estimated 
in radians) between the plane and a line originally perpendicular to 
it, is the numerical measure of the resulting shear strain (see 
Art. 10). 

5. Elastic Limits. The limits of stress for a given material within 
which the resulting strain completely disappears after the removal of 
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the stress are called the elastic limits. If a stress beyond an elastic 
limit is applied, part of the resulting strain remains after the removal 
of the stress; such a residual strain is called a permanent set. The 
determination of an elastic limit will evidently depend upon the 
detection of the smallest possible permanent set, and gives a lower 
stress when instruments of great precision are employed than with 
cruder methods. In some materials the time allowed for strain to 
develop or to disappear will affect the result obtained. 

Elastic strain is that produced by stress within the limits of 
elasticity; but the same term is often applied to the portion of 
strain which disappears with the removal of stress even when the 
elastic limits have been exceeded. 

Hookers Law states that within the elastic limits the strain pro- 
duced is proportional to the stress producing it. The laW refers to 
all kinds of stress. 

This law is not exactly true for all materials, but is approximately 
so for many. 

6. Modulus of Elasticity. Assuming the truth of Hooke’s Law, 
we may write 

intensity of stress a strain 
or stress intensity = strain x constant 

The constant in this equation is called the modulus or coefficient 
of elasticity, and will vary with the kind of stress and strain contem- 
plated, there being for each kind of stress a different kind of modulus. 
Since the strain is measured as a mere number, and has no dimen- 
sions of length, time, or force, the constant is a quantity of the same 
kind as a stress intensity, being measured in units of force per unit 
of area, such as pounds or tons per square inch. We might define 
the modulus of elasticity as the intensity of stress which would cause 
unit strain, if the material continued to follow the same law' outside 
the elastic limits as within them, or as the intensity of stress per unit 
of strain. 

7. Compouents of Oblique Stresses. When the stress across any 
given surface in a material is neither normal nor tangential to that 
surface, we may conveniently resolve it into rectangular compo- 
nents, normal to the surface and tangential to it. The normal 
stresses are tensile or compressive according to their directions, and 
the tangential components are shear stresses. 

A simple example will illustrate the method of resolution of stress. 
If a parallel bar of cross-section a square inches be subjected to a 
pull of P tons, the intensity of tensile stress p is P/a in the direction 
of the length of the bar, or, in other words, normal to a surface, 
AB (Fig. 4), perpendicular to the line of pull. 

Let Pn and Pt be the component stress intensities, normal and 
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tangential respectively, to a surface, CD, which makes an angle 6 
with the surface AB. Resolving the whole force P normal to CD, 
the component is 

P„=P cos 9 

and the area of the surface CD is a sec 9, hence 


Pn 


P cos 9 
a sec 9 


=— cos^ 9=/> cos^ 
a 


9 


and resolving along CD, the tangential component of the whole 
force is 

P,=P sin 9 

p,= ^ ^ = - sin 9 cos Q=p sin 9 cos 9, or ^ sin 29 

a sec Q a 2 
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Evidently p, reaches a maximum value {p when 6=45°, so that all 
surfaces, curved or plane, inclined 45° to AB (and therefore also to 
the axis of pull) are subjected to maximum shear stress. In testing 
materials in tension or compression, it often happens that fracture 
takes place by shearing at surfaces inclined at angles other than 90° 
to the axis of pull. 

Example. The material of a tie-bar has a uniform tensile stress 
of 5 tons per sq. in. What is the intensity of shear stress on a 
plane the normal of which is inclined 40° to the axis of the bar? 
What is the intensity of normal stress on this plane, and what is the 
resultant intensity of stress? 

Considering a portion of the bar, the section of which is 1 square 
inch normal to the axis, the pull is 5 tons. The area on which this 
load is spread on a plane inclined 40° to the perpendicular cross- 
section is 

(1 xsec 40°) sq. in. 

and the amount of force resolved parallel to this oblique surface is 

(5 X sin 40°) tons 

hence the intensity of shearing stress is 

5 sin 40°-^sec 40°=5 sin 40° cos 40°=5 x 0-6428 x 0-7660 
=2-462 tons per sq. in. 
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The force normal to this oblique surface is 5 cos 40®, hence the 
intensity of normal stress is 

5 cos 40® -r sec 40° = 5 cos^ 40° = 5 x 0-766 x 0-766 
=2-933 tons per sq. in. 

The resultant stress is in the direction of the axis of the bar, and 
its intensity is 

5-rsec 40° =5 cos 40° = 3 *83 tons per sq. in. 

8. Complementary Shear Stresses. State of Simple Shear. A 
shear stress in a given direction cannot exist without a balancing 
shear stress of equal intensity in a direction at right angles to it. 

If we consider an infinitely small ^ rectangular block, ABCD, of 
material (Fig. 5) under shear stress of intensity q, we cannot have 
equilibrium with merely equal and opposite tangential forces on the 



Fig. 5 Fig. 6 


parallel pair of faces AB and CD: these forces constitute a couple, 
and alone exert a turning moment. Statical considerations of 
equilibrium show that in this case no additional system of forces 
can balance the couple and produce the equilibrium unless they 
result in a couple contrary to the previous one; hence there must be 
tangential components along AD and CB, such as to balance the 
moments of the forces on AC and CD whether there arc in addition 
normal forces or not. If there is a tangential stress exerting force 
along AD and CB (Fig. 6), and its intensity be q\ and the thickness 
of the block ABCD perpendicular to the figure be /, the forces on 
AB, BC, CD, and DA are 

AB . / . BC • t , q\ CD . i . q, and DA . I . q' 
respectively, and equating the moments of the two couples produced 
AB . / . qxBC = BC , I ,q'xAB 
hence <i=q' 

That is, the intensities of shearing stresses across two planes at 
right angles are equal ; this will remain true whatever normal stresses 
may act, or, in other words, whether q and q are component or 
resultant stresses on the perpendicular planes. 

^ On a block of finite size Dormal stress which is not of uniform intensity may 
produce a couple. 
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Simple Shear. The state of stress shown in Fig. 6, where there 
are only the shear stresses of equal intensity q, is called simple 
shear. To find the stress existing in other special directions, take 
a small block ABCD (Fig. 7), the sides of the square face ABCD 
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being each s and the length of the block perpendicular to the figure 
being /. Considering the equilibrium of the piece BCD, resolve the 
forces q perpendicularly to the diagonal BD, and we must have a 
force 

2.g.j./cos45“, or 2^ 

acting on the face BD. 

The area of BD is BD xl=\/2 . s . I 

Therefore, if Pn is the intensity of normal stress on the face BD, 




hence 

and Pn is evidently compressive. 

Similarly the intensity of (ensile stress on a plane AC is evidently 
equal numerically to q. 

Further by resolving along BD or AC the intensity of the tangen- 
tial stress on such planes is evidently zero. Hence a state of simple 
shear produces pure tensile and compressive stresses across planes 
inclined 45° to those of pure shear, and the intensities of these direct 
stresses are each equal to the intensities of the pure shear stress. 

9, Three Important Elastic Constants. Three moduli of elasticity 
(Art. 6) corresponding to three simple states of stress are important. 

Young’s Modulus, also called the Stretch or Direct Modulus, is 
the Modulus of Elasticity for pure tension with no other stress 
acting; it has in most materials practically the same value for com- 
pression ; it is always denoted by the letter E. This direct modulus 
of elasticity is equal to the tensile (or compressive) stress per unit of 
linear strain (Art. 6). If a tensile stress p tons per sq. in. cause a 
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tensile strain e (Art. 4), intensity of tensile stress = tensile strain x E 

or p=ex'E 

, „ p tensile stress intensity 

hence E = -= r . — ^ ^ 

e tensile strain 


and is expressed in the same units (tons per square inch here) as the 
stress p. 

The value of E for steel or wrought iron is about 13,000 tons per 
sq. in. 

Example 1. Find the elongation in a steel tie-bar 10 ft. long 
and 1-5 in. diameter, due to a pull of 12 tons. 

Area of section = 1 -5 x 1 -5 x 0-7854= 1-767 sq. in. 

12 

Stress intensity = p^=6-79 tons per sq. in. 


Strain = 


6-79 


13,000 

6-79 


Elongation = jy^^xl0x 12=0-0627 in. 


Example 2. A copper and a steel wire, both the same length, 
the former 0-1 and the latter 0-2 sq. in. in cross-sectional area, 
are joined together at their ends and are then stretched by a 
force W. Find the tension taken by each wire, taking E as 6,000 
for copper and 13,000 for steel in tons per square inch. 

The essential fact is that the stretch of the two wires must be the 
same. Let P be the pull in the steel; then W — P is the pull borne 
by the copper. Then, if /=length of both wires 


Stretch of the steel =/x 


unit stress 
E 


=/x 


P 

6-2x13,000 


Stretch of the copper =/x 

0-1x6,000 

Equating the two stretches 

26 ‘ (T” 

hence p= j5\V and W — P= i^gW 

10. Modulus of Rigidity. Modulus of Transverse Elasticity, or 
Shearing Modulus, is the modulus expressing the relation between 
the intensity of shear stress and the amount of shear strain. It is 
denoted by the letter N, also sometimes by C or G. If the shearing 
strain (Art. 4) is 9 (radians) due to a shear stress of intensity q tons 
per sq. in., then 


shear stress = shear strain x N 
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or ^=9XN 

TVT ‘ Q shear stress 

N (tons per square inch)=-= 

9 shear strain 

The value of N for steel is about f of the value of E. 

Strains in Simple Shear. A square face, ABCD (Fig. 8), of a 
piece of material under simple shear stress, as in Art. 8, will suflFer a 



Fig. 8 Fig. 9 


Strain such as is indicated, by taking the new shape AB'C'D'. For 
expressing the strain it is slightly more convenient to consider the 
side AD, say, fixed, and the new shape accordingly, as in Fig. 9, 
AB"C''D. The strains being extremely small quantities, the straight 
line BB" practically coincides with an arc struck with centre A, and 
a line CE drawn perpendicular to AC" is substantially the same as 
an arc centred at A, The shear strain (Art. 4) 9 radians is (Fig. 9) 

BB" CC" , . .a 
^ ^ or and is equal to ~ as above. 

AB CD N 


The elongation of the diagonal AC is equal to EC", and the linear 
strain is 


EC" 

AC 


CD X V2 ^ ■ CD ^ • N 


That is, the strain in this direction is numerically half the amount of 
the shear strain. Similarly, the strain along the direction BD is 
'i9, but dimensions in this direction are shortened. These are the 
strains corresponding to the direct stresses of intensities equal to q 
produced across diagonal planes, as in Art. 8, by the shear stresses. 
Note that the strain along AC is not simply /7„/E, because in addition 
to the tensile stress there is a compressive stress of equal intensity 
at right angles to it. 

11. Bulk Modulus is that corresponding to the volumetric strain 
resulting from three mutually perpendicular and equal direct 
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stresses, such as the slight reduction in bulk a body suffers, for 
example, when immersed in a liquid under pressure: this modulus 
is generally denoted by the letter K. 

If the intensities of tlie equal normal stresses are each /?, 

p , . , . change in volume 

~=volumetric strain = — r-: — ; ; 

K original volume 

The volumetric strain is three times the accompanying linear 
strain, for if we consider a cube of side a strained so that each side 
becomes 

a±^a, 

where da is very small, the linear strain is da/a. 

The volumetric change is or ±3a^da to the first 

order of small quantities. The strain then is 

3a-da!a^ = 3 . da /a 

which is three times the linear strain da/a, or, in other words, the 
linear strain is one-third of the volumetric strain. 

12. Poisson's Ratio. Direct stress produces a strain in its own 
direction and an opposite kind of strain in every direction perpen- 
dicular to its own. Thus a tie-bar under tensile stress extends 
longitudinally and contracts laterally. Within the elastic limits 
the ratio 

lateral strain 
longitudinal strain 

generally denoted by 1/m, is a constant for a given material. The 
value of m is usually from 3 to 4, the ratio 1/m being about i for 
many metals. This ratio, which was formerly suggested as being 
for all materials i, is known as Poisson s Ratio. 

13. Relations between the Elastic Constants. Some relations 
between the above quantities E, N, K, and m may be simply 
deduced. The strain of the diagonal of a square block of material 

in simple shear of intensity q oi p was (Art. 10) found to be i 

N 

which by Art. 8 may be replaced by , where p is the intensity of 


the equal and opposite direct stresses across diagonal planes. 

The resulting direct stress p (Art. 8) in the direction of a diagonal 
would, if acting alone, cause a strain pjE in the direction of that 
diagonal, and the opposite kind of direct stress in the direction of 
the diagonal perpendicular to the first would, acting alone, cause a 


similar kind of strain to the above one, amounting to 
direction of the first-mentioned diagonal. 


- . ^ in the 
m E 
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Hence, the total strain of the diagonal is 


from which 
or 


2S“l('+,7,) 

E=2N(l+-'i 


( 1 ) 


Note that if m=4, E/N = 5/2. 

Again, consider a cube of material under a direct normal stress p, 
say compressive, in each of the three perpendicular directions 
parallel to its edges (Fig. 10). Each edge is shortened by the action 
of the forces parallel to that edge, and the amount of such strain is 


p/E 



Again each edge is lengthened by the action of the two pairs of 
forces perpendicular to that edge and the amount of such strain is 


The total linear strain of each edge is then 

and the volumetric strain is therefore 

3.^(l-2//«) (Art. 11) 
E 

which is also by definition 
where K is the bulk modulus. 
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Therefore ^ —2//??) —21m) 

E = 3K(l-2/m) (2) 


Hence from (1) and (2) 

E = 2N(1 + 1//;7)=3K(1 - 2/m) 

Eliminating E, this gives 

1 _3K-2N 
m“6K+2N 

also, eliminating m, 

9KN 
N+3K 

14. Compound Stresses. When a body is under the action of 
several forces which cause wholly normal or wholly tangential 
stresses across different planes in known directions, we may find the 
state of stress across other planes by adding algebraically the various 
tangential components and the components normal to such planes, 
and combining the sums according to the rules of statics. 

Principal Planes, Planes through a point within a material such 
that the resultant stress across them is wholly a normal stress are 
called Principal Planes, and the normal stresses across them are 
called the Principal Stresses at that point: the direction of the 
principal stresses are called the axes of stress. 

However complex the state of stress at a point within a body, 
there always exist three mutually perpendicular principal planes, 
and stresses at that point may be resolved wholly into the three 
corresponding normal stresses: further, the stress intensity across 
one of these principal planes is, at the point, greater than in any 
other direction, and another of the principal stresses is less than the 
stress in any other direction. 

Ih many practical cases there is a plane perpendicular to which 
there is practically no stress, or in other words, one of the principal 
stresses is zero or negligibly small; in these cases resolution and 
compounding of stresses becomes a two-dimensional problem as in 
co-planar statics. We now proceed to investigate a few simple 
cases. 

15. Two Perpendicular Normal Stresses. If there be known 
normal stresses across two mutually perpendicular planes and no 
stress across the plane perpendicular to both of them, it is required 
to find the stress across any oblique interface perpendicular to that 
plane across which there is no stress. Let p^ and p^ be the given 
stress intensities normal to the mutually perpendicular planes, say in 
directions OX and OY. If p^ and py vary along the directions OX 


(3) 

(4) 
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and OY, we might consider the equilibrium of an indefinitely small 
element of material. If not, however, we may take a piece such as 
EGFH (Fig. 11), of unit thickness perpendicular to the figure. 

Y 



Our problem is to find the magnitude and direction of the resultant 
stress on a plane face EF, inclined 9 to all planes which are per- 
pendicular to the axis OX, or the normal ON of which is inclined 6 


to OX, to tDY and in the plane of the figure, perpendicular 

to which the stress is ;»7. The stresses p, and Py are here shown 
alike, but for unlike stresses the problem is not seriously altered. 

The whole normal force on the face FG is P,=p*xFG, the area 
being FG x unity. 

The wholly normal force on EG is Py=PyXEG. 

Let p„ and p, be the normal and tangential stress intensities 
respectively on the face EF reckoned positive in the directions ON 
and OF. Then considering the equilibrium of the wedge EGF, 
resolving forces in the direction ON, 

p„ xEF=P*cos 9-|-PyCos 

=p, . FG . cos 9-fpy . EG . sin 9 


dividing by EF 


p„=Px cos^ 9-|-py sin^ 9 


. ( 1 ) 


Resolving in direction OF 

p, X EF =P;e sin 9 — Py cos 9 

=Px . FG . sin 9— Py . EG . cos 9 

dividing by EF 

P(=(p,— Py) sin 9 cos 9=^^-^^ sin 29 . . 

If 9=45°, the shear stress intensity 


P<=iCP«“Py) 

and is a maximum. 


. ( 2 ) 
(2a) 
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Across the same plane the direct (tensile) stress intensity is 

P»=P:, cos2 45°+Pj, sin2 45°= ^*^ - ^ 

Combining (1) and (2), if p is the intensity of the resultant stress, 
since the two forces and Py are equal to the rectangular com- 
ponents of the force p x EF, 

p.EF = V(P.2+Pv') 

= V{(Px.FG)2+(;7y.EG)2} 

=EF\/(Pjr^ cos2 ^+Py^ sin^ 0) 

P = V ( cos2 0 +p/ sin2 0) = y/{p^^ . . (3) 

and since the component forces in directions OX and OY on unit 
area of the plane EF are cos 0 and p^ sin 0, p evidently makes 
an angle a with OX such that 

^ Py sin Q Pv . a 

i2ina = -^ ^=^.tan0. . . . 

p^cosQ p^ 

And p makes an angle (3 with the plane EF, across which it acts, 
such that 


(4) 


. Q Pn Px cos“ 0+/7y sin- 0 

tan or = cot 9 

Pt (Px— Py) cos 0 sin 0 


(5) 


where 9 is the angle which the resultant stress makes with the normal 
to the plane EF. 

Example. Find the plane across which the resultant stress is 
most inclined to the normal. 

Let 9 be the maximum inclination to the normal. Then 

(Px—Py) cos 0 sin 0 


tan 9 = 


A. 


Pn Px cos^ 0 +py sin^ 0 
When 9 is a maximum, tan 9 is a maximum, and 

c/(tan 9)_ 
dd 

Therefore, differentiating and dividing out common factors, 

(Px cos2 0-|-py sin^ 0) cos 20+(px— Py) sin 0 cos 0 x sin 20=0 
p„ cos 20 -hp, sin 20=0 

tan20=— --"=— cot 9 = tan ^^+9^ 

26 =^+, 


( 6 ) 




( 7 ) 
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Substituting this value of 6 in equation (6) we get 

tan 9 = (Px-/>v)cos9 

/7*(1 —Sin 9)+;>i,(l +sin 9 ) 

hence ^=1 — . . . 

Px 1 +sin 9 

a result used in the theory of earth pressure. 


( 8 ) 


Also sin9=^^^ (9) 

Px~^Py 

Equation (9) gives the maximum inclination to the normal, and 
equation (7) gives the inclination of the normal to the axis of the 
direct stress />,. 


Y 



Fio. 12 


Unlike Stresses. If the two given stresses />* and Py are unlike, 
say, Px tensile and Py compressive, we have the slight modifications 

Pn=Px cos^ 9— Py sin^ 6 (tensile) 

Pi = iPx +Py) sin 0 cos 9 =i(Px +Py) sin 29 
These results might be obtained just as before, but using Fig. 12. 
The maximum shear is again when 6=45°, and its value is 

Px+Py 

2 

In the special case of unlike stresses, where Px and Py are numerically 
equal, the values for 9=45° are 

Pi = i{Px+Py)=Px=Py 
Pn=0 

These correspond exactly with the case of pure shear in Art. 8. 

16. Ellipse of Stress. In the last article we supposed two principal 
stresses Px and Py given, and the third to be zero, i.e. no stress per- 
pendicular to Figs. 1 1 and 12. In this case, using the same notation 
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and like stresses, the direction and magnitude of the resultant stress 
on any plane can easily be found graphically by the following 
means. 

Describe, with O as centre (Fig. 13), two circles, CQD and ARB, 
their radii being proportional to and Py respectively. Draw OQ 
normal to the interface EF (Art. 15) to meet the larger circle in Q 
and the smaller in R. Draw QN perpendicular to OX and RP per- 
pendicular to OY to meet QN in P. Then OP represents the 
resultant stress p both in magnitude of intensity and in direction. 



The locus of P for various values of 0, i.e. for different oblique inter- 
faces, is evidently an ellipse, for the co-ordinate ON along OX is 

OQ cos 6 or p^ cos 6 
and PN, the co-ordinate along OY, is 

OR sin 0 or Py sin 0 

The axes of the ellipse are the axes of stress (Art. 14). 

Also that tana=- ^ - ^ — = -^ tan 0 

p^ cos 0 p^ 

is obvious from the figure. 

In the second case where, say, Py is negative and p^, is positive, OP 
(Fig. 14) will represent the stress in magnitude and direction: here 
tan a is negative and p is obviously less than p in Fig. 13. 

Example. A piece of material is subjected to tensile stresses of 
6 tons per sq. in., and 3 tons per sq. in., at right angles to each 
other. Find fully the stresses on a plane, the normal of which 
makes an angle of 30° with the 6-ton stress. 
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The intensity of normal stress on such a plane is 
p„=() cos2 30° + 3 sin^ 30° 

= 6x J+3 xi=4i+3=5i tons per sq. in. 

And the intensity of tangential stress is 

p, = 6 sin 30° cos 30° — 3 sin 30° cos 30° 

=3 x^ X -v/3/2=3-v/3/4 = 1-299 tons per sq. in. 

The resultant stress then has an intensity, 

P = V{(21/4)2+(3-\/3/4)2}=J-\/(441 +27) =5-41 tons per sq. in. 



Fig. 14 


and makes an angle a with the direction of the 6-ton stress, such 
that 

tan a = = i tan 30° =0-288 
6 cos 30° ^ 

which is the tangent of 16° 4'. 

This is the angle which the resultant stress makes with the 6-ton 
stress. It makes, with the normal to the plane across which it acts, 
an angle 

30° -16° 4' = 13° 56' 

To check this, the cotangent of the angle the resultant stress 
makes with the normal, or the tangent of that it makes with the 
plane, is 

/7„/A =5-25/1 -299 =4035 

which is tangent of 76° 4', and therefore the cotangent of 13° 56'. 

17. Circular Diagram of Stress. The main points relating to 
the analysis of two-dimensional stress demonstrated in Arts. 15 and 
16 may conveniently be summarised in a simple geometrical 
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construction sometimes known as the Mohr ” circle or “ stress 
circle.” 

Referring to Fig. 1 1 , across a face the normal of which is inclined 
6 to the axis OX, the normal stress as found at (1) of Art. 15 may 
alternatively be written 

Pn=\{Px+Py)+\iPx-Py)<^OS2Q ... ( 1 ) 

also as in (2) of Art. 1 5, 

A=Kp»— /’ y) sin 20 (2) 

It will be noticed that p, and the part of p„ which varies with the 
angle 6 may be represented by the two rectangular projections of a 
radius vector of length i(j>x—Py) and making an angle 26 with OX, 



which immediately suggests a simple graphical construction for 
finding the component and resultant stresses on the plane under 
consideration (i.e. the plane the normal to which is inclined 6 to 
OX). 

If along an axis OX, Fig. 15, a distance OB be set off to represent 
to scale the magnitude of p^ and OA similarly to represent Py, then 
if AB be bisected in D, OD=i(p;t+Py) and AD=DB=i(/>*— Py). 
If a circle ACB be described with D as centre and AD = DB as radius, 
then the stress on the plane under consideration is found by drawing 
the radius vector DC inclined 29 to DB {i.e. to the direction OX). 
For DE=DC cos 26=i(p*— Py) cos 29, hence 

OE = OD + DE = \{px +Py) + i(p* — Py) cos 29 , . (3) 

and therefore represents p„, 

and EC=DC sin 29=^(p*— Py) sin 29 ... (4) 

and therefore represents p,. 
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Hence OC, the vector sum of the two rectangular components 
OE and EC, gives the magnitude of p, the resultant stress, and the 
angle 9 or COE gives the angle of inclination of the resultant stress 
to the normal. 

An inspection of the circular diagram of stress (Fig. 15) 
immediately brings out clearly certain points, e.g. that the 
maximum values of /?,, viz. \{Px—p^^ occur when 20=90° or 
270°, i.e. where 0=45° or 135°, that the maximum value of 9 , the 
obliquity of the resultant stress to the normal of the plane 
across which it acts, occurs where OC touches the stress circle, i,e. 
when 


sin 9 =^^ (5) 

as in (9) of Art. 15. 

The case of the circle illustrated in Fig. 15 is that of two like 
stresses, and in this case the point O falls outside the circle. But it 
is evident that as Py, say, diminishes to zero the points O and A 
approach one another so that when /?y=0, O and A coincide, and 
when Py is of opposite sign to p^., O will fall within the circle, i.e, 
between A and D if is (irrespective of sign) of greater magnitude 
than Py. 

The circular stress diagram offers an easy solution of some prob- 
lems which might offer difficulties in mathematical manipulation 
by other methods. If sufficient data are given, the circle is easily 
determined and then the stresses on any plane are easily found. 
For example, if the normal and tangential stresses on two planes 
are given, two points on the circle can be plotted by co-ordinates 
along and perpendicular to an axis OX corresponding to Fig. 15, 
and then a bisector of the chord terminated by the two plotted 
points intersects the axis OX in the centre (D) of the circle which 
can then be drawn. The principal stresses and stresses on any other 
plane are then easily found. The solution of a problem may be 
obtained entirely by drawing lines to scale or by trigonometrical 
calculation from the diagram. 

A rather important case occurs when the normal and tangential 
stresses are known on two planes at right angles. If the angles 
of the planes to that of the major principal stress p^ be 0 i and 
01+90°, then the corresponding radii vectors on the circle of stress 
are inclined 20i and 20i + 18O° to OX (Fig. 15), that is, they are in 
the same straight line and constitute a diameter of the circle. It 
follows, from inspection of the diagram, that not only are the 
tangential stresses p^ on the two planes of equal magnitude, but that 
the projections on OX of the two radii vectors are of equal length, 
so that one normal component, or value of say pi, exceeds 


57ai 
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¥j>x-^Py) being as much as the other, say,/? 2 i is in defect of i(p,+/?y), 
or in other words 

Pl+P2=Px+Py ( 6 ) 


A relation which is obvious from an inspection of equation (1), 
when 01 and 0i +90° are substituted in turn for 0. 

A further treatment of the Stress Circle is given in Art. 19.^ 

18. Principal Stresses. When bodies are subjected to known 
stresses in certain directions, and these are not all wholly normal 
stresses, the stresses on various planes may be found by the methods 
of the two previous articles, provided we first find the principal 
planes and principal stresses (see Art. 14). It is also often important 
in itself, in such cases, to find the principal stresses, as one of these 
is, as previously stated, the greatest stress to which the material is 
subjected. We proceed to find principal stresses and planes in a 
few simple, two-dimensional cases where the stress perpendicular to 
the figure is niL 

As a very simple example, we have found in Art. 8 that the two 
shear stresses of equal intensity, on two mutually perpendicular 
planes, with no stress on planes perpendicular to the other two, give 
principal stresses of intensity equal to that of the shear stresses, on 
planes inclined Tr/4 to the two perpendicular planes to which the 
pure shear stresses are tangential. 

As a second example, let there be, on mutually perpendicular 
planes, normal stresses, one of intensity pi and the other of intensity 
P 2 i in addition to the two equal shear stresses of intensity q, as in 
Fig. 19, which represents a rectangular block of the material unit 
thickness perpendicular to the plane of the figure, across all planes 
parallel to which there is no stress; we may imagine the block so 
small that the variation of stress intensity over any plane section is 
negligible. The stresses pi, p 2 y and q may be looked upon as inde- 
pendent known stresses arising from several different kinds of 
external straining actions, or as rectangular components, normal 
and tangential (Art. 7), into which oblique stresses, on the faces 
perpendicular to the figure, have been resolved. 

It is required to know the direction of the principal planes and 
the intensity of the (normal) principal stresses upon them. Fig. 16 
represents the given normal stresses as tensions: the work is prac- 
tically the same in the case of compressive stresses, or if one stress 
be compressive and the other tensile. 

Let 0 be the inclination of one principal plane to the face BC. 
Then an interface, AB, is a principal plane, and the stress p upon it 

1 A difTerent method of approach and some applications are to be found in an 
article by Dr. H. W. Swift on “ A Graphical Analysis of Stress,” in The Engineer, 
Aug. 26. 1927. 
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is wholly normal to AB. Consider the equilibrium of a wedge, 
ABC (Figs. 16 and 17), cut off by such a plane. 



Resolving forces parallel to AC 

p . AB xcos ^=Pi . BC+9 . AC 

=Pi . AB cos 6+^ . AB sin 6 
hence {p—P\) cos Q=q sin 6 

P -Pi =<7 tan e (1) 

Resolving parallel to BC 

p . AB xsin 9=P2 ■ AC+q . BC 

=P 2 ■ AB sin 6+<7AB cos 6 


(p—pz) sin Q=q cos 6 

p—P 2 =qcoiQ (2) 

Subtracting equation (I) from equation (2) 

Pi—P2=q{coi 6— tan G)=2<7/tan 20 

tan 20 =2^/0 i—p 2) (3) 


From which two values of 0 differing by a right angle may be found, 
i.e. the inclinations to BC of two principal planes which are mutually 
perpendicular. 

Further, multiplying (1) by (2) 

(P-Pi) (p-P2)=9* (4) 

-p(Pi +P2) - -P1P2) =0 

P=i(Pi+P2)i V{i(Pi+P2)^+(9^— P1P2)} • • (5) 
or p=i:(pi+P 2 )±V{iiPi-Pz)^+Q^} 

These two values of p are the values of the (normal) stress 
intensities on the two principal planes. The larger value (where 
the upper sign is taken) will be the stress intensity on such a plane 
as AB (Figs. 16 and 17), and will be of the same sign aspi andp2; 
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the smaller value, say p\ will be that on such a plane as ED (Figs. 
16 and 18) perpendicular to AB, and will be of opposite sign to p\ 
and P 2 if q'^ is greater than P\P 2 - 

The planes on which there are maximum shear stresses are inclined 
45® to the principal planes found, and the maximum intensity of 
shear stress from (2a) of Art. 15 is /?') and 

\{p-p) = \'{\{P\+P2)^+q^—PiPi} = \/{i^\-P2y+^'^) • ( 6 ) 



Fig, 18 


The modifications necessary in (3) 
and (4), if pi or p^ is of negative sign, 
are obvious. If, say, P 2 is zero, the re- 
sults from substituting this value in (3) 
and (4) are simple. This special case 
is of sufficient importance to be worth 
setting out briefly by itself. 

Principal Planes and Stresses when 
complementary shear stresses are 
accompanied by a normal stress on the 


plane of one shear stress. Fig. 19 shows the forces on a rect- 
angular block, GHCF, of unit thickness perpendicular to the 
figure, and of indefinitely small dimensions parallel to the figure, 
unless the stresses are uniform. Let 0 be the inclination of a 




principal plane AB to the plane BC, which has normal stress of 
intensity pj and a shear stress of intensity q acting on it, and let p be 
the intensity of the wholly normal stress on AB. The face FC has 
only the shear stress of intensity q acting tangentially to it. 

Consider the equilibrium of the wedge ABC; resolving the forces 
as before but omitting all terms in which p^ is a factor, which simpli- 
fies the analysis 

(p-Pi)=^tane (1 a) 

tan 6=(7 /p (2a) 
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Substituting for tan 6 in (1a) 

ip-Pi)=^^IP 

p^—PiP—g^=0 

P—iPiiVQPi^+g^) (5a) 

and the values of 0 may be found by 
substituting these values of p in (2 a). 

The two values differ by a right 
angle, the principal planes being at 
right angles. AB (Fig. 20) shows a 
principal plane of greatest stress 
corresponding to 

P = iPi + V iiPi^+^^) 

and ED (Fig. 21) shows the other principal plane on which the 
normal stress is 

P’ = iPi-ViiPi^+g^) 

of opposite sign to /?,. 

The planes of greatest shear stress are (Art. 15) those inclined 
45° to the principal planes, and the intensity of shear stress upon 
them is 

^(p-p')=Vapr+q^) (6a) 

Example. At a point in material under stress the intensity of 
the resultant stress on a certain plane is 4 tons per sq. in. (tensile) 
inclined 30° to the normal of that plane. The stress on a plane at 
right angles to this has a normal tensile component of intensity 
2i tons per sq. in. Find fully (1) the resultant stress on the second 
plane, (2) the principal planes and stresses. 

(1) On the first plane the tangential stress is 

9=4 sin 30°=2 tons per sq. in. 

Hence on the second plane the tangential stress is 2 tons per 
sq. in. (Art. 8). And the resultant stress is 

p = v^(2-5^ + 2^) = i\/41 =3-2 tons per sq. in. 

(2) The intensity of stress normal to the first plane is 

4 cos 30° =3 -464 tons per sq. in. 

Hence the principal stresses are (Art. 18 (5) ) 

p = K3 -464 + 2-5) ± V {i(3 -462 -2-5)2 + 22} 

=2-982 ±2-06 

=5-042 tons per sq. in. tension and 0-922 ton per 
sq. in. tension. 
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If 6 be the angle made by a principal plane with the first-men- 
tioned plane, by Art. 18 (3), 

2x2 4 


tan 26 = . 


3-464-2-5 
26=76“ 27' 
6=38“ 13-5' 


0-964 


=4-149 



Fig. 22. — Direction of principal planes 


The principal planes and stresses are then one plane inclined 
38“ 13-5' to the first given plane, and having a tensile stress 5-042 
tons per sq. in. across it, and a second at right angles to the other 


B 



or inclined 51“ 46-5' to the first given plane, and having a tensile 
stress 0-922 ton per sq. in. across it. The planes are shown in 
Fig. 22. 
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19. More General Case of Circular Stress Diagram. As graphical 
methods make a strong appeal to some minds an alternative method 
of approach to the analysis of the three preceding articles may be 
considered. In order to find the component stresses in any direc- 
tion in a material subject to stresses all of which have no com- 
ponent to one plane, let ABC (Fig. 23) represent an indefinitely 
small prismatic element of material, the normal stress intensities 
being pi and on two mutually perpendicular faces BC and AC, 
both normal to the plane of the diagram, perpendicular to which 
there is no stress. 



Then taking the faces of the prism as unit length perpendicular to 
the diagram and resolving perpendicular to the face AB, 

Pn . AB=pi . BC . cos ^ + g . BC . sin . AC . cos 0 

P„=P] cos- O+P 2 sin^ 0+2^ sin 0cos 0 
or P„ = i(Pi+P 2 ) + iiPi—P 2 ) + sinlQ .... (1) 

and resolving along the face AB 

P( . AB=/7 iBC sin Q—piAC cos 0+^7AC sin 0 — ^BC cos 0 
Pt=P\ sin Ocos 0-/72 sin 0cos 0-|-i7(sin2 0— cos- 0) 
or /7, = ^(77j — 772) sin 26— i/ cos 20 (2) 

These two component stresses and their resultant are conveniently 
represented by a simple diagram known as the Circular Diagram of 
Stress. To construct this set off from O (Fig. 24) along a base line 
OP, lengths OPi to represent pi and OP2 to represent p 2 to scale. 
From Pi set oft' at right angles to the base line a length PiQ, to 
represent g to the selected scale. Then if P1P2 be bisected in C, 
evidently OC represents ^ipi+Pi) and CPi = CP2 represents 
^(Pi-Pi)- 

If a circle be described with C as centre passing through Qi, 
this is the circle of stress from which may be found the component 
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and resultant stresses on any plane, perpendicular to the plane of 
Fig. 23, through the point at which the given stresses P\P 2 and q 
act. To find the stresses across a plane (perpendicular to the plane 
of Fig. 23) inclined 0 to the plane across which pi is the normal 
stress, from C set off an angle QjCQ' equal to 26 (or from Q 2 , the 
extremity of a diameter Q 1 CQ 2 , set off an angle CQ 2 Q' equal to 6 ) 
which determines the point Q' on the circumference of the circle. 
Then if a perpendicular Q'N be drawn from Q' to the base line OB, 
the length, ON=OC+CN 

=i(/’i+/’ 2 )+i(Pi— P 2 ) cos 20+^ sin 26 . . (3) 
which is the value of p„ given at ( 1 ); and the length 

Q'N=^(/7 i— 7 ) 2 ) sin 20 — 9 cos 26 .... (4) 
which is the value of p, given at ( 2 ). 

These two relations (3) and (4) will easily be realised * by con- 
ceiving the radius vector CQi turned through an angle 26 carrying 
with it CB and PiQi to the positions CB' and P'Q' respectively, and 
then projecting the length CP', which represents iipi—pi), and 
P'O', which represents q to the base line and perpendicular to it. 
It is then clear that ON and NQ' represent the components p„ and 
p, respectively, and consequently OQ' represents the resultant 
stress p across the plane considered. 

It is easy to study from Fig. 24 the variations of />„, p„ and p. 
Remembering that the radius R of the circle is 

R=V(CPi2-l-PiQ,2)=V{i(Pi-P2)^+^^} . • (7) 

it is evident that, for this case of pi and P 2 positive: 

(a) The value of p„ varies between the upper limit 

¥j>\ +P 2 ) + Vi i(Pi~~P2)^+9^} 

2q 

when 20=13 or tan 20=^ 

P 1 —P 2 

i.e. when Q' falls on B, and the lower limit (when Q' falls 
on A) 

KPi +P 2 ) - V{ i(Pi -pd^+q^ } 
when 26=P-H180° or 6=ip-|-90°, 

i.e. on a plane at right angles to that for which p„ reaches its 
upper limit. 

* Or alternatively, if R is the radius of the stress circle, by substituting R cos p 
for CPi, i.e. for i(j?i —pi) and R sin P for PiQi, i.e. for in equation (1) we have 

p)r=i(Pi +/72)+R cos 20 cos P+R sin 29 sin p 
=OCH-R cos (29-p)=OC+CN=ON 

Pi=R sin 20 cos p— R cos 29 sin P 
=Rsin (29-p)=Q'N 


and from (2) 
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(6) For these two values of 6 corresponding to the limits of critical 
values of p„, the value of p, is zero. 

(c) The value of p, varies between the limit 

when 20=p+9O° or e=iP+45‘’; and 
-V{iiPi-P:d^+9^} 

when 26=p+270° or 9= JP+ISS'’, the planes giving extreme 
values of p, being at 45° to the planes, giving extreme values 
ofp„. 

id) The resultant stress reaches its limits with the limits of p„ for 

29 =p and 29=p + 180° and has the same values as p„ on 
these planes, since p, is there zero. These values are there- 
fore principal stresses and may be designated, say 

Px=\{Pi+P:d + y/{\iP\-P2)^+q^} 

when 29 =p, and 

Pv=¥j>i+P2l- V{\iPi-P:i)^+q'^} 
when 29 =p -1-1 80° 

ie) Since tan (f=p,lp„ the angle 9 or Q'ON gives the inclination 

of the resultant stress ip) to the normal of the plane across 
which it acts, and the maximum value of 9 occurs when the 
vector OQ' giving the values of p is a tangent to the stress 
circle and then 

sin 9= - ^ or 

iP\+Pi) Px+Py 

If the stresses p\ and P 2 are of opposite signs, say P2 is 
negative, it is only necessary to use the appropriate sign in 
the foregoing conclusions. But it will be instructive for 
the reader to sketch the stress circle for this case and draw 
the important conclusions. Evidently the point O will fall 
within the circle, between P] and Pj. In this case the follow- 
ing conclusions are of some importance, and will be obvious 
from a sketch of the stress circle. 

if) There will be two planes subject to pure shear stress, the 

normal stress being zero (when the point N falls on the 
fixed point O). 

(g) In the case of simple tension in the direction of pu p 2 is zero 
and O coincides with P^ at one end (A) of the diameter AB 
(Fig. 24). The maximum shear stress then has a magnitude 
\pi- 

ih) If P 2 =—Pi and q=0, i.e. pi and Pz are principal stresses, O 
coincides with C and the maximum shear stress has a 
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magnitude equal io pu the radius of the circle, and occurs 
on planes inclined 45 ° to the principal planes ( 26 = 90 °). 

20. Principal Strains. In a bar of material within limits of perfect 
elasticity a (say tensile) stress intensity pi alone will produce a 
strain in its own direction such that 

ei=P\l^ 

where E is Young’s modulus of elasticity or the stretch modulus, 
provided there is freedom of lateral contraction. The contraction 
in all directions at right angles to the axis of the stress pi will be 
represented by a strain 

P,/(«jE) 

where 1 jm is Poisson's ratio. 

In an isotropic material, i.e. one having the same elastic properties 
in all directions, the effect of a stress P2 acting alone at right angles 
to the direction of pi would be to produce a strain in its own direc- 
tion, €2, such that 

e 2 =P 2 lE 

and at right angles to this, including the direction of the strain 
Pi/E, a contraction strain 

Pi/OriE) 

Similarly a stress 773, the direction of which is perpendicular to both 
the previously mentioned stresses, will produce in addition to its 
longitudinal strain a contraction strain 

/?3/(/;iE) 

in all directions perpendicular to its direction, including the direc- 
tion of the stress pi. 

If we have at a point in isotropic material three principal stresses 
of intensities pu Pi, and 773, each will independently produce the 
same strains which it would cause if acting alone. Taking all the 
stresses of the same sign the total strain produced in the direction 
of the stress 77 1 will then be 


_ _Pl_P2+P3 
' E mE 


( 1 ) 


In the direction of 772 the strain 


P2_ Pl +P 3 
E niE 


( 2 ) 


and in the direction of 773 the strain 


P^_ P\^P2 
E mE 


(3) 


If any one of the above stresses is of opposite kind, i.e, compres- 
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sive in this case, the strains will be found by changing the sign of 
that stress in each of the above equations. 

Example. The intensities of the three principal stresses in a 
boiler-plate are at a certain point 4 tons per sq. in. tensile in one 
direction, 3 tons per sq. in. tensile in a second, and zero in a third. 
Find what stress acting alone would produce the same strain in the 
direction of the 4-ton stress, given the ratio of Young’s modulus to 
the modulus of rigidity is f . 

By Art. 13 (1) 

m 2N 

=i-i=i 

Hence, in the direction of the 4-ton stress, 

. 4 ,3 13 1 

Strain=- — i- = -- X- 
E 4 E 


If p is the stress intensity to produce this strain when acting aione 

p^n ^ 

E 4 ■ E 

or, tons per sq. in. 

21. Elastic Distribution of Loads. If a load P is jointly supported 
or resisted by two elastic elements A and B so that they suffer a 
common deformation or deflection, it is often of importance to 
know in what proportion A and B share the load which they jointly 
carry. (They may be so joined as to form a composite body, or be 
two parts of a single body or they may be separate.) 

Let the load be P and let Pa be the part carried by A and Pb that 
carried by B such that 

Pa + Pb=P (1) 

P, Pa, and Pb may be forces or may be moments (torques). Let 
Ra and Rb be the elastic forces, or resistances we may call them, 
exerted by A and B respectively, to loads so applied, per unit of 
deformation or deflection. Let 5 be the common deflection of 
A and B due to the joint load P. Then if A and B remain elastic, 
by Hooke’s Law the force Pa for a deflection 5 is 6 times that for a 


unit deflection or 

Pa=RaX5 (2) 

Pd ~ P-B ^ ® (^) 
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Hence 


Similarly 


Pa _Pa_ Ra 
Pa + Pb P Ra + Rb 

Pp Rfl 

P “Ra + Rb ■ 


(5) 


( 6 ) 


A.nd evidently if P is borne by three or more elements. A, B, C, D, 
etc. 

Pa_ Ra r~j\ 

P Ra + Rd + Rc + Rd+ etc. ■ ■ • 

or Pa/P=Ra/I(R„) (8) 

where Z(R„)= I(Ra+Rd + Rc + Rd+ etc.) ... (9) 


We shall find this general law of elastic distribution of use later. 
Raj Rb> Rc> etc., are to be calculated according to the type of elastic 
body and the mode of support; they may be tensile or they may be 
forces (or moments) exerted by bent beams or twisted shafts. 

It may be noted that Ra, Rd. etc., the resistances per unit deflec- 
tion, are the reciprocals of the deflections per unit load on A, B, 
etc., respectively, quantities which may be rather more familiar. 
The method of calculating Ra, Rd» etc., depends on the sort of 
straining action to which A, B, etc., are subjected; it may be 
stretching, or it may be bending or twisting, forms which will be 
investigated later. 

We have already had a simple example in Example 2 of Art. 9 
of elastic elements A and B which were wires Jointly supporting a 
load by the elastic tensile resistance which they exert. 

For the steel, say, body A, RA=stress intensity x area of section = 
E X strain x area = E x ( 1 //) x r/A (where c/a is the area of cross-section 
of wire A), or 

Ra = 1 3,000 x 0*2 x 1// tons, where I is length of 
wire in inches. 

Similarly Rb = 6,000 x 0 1 x 1// tons. 

Hence Pa/Pd = R a/Rb 2,600/600 = 

PA = i6W» Pb= I’oW, as in Example 2, Art. 9. 

More generally for tensile joint support of a load P, if is the 
area of cross-section of B 

PA_RA, EAXnAX/ B . Q 

Pd Rd EbXubX/a ^ ^ 


and 


P I(Ea//) 
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Examples I 

1. A round tic-bar of mild steel, 18 ft. long and H in. diameter, lengthens 
•iV ill- under a pull of 7 tons. Find the intensity of tensile stress in the bar, 
the value of the stretch modulus, and the greatest intensity of shear stress on 
any oblique section. 

2. A rod of steel is subjected to a tension of 3 tons per sq. in. of cross- 
section. The shear stress across a plane oblique to the axis is 1 ton per 
sq. in. What is the inclination of the normal of this plane to the axis? 
What is the intensity of the normal stress across the plane, and what is the 
intensity of the resultant stress across it? Of the two possible solutions, take 
the plane with normal least inclined to the axis of the rod. 

3. On a plane oblique to the axis of the bar in Problem No. 1, the intensity 
of shear stress is 1-5 ton per sq. in. What is the intensity of normal stress 
across this plane? Also what is the intensity of resultant stress across it? 
Take the plane most inclined to the axis. 

4. A hollow cylindrical cast-iron column is 10 in. external and 8 in. internal 
diameter and 10 ft. long. How much will it shorten under a load of 60 tons? 
Take E as 8,000 tons per sq. in. 

5. The stretch modulus of elasticity for a specimen of steel is found to be 
28,500,000 lb. per sq. in., and the transverse modulus is 11,000,000 lb. per 
sq. in. What is the modulus of elasticity of bulk for this material, and how 
many times greater is the longitudinal strain caused by a pull than the accom- 
panying lateral strain? 

6. The tensile (principal) stresses at a point within a boiler-plate across the 
three principal planes are 0, 2, and 4 tons per sq. in. Find the component 
normal and tangential stress intensities, and the intensity and direction of the 
resultant stress, at this point, across a plane perpendicular to the first principal 
plane, and inclined 30 ' to the plane having a 4-ton principal stress. 

7. With the same data as Problem No. 6, find the inclination of the normal, 
to the axis of the 4-ton stress, of a plane on which the resultant stress is inclined 
15° to the normal. What is the intensity of this resultant stress? 

8. At a point in strained material the principal stresses are 0, 5 tons per 
sq. in. tensile, and 3 tons per sq. in. compressive. Find the resultant stress 
in intensity and direction on a plane inclined 60° to the axis of the 5-ton 
stress, and perpendicular to the plane which has no stress. What is the 
maximum intensity of shear stress in the material? 

9. If a material is so strained that at a certain point the intensities of 
normal stress across two planes at right angles are 5 tons and 3 tons per 
sq. in., both tensile, and if the shear stress across these planes is 4 tons per 
sq. in., find the maximum direct stress and the plane to which it is normal. 

10. Solve Problem No. 9 if the stress of 3 tons per sq. in. is compressive. 

11. At a point in a cross-section of a girder there is a tensile stress of 
4 tons per sq. in. normal to the cross-section; there is also a shear stress of 
2 tons per sq. in. on that section. Find the principal planes and stresses. 

12. In a shaft there is at a certain point a shear stress of 3 tons per sq. in. 
in the plane of a cross-section, and a tensile stress of 2 tons per sq. in. normal 
to this plane. Find the greatest intensities of direct stress and of shear 
stress. 

13. In a boiler-plate the tensile stress in the direction of the axis of the 
shell is 2i tons per sq. in., and perpendicular to a plane through the axis the 
tensile stress is 5 tons per sq. in. Find what intensity of tensile stress acting 
alone would produce the same maximum tensile strain if Poisson’s ratio is i. 

14. A cylindrical piece of metal undergoes compression in the direction of 
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its axis. A well-fitted metal casing, extending almost the whole length, 
reduces the lateral expansion by half the amount it would otherwise be. 
Find in terms of “ m ” the ratio of the axial strain to that in a cylinder quite 
free to expand in diameter. (Poisson’s ratio= 1/m.) 

15. Three long parallel wires, equal in length and in the same vertical 
plane, jointly support a load of 3,000 lb. The middle wire is steel, and the 
two outer ones are brass, and each is i sq. in. in section. After the wires 
have been so adjusted as to each carry i of the load a further load of 7,000 lb. 
is added. Find the stress in each wire, and the fraction of the whole load 
carried by the steel wire. E for steel 30 x lO* lb. per sq. in., and for brass 
12x 10® lb. per sq. in. 



CHAPTER II 


WORKING STRESSES 

22. Elasticity. A material is said to be perfectly elastic if the 
whole of the strain produced by a stress disappears when the stress 
is removed. Within certain limits (Art. 5) many materials exhibit 
practically perfect elasticity. 

Plasticity. A material may be said to be perfectly plastic when 
no strain disappears when it is relieved from stress. 

In a plastic state, a solid shows the phenomenon of “ flow ” under 
unequal stresses in difl'erent directions, much in the same way as a 
liquid. This property of “ flowing ” is utilised in the “ squirting ” 
of lead pipe, the drawing of wire, the stamping of coins, forging, 
etc. 

Ductility is that property of a material which allows of its being 
drawn out by tension to a smaller section, as for example when a 
wire is made by drawing out metal through a hole. During ductile 
extension, a material generally shows a certain degree of elasticity, 
together with a considerable amount of plasticity. Brittleness is 
lack of ductility. 

When a material can be beaten or rolled into plates, it is said to 
be malleable; malleability is a very similar property to ductility. 

23. 'I'cnsile Strain of Ductile Metals. If a ductile metal be 
subjected to a gradually increasing tension, it is found that the 
resulting strains, both longitudinal and lateral, increase at first 
proportionally to the stress. When the elastic limit is reached, the 
tensile strain begins to increase more quickly, and continues to 
grow at an increasing rate as the load is augmented. At a stress a 
little greater than the clastic limit some metals, notably soft irons 
and steels, show a marked breakdown, the elongation becoming 
many times greater than previously with little or no increase of 
stress. The stress at which this sudden stretch occurs is called the 
“ yield point ” of the material. 

Fig. 25 is a “ stress-strain ” curve for a round steel bar 10 in. 
long and 1 in. diameter, of which the ordinates represent the stress 
intensities and the abscissae the corresponding strains. The lirnit of 
elasticity occurs about A, the line OA being straight. The point B 
marks the “ yield point,” AB being slightly curved. After the yield- 
point stress is reached, the ductile extensions take place, the strains 
increasing at an accelerating rate with greater stresses as indicated 
by the portion of the curve between C and D. Strains produced at 
c 
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loads above the yield point do not develop in the same way as those 
below the elastic limit. The greater part of the strain occurs very 
quickly, but this is followed without any further loading by a small 
additional extension which increases with time but at a diminishing 
rate. At D, just before the greatest load is reached, the material 
is almost perfectly plastic, the tensile strain increasing greatly for 
very slight increase of load. It should be noted that in this diagram 
both stress intensity and strain are reckoned on the original dimen- 
sions of the material. 

After the maximum load is reached, a sudden local stretching 
takes place, extending over a short length of the bar and forming a 



“ waist.” The local reduction in area is such that the load neces- 
sary to break the bar at the waist is considerably less than the 
maximum load on the bar before the local extension takes place. 
Nevertheless the breaking load divided by the reduced area of sec- 
tion shows that the “ actual stress intensity ” is greater than at any 
previous load. If the load be divided by the original area of cross- 
section, the result is the “ nominal intensity of stress,” which is less, 
in such a ductile material as soft steel, at the breaking load than at 
the maximum load sustained at the point D on Fig. 25. 

Elastic Limit and Yield Point, The elastic limit (Art. 5) in 
tension is the greatest stress after which no permanent elongation 
remains when all stress is removed. In nearly all metals, and par- 
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ticularly in soft and ductile ones, instruments of great precision will 
reveal slight permanent extensions resulting from very low stresses, 
and particularly in material which has never before been subjected 
to such tensile stress. In many metals, however, notably wrought 
iron and steel, if we neglect permanent extensions less than, say, 
nrd^oTo of the length of a test-bar {i.e. strains less than 0 00001), 
stresses up to a considerable proportion of the maximum cause 
purely elastic and proportional elongation. The proportionality of 
the strain to the stress in Fig. 25 is indicated by OA being a straight 
line. For such metals as wrought iron and steel, the proportionality 
holds good up to the elastic limit — that is, the end of the straight 
line at A indicates the elastic limit, or in other words, Hooke’s Law 
(Art. 5) is substantially true. 

Commercial Elastic Limit. In commercial tests of metals exhibit- 
ing a yield point, the stress at which this marked breakdown occurs 
is often called the elastic limit; it is generally a little above the true 
elastic limit. 

There are, then, three noticeable limits of stress: 

(1) The elastic limit, as defined in Art. 5. 

(2) The limit of proportionality of stress to strain. 

(3) The stress at yield point — the commercial elastic limit. 


In wrought iron and steel the first two are practically the same, 
and the third is somewhat higher. 

24. Ultimate and Elastic Strength and Factor of Safety. The 
maximum load necessary to rupture a specimen in simple tension or 
shear, divided by the original area of section at the place of fracture, 
gives the nominal maximum stress necessary for fracture, and is 
called the ultimate strength of the material under that particular 
kind of stress. It is usually reckoned in pounds or tons per square 
inch. The ultimate strength in tension is also called the Tenacity, 
7'he greatest calculated stress to which a part of a machine or 
structure is ever subjected is called the working stress, and the ratio 
ultimate strength to working stress is called the Factor of Safety, 
But in structural work it is common to replace ultimate strength by 
the stress at the yield point in this ratio. 

It is, of course, usual to ensure that the working stress shall be 
below the elastic limit of the material ; but this is not sufficient, and 
designers, when allowing a given working stress, generally specify 
or assume, amongst other properties, an ultimate strength (or some- 
times a stress at yield point) for the material, greater than the 
working stress in the ratio of a reasonable factor of safety. The 
factor of safety varies very greatly according to the nature of the 
stresses, whether constant, variable or alternating, simple or com- 
pound, it is frequently made to cover an allowance for straining 
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actions, such as shocks, no reliable estimate of which can in some 
instances be made, diminution of section by corrosion, and other 
contingencies. 

The factor of safety is here defined with reference to the estimated 
maximum intensity of stress produced by a load. And generally 
such a factor of safety of say n would provide for one wth part of 
the load which would cause breakdown in the material. But not in 
all cases. We shall sec in Chapter x that a long rod (or strut) in 
compression will collapse for a load much less than that which 
would cause failure by yielding in a very short length. Hence, for 
a corresponding margin of safety we should limit the load on the 
long piece to one /7th part of that which would cause yielding. A 
factor then is applicable to the load rather than to the stress. 

Elastic Strength, If it is desired to limit working stresses to values 
that leave a certain margin within the elastic limit it becomes import- 
ant to know how the limit of elasticity changes (in one and the same 
metal) with the ratio of the principal stresses. It has long been 
recognised, for example, that the stress at the elastic limit is lower 
for equal and opposite principal stresses than for simple tension. 
Several hypotheses have been advanced from time to time and have 
been the subject of much experimental research. Some account of 
the conclusions drawn may be in the Author's Strength of Materials 
(9th edition). 

For practical purposes in ductile materials like structural steel 
the conclusion is that for static stress perfect elasticity ceases and 
more or less plastic yielding begins when a certain limit is reached 
by the greatest shear stress. This is given by (2a) of Art. 15, w'here 
Px is the greatest and Py the least principal stress or by (6) of Art. 18 
in a common case of compound stress. The greatest intensity of 
shear stress is in any case equal to half the greatest dilference in the 
principal (direct) stresses. 

25. Importance of Ductility. In a machine or structure it is 
usual to provide such a section as shall prevent the stresses within 
the material from reaching the elastic limit. But the elastic limit 
can, in manufacture, by modification of composition or treatment 
be made high, and generally such treatment will reduce the ductility 
and cause greater brittleness or liability to fracture from vibration 
or shock. Ductile materials, on the other hand, are not brittle, and 
a lower elastic limit is usually found with greater ductility. Local 
ductile yielding in a complex structure will relieve a high local stress, 
due to imperfect workmanship or other causes thereby preventing a 
member accidentally stressed beyond its elastic limit from reaching 
a much higher stress such as might be produced in a less plastic 
material. Thus in many applications the property of ductility is of 
equal importance to that of strength. 
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It is the practice of some engineers to specify that the steel used 
in a structure shall have an ultimate tensile strength between certain 
limits; the reason for fixing an upper limit is the possibility that 
greater tensile strength may be accompanied by a decrease in 
ductility or in power to resist damage by shock. 

The usual criteria of the ductility of a metal are the percentages 
of elongation and contraction of sectional area in a test piece 



fractured by tension. Probably the percentage elongation is the 
better one; smaller elongation is sometimes accompanied by 
greater contraction of area. 

26. Tenacity and Other Properties of Various Metals. The 

behaviour of a typical ductile metal has been described fully in 
Art. 23. Stress-strain curves for two varieties of steel and a very 
good quality of wrought iron are shown in Fig. 26; all of these 
refer to round pieces of metal 1 in. diameter, and extensions are 
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measured on a length of 8 in. The straight line representing the 
elastic stage of extension has been plotted on a scale 250 times 
larger than that for the later stages of strain. 

Cast iron is a brittle material, i,e. it breaks with very little elonga- 
tion or lateral contraction, and at a rather low stress. The stress- 
strain curve for a sample of good cast iron is shown on the large 
scale of Fig. 26, the ultimate strength or tenacity being just over 
10 tons per sq. in., and the strain being then just above 4 'i o- 

The ultimate strength of cast iron in tension is usually from 7 to 
10 tons per sq. in.; in compression it is often about 50 tons per 
sq. in. 

Owing to the liability to porosity, initial stress in cooling, etc., 
the working strength allowable in cast iron does not usually exceed 
about 1 ton per sq. in. in tension and 8 tons per sq. in. in com- 
pression. 

Wrought Iron, Wrought iron is a typical ductile metal, and 
contains over 99 per cent, of pure iron, and only about one-lenth 
per cent, of carbon. It comes from the puddling furnace in a 
spongy or pasty state (not liquid), and subsequent hammering and 
rolling do not expel all traces of slag, which may be traced in layers 
in the finished product. The structure appears from a fractured 
specimen to be fibrous or laminated; this results from the rolling 
and working up of the crude product, but the metal itself, when 
examined under the microscope, is found to consist of crystalline 
grains. Both the tenacity and ductility are greater in the direction 
of the fibres than across them. The mechanical properties differ 
considerably in different qualities; those of a high quality are 
represented in Fig. 26; lower qualities have a lower ultimate strength 
and smaller elongation (see Table at end of chapter). 

The composition of wrought iron varies in different qualities. It 
is desirable to keep phosphorus below i per cent, and sulphur below 
0-05 per cent. Phosphorus makes the metal brittle when it is cold, 
and sulphur causes brittleness at a red heat. 

Steel. Steel was the term formerly applied to various qualities of 
iron which hardened by being cooled quickly from a red heat. Such 
material contained over \ per cent, of carbon chemically combined 
with the iron. The tenacity and ductility of these steels is not of so 
much interest as that of the softer varieties. The high-carbon steels 
are not ductile, but have a high tensile strength. 

Now, much more ductile materials, having a lower tensile strength, 
are produced by the Bessemer, Siemens, and other processes, and 
are classed as mild steels. The mild steels have for many purposes 
replaced wrought iron, being stronger, more uniform, and more 
ductile; unlike wrought iron they can be cast, and when required 
for bars, etc., they are first cast in ingots and then rolled ; the ingot 
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being obtained from the liquid state no fibre is produced in the 
subsequent rolling or forging, and the metal is more homogeneous 
than wrought iron, and often has as little carbon present, but it is 
not so reliable for (non-fusion) welding, and when a weld is 
necessary good wrought iron is used. These steels contain less than 
i per cent, of carbon, the quantity varying according to the purpose 
for which the steel is required. Thus steel rails may have from 0 3 
to 0*4 per cent., structural steel about 0-25 per cent., and rivet 
steel about OT per cent, of carbon. 

Other constituents even in small quantities also greatly modify 
the properties of steels, and apart from chemical composition the 
mechanical and thermal treatment which the metal receives will 
greatly modify the strength and ductility. Comparatively recently, 
steels containing small quantities of nickel, chromium, vanadium, 
or manganese have been produced, having very high tensile strengths 
combined with a considerable degree of ductility. 

The qualities desirable in steel for structural ship-building and 
machine purposes are indicated by the Standard Specifications 
drawn up by the British Standards Institution and published for 
them. The chief requirements with respect to tensile tests and 
composition (when specified) are shown in the following Table. 
All the strengths and elongations are to be measured on test pieces 
of standard dimensions (see complete specifications), and other 
mechanical tests are specified. 



Composition 

Tenacity in tons 
per sq. in. 

Mini- 


Material and use 

Maxi- 

mum 

sulphur 

per 

cent. 

Maxi- 

mum 

phos- 

phorus 

per 

cent. 

Mini- 

mum 

Maxi- 

mum 

elonga- 
tion on 

8 in, 
(per 
cent.) 

Remarks 

Structural steel for bridges 
and general building 
construction, plates, 

angles, etc. 

006 

ro o6*\ 
l007t/ 

28 

32 

20 

* Open- 
hearth 
pro- 
cess. 

Rivet bars for above . 

— 

— 

26 

30 

25 

t Besse- 

Ship plates .... 

— 

— 

28 

32 

20t 

mer. 

Angles, bulb angles, chan- 
nel sections, etc., for 
ship-building. 

1 


28 1 

33 

20 

t 16 per 
cent, 
for 

Rivet bars for ships . 

— 

— 

25 

30 

25 

120 

plates 

below 

Railway axles 

0035 

0035 

35 to 40 

— 

i in. 


The strength and ductility of steel forgings and castings is depend- 
ent upon many circumstances, and varies considerably in different 
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parts of large pieces of material. Some idea of the values is given 
in the table at the end of the chapter. 

27, Stress due to Change of Temperature. It is well known that 
metals, when free to do so, change their dimensions with change of 
temperature. If, however, such change of dimensions is resisted 
and prevented, stress is induced in the material corresponding to the 
strain or change of dimension prevented. Thus if a long bar is 
lengthened by heat, and then its ends firmly held to rigid supports, 
so as to prevent contraction to its original length, the bar on cooling 
will be in tension, and will exert a pull on the supports. Numerous 
applications of this means of applying a pull are to be found, such 
as tie-bars holding two parallel walls together, and tyres shrunk on 
to wheels. 

The linear expansion under heat is for moderate ranges of tem- 
perature closely proportional to the increase of temperature. The 
proportional extension, or extension per unit of length per degree 
of temperature, is called the coefficient of linear expansion. Thus 
if a is the coefficient of expansion, a length / of a bar at becomes 

l{l+a(t2-h)} 

at a temperature t 2 °- 

If subsequently the bar is cooled to ti° and contraction is wholly 
prevented, a proportional strain 

a(r2-/i) 

remains, and the corresponding tension and pull on the con- 
straints is 

Ea(r2— ^i) 

per unit area of cross-section of the bar, where E is Young’s modulus 
for the material. 

The following are the appro.ximatc linear coefficients of expansion 
for Fahrenheit degrees: 

Wrought iron 0 0000067 

Steel 0 0000062 

Copper 0 000010 

Cast iron 0 0000060 

For steel the tensile strain per degree Fahrenheit if contraction is 
prevented will be 0 0000062, and taking the stretch modulus as 
13,000 tons per sq. in., this corresponds to a stress intensity of 

13,000 x 0 0000062, or 0 0806 ton per sq. in. 

Thus the cooling necessary to cause a stress of 1 ton per sq. in. 
would be 

1 


0-0806 


or about 12° F. 
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The different amounts of expansion in different metals in a 
machine may cause serious stresses to be set up due to temperature 
changes. Occasionally use is made of the different expansions of 
two parts. 

Example 1. If a bar of steel 1 in. diameter and 10 ft. long is 
heated to 100° F. above the temperature of the atmosphere, and 
then firmly gripped at its ends, find the tension in the bar when 
cooled to the temperature of the atmosphere if during cooling it 
pulls the end fastenings iit- nearer together. Assume that steel 
expands 0 0000062 of its length per degree Fahrenheit, and that the 
stretch modulus is 13,000 tons per sq. in. 

The final proportional strain of the bar is 

0 0000062 X 100- 4^-=- 120 
or 0-00062 -0 00021 =0 00041 


Intensity of stress = 13,000x0 00041 

= 5-33 tons per sq. in. 
and total pull on a bar 1 in. diameter is 

5-33x0-7854=4*18 tons. 

28. Elastic Strain Energy. The work done 
in producing an elastic strain is stored as strain 
energy in the strained material and reappears 
in the removal of the load. In materials 
which follow Hooke’s Law, the elastic 
portion of the load-extension diagram being 
a straight line, the amount of work stored as 
strain energy for loads not exceeding the 
elastic limit in tensile straining is equal to 



i . load X extension 


In Fig. 27 the work stored when the load reaches an amount PN 
is represented by the shaded area OPN, or by i . PN . ON, which 
is proportional to 

i . load X extension 

In a piece of metal under uniform intensity of tensile stress p, 
below the elastic limit, if A is the area of cross-section and / the 
length, the load is 

p . A 

and the extension is 


/ X proportional strain, or /x^ (Art. 9) 
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where E is the stretch modulus. Hence the elastic strain energy 
(or resilience) is 

i .pA . ^ . IA=\-- X volume of piece 

£ £ £ 


or 



per unit volume of the material. 


Where the tension is not uniform the expression is of similar form, 
but the factor is less than ^ if is the maximum intensity of stress. 
Some particular cases will be noticed later. 

Proof Resilience. The greatest strain energy which can be stored 
in a piece of material without permanent strain is sometimes called 
its proof resilience. If / is the (uniform) intensity of stress at the 
elastic limit or proof stress, the proof resilience is then 



This is represented in Fig. 27 by the area OP'N' for a material obey- 
ing Hooke’s Law. 

The proof resilience is often stated as a property of a material, 
and is then slated per unit volume, viz. 

iP/E 

29. Live Tensile Loads within the Elastic Limit. If a tensile 
load is suddenly applied to a bar and does not cause a stress beyond 
the limit of elasticity, the bar behaves like any other perfect spring, 
and makes oscillations in the tension, the amplitude on either side 
of the equilibrium position being equal to the extension which would 
be produced by the same load gradually applied. Hence the 
maximum instantaneous strain produced is double that which would 
be produced by the same load applied gradually. 

Suppose, for example, that a tensile load W is suddenly applied 
to a bar of cross-sectional area A. The instantaneous strain pro- 
duced is 

e=2(W/A)-:-E 

and the instantaneous intensity of stress produced is 

;7=Ep=2. W/A 

which is twice that for a static or gradually applied load W. It is 
here assumed that the stress-strain curve (or value of Young’s 
modulus) within the elastic limit is independent of the rate of load- 
ing, which is probably nearly true. 

The instantaneous stress-strain diagram is shown in Fig. 28. Its 
area is proportional to 

iEe^ or i(Ec)2/£ 

which is the work for unit volume of material. 
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If a bar ah*eady carries, say, a “dead” tensile load Wq, and 
another “ live ” load W of the same kind is applied, the greatest 
stress reached, provided the elastic limit is not exceeded, will be 


Wo/A4-2W/A 


Wo + W change of load 
A "a 


If, on the other hand, the live load W causes a stress of opposite 
kind (say compressive) to that already operating, the instantaneous 
stress would be 

W 0 /A- 2 W/A 


or 


Wq — W change in load 
A A 



Strain 
Fio. 28 



Fig. 29 


Example. Find the statical load which would produce the same 
maximum stresses as a tensile dead load of 40 tons and a tensile 
live load of 10 tons; (b) a tensile dead load of 20 tons and a com- 
pressive live load of 30 tons. 

{a) Equivalent static load =50 + 10 = 60 tons tension. 
ib) Equivalent static load=20— 30— 30= —40 tons, i.e. 40 tons 
compression. 

30. Impacts producing Tension. If an impulsive tensile load, such 
as that of a heavy falling weight, is applied axially to a light bar 
and the limits of proportionality of stress to strain are not exceeded, 
the strain energy instantaneously taken up by the bar is nearly 
equal to the kinetic energy lost by the falling weight if all the con- 
nections except the bar are infinitely rigid. 

If a heavy weight W lb. (Fig. 29) falls through a height h in. 
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on to a stop in such a way as to bring a purely axial tensile stress on 
a bar of length / in. and cross-section A sq. in., causing a stretch 
5l=pllE, strain e, and an instantaneous tensile stress of intensity p, 
then, if the stop, the falling weight, and the supports of the bar be 
supposed infinitely rigid, neglecting the small loss in impact, 

W(/7-|-6/)=^EcxA x6/ or iF. 6/ 

where F is the equivalent statical load on the bar in pounds, and E 
is the stretch modulus of elasticity in pounds per sq. in. ; hence 

W(/i-|-6/)=^EeX Axe/ 

=iEe2 X volume of bar 

D 

or, since -=e W(/z +5/) x volume of bar 
E E 

and 2 = 2 ExW (/7 + S/) ^ Wft 

^ volume of bar volume 

approximately when 5/ is very small compared to the fall A. 

From this p may be calculated if E is known. If, as a particular 
case, we take /z=0, the equation 

^ volume of bar 


becomes 


2EW6/ 

A.r 




and /7 = 2 . 


W 

A 


as in 


the previous article. 

31. Working Loads and Stresses. The various experiments on 
fluctuating stress, as well as the results of general experience in the 
design and use of structures and machines, point to the use of dif- 
ferent working stresses according to the nature of the straining 
action to be endured. If a factor of safety or ratio of ultimate 
statical strength to maximum working stress of, say, 3 be sufficient 
for mild steel to cover accidental and uncalculated straining actions, 
errors of workmanship, for a steady, unvarying or dead load, a 
similar factor might be applied when the maximum stress is cal- 
culated to allow for the effects of live or varying loads as in Arts. 
29 and 30 or otherwise. 

Equivalent Dead Load. One method of proportioning members 
of structures is to use a constant working stress, viz. that applicable 
to a dead load, and to increase the maximum load by some amount 
to allow for the effect of a live load. The allowance may be the 
whole or some fraction of the extreme variation or range of load. 
If there is a sudden fluctuation of the load from the minimum to the 
maximum, the elastic vibrations would produce the same straining 
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effect as twice that alteration occurring very gradually (see Art. 29), 
so that in this case 

Equivalent dead load=min. load+2(max. load— min. ^ 

load) 

=max. load4-(max. load— min. , (1) 
load) 

or max. load + variation in load 

Impact Allowances. Sometimes the equivalent dead load is taken 
as the dead load and the live load plus some fraction of the variation 
in load, so that 

Equivalent dead load=max. load+/:(range or 

variation in load) ... (2) 

where A: is a coefficient dependent on circumstances such as the 
suddenness or otherwise of the change in stress. For example, in a 
girder traversed by a moving load the change of stress is not sudden, 
but occurs much more quickly in some parts than in others, as is 
evident from Arts. 73, 74, and 75. 

The formula (1) is equivalent to taking A = 1 in (2) or to taking 
an equivalent dead load equal to minimum load plus twice the range 
of load; this is a sufficient allowance for both fatigue (if any) due 
to repetitions of load and impact or dynamical action in producing 
a stress higher than that resulting from a static load. They repre- 
sent something like ordinary British practice although the actual 
empirical formulae used vary in form. 

The American Railway Engineering and Maintenance of Way 
Association's specification 1905, known as the Pencoyd formula, is 


300 

L + 300 


. . ( 3 ) 


where L is the loaded length of the track in feet producing the 
maximum stress; the value (3) varies for chord members from 
1 to 0-5 as the span increases from 0 to 300 ft. These are generally 
considered a sufficient margin for both fatigue and impact. 
Whether the two eflects should be included in a common allowance 
or be treated separately is a matter on which opinions differ. The 
allowance for impact is based upon the fact shown by actual deflec- 
tion measurements that rolling loads (including imperfectly balanced 
wheels) produce greater eflects than stationary ones and effects 
which increase with increased speeds. The dynamic effect is 
naturally greater in short spans than in long ones where the greater 
inertia of the structure permits of smaller strains from a given 
impact, provided such eflects do not accumulate due to a coinci- 
dence of vibration periods with a periodic disturbance. 
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The work of Ihe Bridge Stress Committee ^ has gone far to con- 
firm that on railway bridges any stress due to impact arises from the 
dynamical effect of the live load, notably the “ hammer blow ” of 
locomotives using reciprocating engines, and not from the imposi- 
tion of the moving load which, at practicable speeds, is applied far 
too gradually to produce any significant dynamical effects. The 
magnitudes of the impact stresses are therefore, it is argued, in no 
way proportional to the moving load and should be allowed for 
separately. No formula of the Pencoyd class which treats impact 
effect as proportional to the moving load can be theoretically valid, 
and it is suggested that its use is illogical. 

The frequency of rhythmically repeated blows, arising from the 
unbalance of the moving parts of locomotives or from jolts given 
by rail Joints may approach the natural frequency of vibration of 
loaded bridges. The blows may then become important and involve 
considerable increases in stresses and strains in bridges. 

A bridge may thus be subject to two types of variation of stress 
arising from (a) rhythmically repealed blows during the passage of 
a travelling load, and (h) the imposition and removal of the weight 
of the travelling load : the (British) Bridge Stress Committee appears 
to doubt whether either variation is of a type to produce “ fatigue,” 
but it appears to the author that (he chances of fatigue occurring are 
far from being disproved, nor is it clear that there have not been 
fatigue failures in bridges although bridge failure of any kind is very 
rare in Great Britain. Whether entirely logical or not, convenient 
impact formuUe of the Pencoyd type making higher allowances of 
impact stress for short than for long spans and making some pro- 
vision against possible fatigue arc not likely to be entirely displaced 
for a long time. The British Standard impact factor for railways 
given in B.S.S. No. 153 is 

A: = 120/{90+(/7+1)L/2} .... (4) 

where L is the loaded length of track in feel, and n is the number of 
tracks. For a road bridge the factor is two-thirds of this with a 
maximum of 0*70. 

The Bridge Stress Committee for certain standard loads,^ and 
impact stresses due to definite hammer blows, allowing for resonant 
effects, have prepared tables of equivalent uniformly distributed 
loads appropriate to British railway practice. These are published 
in their report. For design purposes the actual loading is replaced 
by a dead load which includes an allowance for impact effect, and 
so no question of variable stress allowance arises. In arriving at 
their conclusions they considered a great amount of experimental 

1 See Report (H.M. Stationery Ofiice, 1928). 

^ See B.S.S. No. J53, which gives the standard loadings and equivalents. See 
also Art. 175. 



Art. 3I\ WORKING STRESSES 


47 


data in which stresses were estimated from known loadings by 
means of strain measurements. 

Alternative Methods. The reader should realise that the alterna- 
tives of using a variable unit stress in connection with the maximum 
straining action or using a constant (or dead load) unit stress with a 
dynamically increased equivalent dead load is largely a matter of 
individual choice, and that one system can always be expressed in 
terms of the other, and that in either case the rules in common use 
are empirical. Thus, illustrating from the simple case of tension, 
let M =maximum load, R =range of load, then for a tie bar 


sectional area = 


M 

variable unit stress 


M-f-ArR 

dead load unit stress 


. (5) 


hence 


variable unit stress 


dead load unit stress 
i +A:R/M 


. ( 6 ) 


Thus writing A: = 1 we get what is called the dynamic formula, viz. 

, ■ ui ^ 1 • .. tJead load stress 

(variable) working stress = ; — — . . (7) 

1 -hR/M 


An example will make clear the use of the formulae of the present 
article. 

Example. Taking a dead load stress of 6 tons per sq. in., find 
the cross-sectional area for a tie bar subject to a tensile dead load 
of 4 tons and live loads which vary from 1 ton compression to 2 tons 
tension. 

maximum tensile =4 -1-2 = 6 tons 

minimum load =4 — 1=3 tons. Range of load =3 tons. 

Using (1) 

equivalent dead load = minimum-!- twice range 
= 3-1-2 x3=9 tons 

area required =9 tons/6 tons per sq. in. 

= 1-5 sq. in. 

Alternatively, from dynamic formula (7) 

working stress=6 tons per sq. in. /(I -1-3/6) 

=4 tons per sq. in. 

area required = maximum load/working stress 
=(4-!-2) tons/4 tons sq. in. 

=6/4= 1-5 sq. in. 
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Unwin gives the following table of factors of safety for different 
materials and circumstances: 

Tabie of Factors of Safety 


Material 

Factors of safety for 

Dead load 

Live or varying load 

Structure 
subject to 
shock 

Stress of 
one kind 
only 

Reversed 

stresses 

Cast iron 

4 

6 

10 

15 

Wrought iron and steel . 

3 

5 

8 

12 

Timber 

7 

10 

15 

20 

Brickwork and masonry . 

20 

30 

— 

— 


For a dead load on structural steel the factor of safety is com- 
monly 4. 


Table or Ultimate Strengths 


{The following are a\cra^e and not extreme values) 


Material 

Tenacity in tons 
per sq. in. 

Shearing strength 
in tons per 
sq. in. 

Cast iron 

7 to 10 

9 to 11 

Wrought-iron bars 

20 to 24 

15 to 18 

,, plates (with fibre) . 

21 

16 


,, (across fibre) . 

19 

14 


^Steel, mild structural 

28 to 33 

21 to 24 

„ „ for rivets 

26 to 29 

— 


„ for rails 

30 to 40 

— 


„ castings and forgings . 

25 to 35 

— 


wire 

70 to 90 

— 


Brass 

8 

8 to 10 

Manganese-bronze 

35 

— 


Alumvnium, cast 

3 to 5 

— 


„ rolled 

7 to 10 

6 


Aluminium-bronze (10 per cent copper) 

40 

25 


Oak (British) 

4 to 8 


1 

Ash 

2 to 7 

i 1 


Elm 

2 to 6 

I 

Along 

Teak 

2 to 7 


!' the 

Yellow pine 

1 to 2 

i i 

1 grain. 

Red pine 

2 to 6 


1 

Spruce 

2 to 3 

iJ 



* See Table in Art. 26. 

Note . — Tables of Ultimate Compression or Crushing Strength, Elastic Modulus, 
and Working Stresses are given in the Appendix. 



Ex, II] 


WORKING STRESSES 


49 


Examples II 

1. The following fig:ures give the observations from a tensile test of a round 
piece of mild steel 1 in. diameter and 10 in. between the gauge points: 


Load in tons 

5 

10 

15 

Extension in inches 

0 0047 

00096 

00145 


17 

18 

19 

20 

20*5 

21 

2F5 

016 

0*21 

0-26 

0-32 

0 36 

0-39 

0-43 


Load in tons . 1 

Extension in 

22 1 

22 5 

23 

23'5 1 

2 .! 

1 

24-5 

25 

25-45 

251 

23-1 

21-7 

inches . 

0 49 

0 53 

0-60 

0-69 

0-78 

0 89 ' 

1 

1 

108 

1 

2-13 

213 

2-30 

2-35 


Plot separate stress-strain diagrams for the elastic and ductile extensions 
and find the ultimate tensile strength, intensity of stress at yield point, the 
percentage elongation on 10 in., and the stretch modulus for the metal. 

2. Two parallel walls, 25 ft. apart are stayed together by a steel bar 1 in. 
diameter, passing thioiigh metal plates and nuts at each end. The nuts are 
screwed up to the plates while the bar is at a temperature of 300° F. Find 
the pull exerted by the bar after it has cooled to 60° (o) if the ends do not 
yield ; {b) if the total yielding at the two ends is \ in. Steel expands 0 0000062 
of its length per degree Fahrenheit, and E= 13,500 tons per sq. in. 

3. Find the work done per cu. in. of material in the static test to fracture 
given in Problem No. 1. 

4. Find the total clastic strain energy or resilience of a bar of mild steel 
1 in. diameter and 10 ft. long, carrying a tensile load of 7 tons. E= 13,500 
tons per sq. in. 

5. Find the total proof resilience of a bar of steel H in. diameter and 8 ft. 
long, the tensile elastic limit being 14 tons per sq. in. and the stretch modulus 
(E) 1 3,500 tons per sq. in. Find also the proof resilience per cu. in. 

6. F"ind the intensity of stress and extension produced in a bar 10 ft. long 
and 1 -5 sq. in. in section, by the sudden application of a tensile load of 6 tons. 
What suddenly applied load would produce an extension of ^ of an in.? 
Take E= 13,000 tons per sq. in. 

7. Estimate the dead loads equivalent to the following: {a) A dead load 
(tensile) of 15 tons and a live load of 20 tons, {b) A dead load (compressive) 
of 15 tons and a live tensile load of 20 tons. If the strain is not to exceed 
O'OOl, find the area of section required in each case, E being 13,500 tons per 
sq. in. 

8. A load of 560 lb. falls through \ in. on to a stop at the lower end of a 
vertical bar 10 ft. long and 1 sq. in. in section. If the stretch modulus (E) 
is 13,000 tons epr sq. in., find the sticss produced in the bar. 

9. Find the greatest height from which the load in Problem No. 6 may fall 
before beginning to stretch the bar in order not to pioduce a greater stress 
than 14 tons per sq. in. 

10. What is a suitable value for the working stress for a bar carrying a dead 
load of 7 tons tension and subject also to a load w'hich fluctuates between 
3 tons tension and 2 tons compression if the safe stress for dead loads is 
5 tons per sq. in. 

1 1 . Find a suitable area of cross-section for a tie bar the tension in which 
varies from 10 tons to 8 tons, the safe stress for a dead load being 7 tons 
per sq.'in. 
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32. Systems ofForces in Equilibrium. In estimating the stresses 
on parts of a structure, it will frequently be necessary to consider 
the equilibrium of the structure regarded as a rigid body under the 
action of a system of forces, some of which (the loads) may be 
known, and others, the supporting forces or reactions, may be 
unknown and require to be found by the principles of statics. Or 
again, it is often necessary to consider in the same way a portion of 
a structure, and very frequently the equilibrium of the system of con- 
current forces meeting at some point in the structure. Mainly 
graphical methods are used, but the algebraic ones are also em- 
ployed. The foundation of graphical statics is the principle of 
geometrical or vector addition of forces. The rules relating to 
coplanar systems are frequently sufficient for estimating the forces 
on a structure, but extensions to other cases are occasionally used. 

Graphical Methods. When statical problems arc solved by 
graphical methods, it is usually necessary first to draw out a dia- 
gram, showing correctly the inclinations of the lines of action of the 
various known forces to one another, and to some scale, their 
relative positions. Such a diagram is called a diagram of positions, 
or space diagram ', this is not to be confused with the vector diagram 
of forces, which gives magnitudes and directions, but not positions 
of forces. 

Bow's Notation. In this notation the lines of action of each force 
in the space diagram are denoted by two letters placed one on each 
side of its line of action. Thus the spaces rather than the lines or 
intersections have letters assigned to them, but the limits of a space 
having a particular letter to denote it may be different for different 
forces. 

The corresponding force in the vector diagram has the same two 
letters at its ends as are given to the spaces separated by its line of 
action in the space diagram. We shall use capital letters in the 
space diagram, and the corresponding small letters to indicate a 
force in the vector diagram. 

It will be assumed that the reader is familiar with the conditions 
of equilibrium, with the polygon of forces and with the link or 
funicular polygon used in connection with non-concurrent forces all 
in one plane. ^ 

See the Author’s Mechanics for Engineers or Applied Mechanics. 
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Conditions oj Equilibrium. For a rigid body acted upon by forces 
all in one plane the conditions of equilibrium may usefully be sum- 
marised as follows : 

(1) The algebraic total horizontal component of the forces is 

zero. 

(2) The algebraic total vertical component of the forces is zero. 

(3) The algebraic total of the moments of all the forces about one 

point in the plane is zero. 

These are sufficient but it follows (3a) that the total moment 
about every point in the plane is zero. In terms of graphical 
methods the conditions are that ( 1 ) the polygon of forces is a closed 
figure; ( 2 ) that the link or funicular polygon is a closed figure. 

33, Moments of ParaDel Forces from Funicular Polygon. Let 
AB, BC, CD, DE, EF (or Wj, W 2 , W 3 , W 4 , and W 5 ) (Fig. 30) be 



Fig. 30. — Moments of parallel forces from funicular polygon 


five parallel (vertical) forces balanced by two cquilibrants_/g and ga 
(or Ri and R 2 ). Let the funicular polygon for any pole o, starting, 
say, from z, be drawn, og being drawn parallel to zp or GO, the 
closing line of the funicular, so that Ri, the left-hand equilibrant, is 
represented by the vector ga and R 2 by/i?^, while the loads Wj, W 2 , 
W3. W4, and W5 arc represented by the vectors ab, be, ce, de, and ef 
respectively. Consider any vertical line through X, at which the 
height of the link polygon is xl. Produce xl and the side zw to 
meet in y. Also produce the side yvm of the funicular polygon to 
meet xy in n, and let the next side mq of the funicular meet xy in /. 
The sides zw, wm, and mq (or AO, BO, and CO) are parallel to ao, 
bo, and co respectively. Draw a horizontal line, zle, through z to 
meet xy in k, a horizontal line through w to meet .xy in r, and a 
horizontal oH through o in the vector polygon to meet the line 
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abcdef 'm H. Then in the two triangles xyz and gao there are three 
sides in either parallel respectively to three sides in the other, hence 
the triangles are similar, and 




oH' 


or xy . oH =agx zk, or xy = 


ag . zk 
oH 


Therefore, since ag is proportional to Rj, and zk is equal or propor- 
tional to the distance of the line of action of Ri from X, ag . zk is 
proportional to the moment of Rj about X, and oH being an arbi- 
trarily fixed constant, xy is proportional to the moment of Ri 
about X. 

Similarly 

ab . wr 


and therefore represents the moment of Wi about X to the same 
scale that xy represents the moment of Rj about X. Hence xn or 
xy—ny represents to the same scale the moment of the two forces 
Ri and Wi about X (or of their algebraic sum acting at their inter- 
section of xz and wn). Similarly nl represents the moment of W 2 
about X to the same scale and 


xl^xy—tty—ln 

represents the moment about X of the three forces Ri, Wi, and W 2 , 
or of their resultant (the algebraic sum) acting at the intersection of 
the lines xz and lin. For any point in the plane, and for any number 
of parallel forces the proper intercept between the sides of the 
funicular polygon represents the moment and always to the same 
scale, since the distance from o to any side of the vector polygon 
abedefg is the same, viz. (?H. For dilferent pole distances (c;H) the 
depth of closed link polygon will be inversely proportional to the 
pole distance. 

Scales, If the scale offerees in the vector diagram is 

1 in. to p lb. 

and the scale of distance in the space diagram is 

1 in. to q ft.; 

and if is made h in. long, the scale on which the intercepts xk 
xn^ xy, nyy etc., represent the momenta about X is 

1 in. to p . ^ . A . lb. -feet. 

34, Moments, Centroids, and Second Moments for Moments of 
Inertia) of Plane Areas. The moment of a plane area about a line in 
its plane is the limit of the sum of products of small elements of the 
area and their perpendicular distances from that line. If 6A 
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represents any element of a plane area A distant y from a given line 
in its plane, the moment of the area is the limiting value of 

^(y . 6A) or fydA 

The centroid of a plane area (also called the centre of gravity of 
the area), may be defined as a point in its plane such that the 
moment of the area about any line in the plane passing through 
that point is zero. Or for any line in the plane, through the centroid 
the product sum 

I(y6A)=0 (I) 

Central Axis, Such a line through the centroid is called a 
central axis of the figure. The distance y of the centroid from any 
other line in the plane is given by the equation 

y=I(y.5A)-A (2) 

The position of the centroid of simple geometrical figures is dealt 
with in books on elementary mechanics.' 

Second Moment or Moment of Inertia of a Plane Area, The 
second moment or moment of inertia (1) of the area about any axis 
in its plane is defined by the relation 

I = I0-‘:.6A) (3) 

where values of y are the distances of elements of area 6A from the 
axis about which the quantity I is to be estimated. 

The calculation of the quantity I for various simple geometrical 
figures about various axes will now be briefly considered. The 
summation denoted by 'Z(y ^ . 6 A) can often be easily carried out 
by ordinary integration. If A be the area of any plane figure and I 
its moment of inertia about an axis in its plane, the radius of gyra- 
tion (A) of the area about that axis is defined by the relation 

A-A=I=Z(y2.5A) (4) 

or k is that value of y at which, if the area A were concentrated, the 
moment of inertia would be the same as that of the actual figure. 
Two simple theorems are very useful in calculating moments of 
inertia of plane figures made up of a combination of a number of 
parts of simple figures such as rectangles and circles. 

Theorem (1). The moment of inertia of any plane area about any 
axis in its plane exceeds that about a parallel line through its centre 
of gravity (or centroid) by an amount equal to the product of 
the area and the square of the distance of the centroid from the 
axis. 

Otherwise, if I is the moment of inertia of an area A about any 
axis in the plane of the figure, and Icis the moment of inertia about 


1 Such as the Author’s Mechanics for Engineer:^ 
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a parallel central axis, i.e. a parallel axis through the centroid, and / 
is the distance between the two axes 

I=Ig+/2A (5) 

or, dividing each term by A 

k^=kG^ + l2 ( 6 ) 


where k is the radius of gyration about any axis distance / from the 
centroid and that about a parallel axis through the centroid. The 
proof of the theorem may be briefly stated as follows: 

1= I{(/+j)25A}= 2{(/2+2 /v+j2)5a} 

= /2 2(6A)+2/I(>' . 6A)+ iCv^SA) 

= /2 . A+O + Ig 

when y is measured from an axis through the centroid. 

Theorem (2). The sum of the moments of inertia of any plane 
figure about two perpendicular axes in its plane is equal to the 
moment of inertia of the figure about an axis perpendicular to its 
plane passing through the intersection of the other two axes. Or, 
if ^z» iy are the moments of inertia about three mutually 

perpendicular axes OZ, OX, and OY intersecting in O, OX, and 
OY being in the plane of the figure 

Iz = Ix + Iy (7) 

or I(r2 . 5 A) = . 6A) + Z(a' 25 A) or Z{ +y^)bA } . (8) 

where /*, ,r, and x are the distances of any element of area 6A from 
QZ, OX, and OY respectively, since r^—x^+y^. 

Rectangular Area. The moment of inertia of the rectangle 
ABCD, Fig. 31, about the axis XX may be found as follows, using 
the notation given in the figure, by taking strip elements of area 
b . dy parallel to XX 

d d 

Ixx=J' f . bdy=\h]^y^'^ =ijbcP 

Similarly about YY 

About DC, by theorem (1) above 

Idc=Ixx+6^/. = 

which might also be obtained by integrating thus 

l,yc=j\^dy=\bd^ 
y being measured from DC. 

Hollow Rectangular Area and Symmetrical I Section, The 
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moment of inertia about the axes XX of the two areas shown in 
Fig. 32 are equal, for the difference of distribution of the areas in a 
direction parallel to XX does not alter the moment of inertia about 
that line. In either case 

Ixx=-i’ilBD3-6J3) 


Y 



Fig. 31 Fig. 32 


Triangular Area. For any of the triangles shown in Fig. 33 about 
the base b 

Ixx=f* {,hy'^-y^)dy=iibh^ 

Jo h /ij u 

and using theorem (1), about a parallel axis GG through the 
centroid 

I(jG ~ Ixx — ~ "sobh^ 



Fig. 33 

Circular Area. The moment of inertia lo about an axis per- 
pendicular to the circular surface and through its centre (Fig. 34) is 
found by taking circular strips of radius r and width dr. 

Io=J%2 . 2 -rTri// =2iT^=iirR‘‘ or -O'* 

Using theorem (2) 

Io=Txx+Iyy 

where Ixx and lyy are the moments of inertia about two perpendi- 
cular diameters XX and YY; and since by symmetry Ixx=1yy 
Io=21xx=-Iy-y 
Ixx=lYY = ifTR‘' or 


and 
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which might easily be established by taking straight strips parallel 
to XX or YY. 

Circular Ring Area. Evidently, from the above result, if I o is the 
moment of inertia about a central axis perpendicular to the plane of 
Fig. 35 

or 


and Ixx=lYY=’^(R*-r‘')or 

4 o4 




1-Shaped Sections. The moment of inertia, etc., of a rolled I 
section such as that in Fig. 36 may generally be calculated by divid- 
ing it into rectangles, triangles, circular sections, and sprandrils as 
shown, and applying theorem (1), but such a process is very labori- 
ous and leads to a result of perhaps needless exactness, for all the 
dimensions, though specified with great precision, could scarcely 
be adhered to in manufacture with similar exactness. The moments 
of inertia of the sections recommended by the British Standards 
Institution have been worked out by the exact method and tabulated 
(see Appendix). A graphical method suitable for any kind of sec- 
tion is given in the next article. 

T Sections, etc. These sections will usually have rounded corners, 
and if they are known exactly, the moment of inertia may be cal- 
culated by division, as in Fig. 36. If, however, Ihe rounding is 
neglected and the section regarded as consisting of rectangles, as in 
Fig. 37, we may proceed as follows. Find the distance h of the 
centre of gravity or centroid from the edge PQ by the methods of 
moments, thus 

h{(B . T)+(6 . d)}=^(B . T. tT)+(6 . dXY+ld) 
from which h can be found. 
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Then find the moment of inertia IpQ about PQ, taking the rect- 
angles PRSQ and VWUT 

IpQ=iB . T3-I- . d^+b . d{T+\dY 
or taking the rectangles VWNM and twice RTMP 
h^=m-bw+\b{i+dy 
Having found IpQ, apply theorem (1), whence 

Ixx=IpQ-(BT-HW)/i2 

Another alternative would be to find Ixx directly by subdivision 
into rectangles and application of theorem (1); as h will not 
generally be so simple a number as the main dimensions, this will 



Fio. 36 Fig. 37 


generally involve multiplications of rather less simple figures than 
in the above methods. 

Yet another plan would be to find the moment of inertia about 
VW, thus 

and then apply theorem (1), to find Ixx- 

Precisely similar principles may be applied to find the moment of 
inertia of any section divisible into rectangles and not symmetrical 
about the neutral axis, e.g. that in Fig. 70. 

35. Centroids and Second Moments (or Moments of Inertia) of 
Irregular Plane Areas. To determine the moment and moment of 
inertia (or second moment) of sections which are not made up of 
simple geometrical figures, some approximate form of estimation 
must be employed, generally either graphical or tabular. Of 
graphical methods, probably the following is the simplest, a plani- 
meter being used to measure the areas. 
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To find the moment and moment of inertia of any plane figure 
APQB (Fig. 38), about any axis XX, and the moment of inertia 
about a parallel axis through the centroid. Draw any line SS 
parallel to XX and distance d from it; choose any pole O in XX, 
preferably the point nearest to the figure APQB. Draw a number 
of lines, such as PQ and AB across the figure parallel to XX. 
From the extremities P and Q, etc., project lines perpendicular to 
SS, meeting it in N and M, etc. Join such points as N and M to O 
by lines meeting PQ in Pj and Qi, AB in Aj and Bi, etc. Through 



the points so derived, draw in the modified or first derived area 
PiQiBiAj. Repeat the process on this figure, projecting P]Qi 
at NjMi and obtaining P2Q2 and a second modified figure or 
derived area P2Q2B2A2. 

Let the areas PQBA, PiQiBjAi and P2Q2B2A2 be represented 
by A, Ai, and A2 respectively, and their width at any distance y 
from XX be denoted by z, Zi, and Z2 respectively. Then elementary 
strips PQ, PiQi, and P2Q2, or 6A, 6A1, and 5A2 of area are respec- 
tively equal to z . dy, Zi . dy, and Z2 • dy, and 
6A1 = 5y . z • yjd, BA-. =6 A X v'^fd'^ 

Ai=5;(6A,)=I(>’5A)/rfor I0z5y)/r/ (1) 

A2=I(6A2)=(;'26A);J2 or ZCv2z5y)/r/^=Ix.x;V/2 . . (2) 

Hence 

Ixx=A2r/2 (3) 

which mav be found by measuring A 2 by a planimcter or other- 
wise. 
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Also if y is the distance of the centroid from XX 

^=I(^5A)/A=^/xAi/A (4) 

which may be found by measuring the areas Aj and A. 

And from (5), Art. 34, the moment of inertia about an axis 
through the centroid and parallel to XX is 

lG = Ixx“A(y)^ 

or lG=A2rf2-d2A,2/A=^/2(A2-Ai2/A) ... (5) 

An approximate value of the second moment can be found by 
dividing an area into small parts and finding the sum of the second 
moments of the parts. The methods will be exemplified by finding 
the second moment about its axis of the area bounded by a parabola 
and a line perpendicular to its axis, as this will allow of the degree of 
accuracy of the method being judged. The area ABCD is shown in 
Fig. 39. Either of the halves into which it is divided by its axis AD 
can be divided into, say, 10 strips of equal width either horizontally 
or vertically. In the former case the width by of a strip is 01 in. 
and in the latter the width bx is 0*4 in. 

The most obvious method, but not necessarily the best, is to take 
horizontal strips of width 6y, length z=4--x: with their horizontal 
centre lines distant y from the axis AD. The values of y and z are 
set out in Table 1 and the values of y^ and y^z are calculated and 
entered in the table. 


Tadle I 


Tabie II 


y 


z 

y^z 

0-05 

00025 

3 99 

0010 

015 

00225 

3-91 

0-088 

0 25 

0-0625 

3-75 

0 234 

0-35 

0-1225 

3-5 

0 430 

0-45 

0-2025 

2-19 

0-646 

0-55 

0 3025 

2 79 

0-S44 

0*65 

0*4225 

2-31 

0-976 

0-75 

0*5625 

1*75 

0984 

0-85 

0-7225 

Ml 

0 802 

0-95 

0-9025 

0-39 

0 352 


10-22)=: 5-366 (in.)3 


X 

y 

>-5 

0-2 

0 224 

O-Oll 

06 

0-387 

0-058 

1-0 

0-500 

0-125 

1*4 

0-592 

0-207 

1-8 

0-671 

0-302 

2-2 

0-742 

0 408 

2-6 

0 806 

0-523 

3*0 

0-866 

0-649 

3*4 

0-922 

0-784 

3-8 

0-975 

0-927 


2(j,-3) = 3-994 (in.)3 


The sum of the ten quantities .v^z from the table is 5-366 (inches)^ 
for half the area or 10-732 (inches)^ for the whole area, hence 
lO-ZzSy) or Ix = 10-73 (inches)^ x 0-1 in. = 1 073 (inch)-*. 

An alternative method is to take, say, 10 vertical strips of length 
>’ and width 6.v=0-4 in. The second moment of such a strip about 
XX by Art. 34 is y^Sxl3 and we have only to add the 10 such pro- 
ducts and double the sum for the whole area to get Ixx- The values 
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of AT, y, and are shown in Table II, from which I(>’3) =3*994 (inch)^ 
and Ixx=2 20^5a')/3=|x 3-994 (inch)^ x 04 (inch) = 1 065 (inch)4, 
which differs by less than 1 per cent, from the previous result. The 
actual value of the second moment is 

Y 5 x4 in. X V (inch)3=^| (inches)^ = 1 067 (inches)^ 

A closer approximation to this true value could have been found 
by smaller subdivision of the area. 



36. Ellipse of Inertia, or Momenta! Ellipse. Principal Axes of a 
Section. The principal axes OX and OY of a plane area may be 
defined as the rectangular axes in its plane, and through the cen- 
troid such that the sum ^{xy . 6A), called the product of inertia (or 
product moment), is zero, x and y being the rectangular co-ordinates 
of an element 6A of the area with reference to OX and OY. 

Let , 6 A)=I ,=^,2 ^ 2(6 A) 

I(A:2.6A) = Iy=A:y2 2(6A) 

Then the moment of inertia of the area about any perpendicular 
axes OX' and OY' in its plane when OX' is inclined at an angle a to 
OX may be found by writing from the right-hand side of Fig. 40 for 
the co-ordinates y') of any point P, 

OM = a' =x cos a +y sin a 
PM =y' —y cos a — jc sin a 

hence I/= T{x'^ . 5A)=cos2 aZ(A'25A)-|-sin2 aI(;'25A)+2 sin a 
cos a Z(A'y6 A) 

L' = IvCOs2a-fL sin^Q i . 

7 2 17 2 l ; 7 ■ 7 ^Since IUj' 5 A )=0 ( 1 ) 

or ky-=ky^ cos^ a+Av sin^ a J 

Also similarly 

I*' = I:c cos^ a + 4 sin^ a 
kf-=kx^ cos^ a+ky^ sin^ a 



( 2 ) 
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Adding (1) and (2) 

kl + Vi 


=constant 


(3) 


A result which follows directly from theorem (2) Art. 34. 

If OA=OA', Fig. 40, be set off to represent ky and OB=OB' to 
represent and an ellipse ABA'B' be drawn with OA and OB as 
semi-principal axes, then ky' is represented by OC, the perpendicular 
distance from the centre O to the tangent parallel to OY' when 
OX' and OY' are inclined as shown at an angle a to OX and OY 
respectively. For a property of the ellipse is 


OC2=OA2 cos^a-f OB2 sin^a 


Y 



which is the relation given by (1). This momental ellipse then 
shows the radius of gyration about any axis, such as OY' by the 
length of the perpendicular from O on the tangent parallel to OY'. 
Also since the product OD . OC is constant in an ellipse (viz. equal 
to OA . OB), the radius of gyration about any axis such as OY' is 
inversely proportional to the radius vector OD in that direction. 
Its value is 


If a curve be drawn such that every radius vector measured from O 
is proportional to the square of A:, i.e. proportional to I about that 
radius vector, it is called an inertia curve for the given section. The 
radius vector in the direction OX', for example, would be given by 
equation (2), and others might be found similarly. 
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It is evident by differentiating (1) with respect to a, or by inspec- 
tion of the ellipse, that k has maximum and minimum values, 
and ky, the values of k about the two principal axes. It is often 
important to find the minimum value of k (and I) of a given section, 
and therefore to find the principal axes. If the section has an axis 
of symmetry that is evidently one principal axis, for from the sym- 
metry the sum . 6A) must be zero. The other principal axis 
is then at right angles to the first, and through the centroid of the 
section; a case in point is an angle section with equal sides. 

If a plane figure (such as a circular or square section) has more 
than two axes of symmetry, its momental ellipse becomes a circle, 
and its moment of inertia about every axis in its plane and through 
the centroid is the same. If a section has not an axis of symmetry 
the principal axis and the principal or maximum and minimum 
moments of inertia may be found from the moments of inertia 
about two perpendicular axes OX' and OY', say, and the moment 
of inertia about a third axis OW, Fig. 40, inclined 45° to each of the 
other two; these three moments of inertia may be found by the 
methods described in the preceding articles. Let be the moment 
of inertia about OW. Then applying (2) 


U = cos^ (a+45°) + Iy sin-(a+45°)=il;^(l —sin 2a) 


+il/l+sin2a) (4) 

2I^=I, + Iy + (ly-U sin 2a (5) 

Hence by (3) (ly-IJ sin 2^2=2T„,-(I;,. +1/) ... (6) 

and subtracting (2) from (1) 


(ly-y cos 2a=Iy — . . . . 


Dividing (6) by (7) 




tan 2a=— 


+ 1 /) 


I/-l> 


which determines the directions of the principal axes, 
measured from OX' in the direction opposite to OW. 
Also from (3) and (7) 


. (7) 

. ( 8 ) 

a to be 


l*=i{I*'+Jy-+(Ix -V) sec2a} .... (9) 
Iy=i{I*+Iy see 2a} . . . .(JO) 

which gives the principal moments of inertia in terms of the three 
known moments of inertia. 

37. Moments and Products of Inertia. It is sometimes con- 
venient to be able to calculate the principal moments of inertia of an 
area from the moments and products of inertia about two perpen- 
dicular (but not principal) axes. Let OX and OY to the right-hand 
side of Fig. 40 represent any two perpendicular axes through the 
centroid O of a plane figure, for which I(.x>’6A) is not generally 
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zero, and let OX' and OY' be any other pair of rectangular axes 
through O. Then (1) of Art. 36 becomes 

I/=Iy cos^ cx+I:r sin2 a+ Z(jc>'6A) sin 2a . . (1) 

and (2) becomes 

=ly sin^ a+Ijf cos^ a— Z(x:y6A) sin 2a . . (2) 

Differentiating with respect to a, 

sin 2a -2 1(xy6A) cos 2a . (3) 

which vanishes when 

tan2a=-2I(xy6A)/(I^-Iy) .... (4) 

dly'jdcL has the same value as (3) but is of opposite sign and becomes 
zero for the same values of a, viz. those shown in (4). Also the 
values of the second differential coefficients of V and ly' are of 
opposite sign. Hence and ly' reach turning value for the same 
values of a, 90° apart, but when one is a maximum the other is a 
minimum. Subtracting (1) from (2) and reducing 

Ix' — ly ' = dx I y) cos 2a — 2 1(x v5 A) sin 2a . . (5) 

and for a maximum or minimum value of Ixs substituting for 
l(xy6A) in (5) its value from (4) and reducing we obtain 

Ix -l/=dx“ly) sec 2a (6) 

The value of 1*' and ly-, the maximum and minimum values of I, can 
now be found from (2) and (1) by substituting the value of a given 
by (4) if lx, ly, and product of inertia Z(A:y6A) are known, or can 
be easily calculated from given dimensions (e.g. in a figure divisible 
into rectangles). 

By adding (1) and (2) and (6), we should obtain 

Ix' = i{ Ix"kly"kdx — ly)sec2a} . . . , (7) 

and ly' = ^{I^+Iy — dx— ly) sec 2a} .... (8) 

where a has the value given by (4) for critical values of I. 

If the product of inertia 2 !(a' y'5A) be found in terms of I;^, ly, and 
2;(jrv6A) by writing the values of x\ and y' from Art. 36 and 
reducing 

I(.v >'6A)= 2(4 (,V‘— a' 2) sin Za+Aj’cos 2a}5A 

= idx“Iy) sin a+ l(A'y6A) cos 2a . ... (9) 

But under the condition f4) for maximum and minimum values of 
lx' and ly' substitution in (9), say, for sin 2a from (4) shows that 

I(.vy6A)=0 

That is, for the principal axes the product of inertia is zero, a point 
assumed as a definition in Art. 36. 

Graphical Method. If Ix, ly, and l{xy^A) are given, equations 
(6) and (4) provide for a simple graphical construction for finding 
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the principal moments of inertia and position of the principal axes. 
In Fig, 41, make BC=I AC=ly to scale. Bisect AB in O and 
describe the circle AEBF. Set off CD = Z(jcj^5A) perpendicular to 


A 



Fig. 4J 

AB, join OD, and complete the diameter FODE. Then OC = 
i(BC— AC)=i(I;,,— ly); hence the angle 

COD = tan-i{ 2 I(at 5 A)/(I^ - g } =2a 
and OD=OC sec g see 2a=4(T,..— g) 

Hence, to scale, FD=I;^', and ED=g, the maximum and minimum 
values of I respectively. 


Examples III 

1. An I-scction of a girder is made up of three rectangles, viz. two flanges 
having their long sides horizontal, and one web connecUng them having its 
long side vertical. The top flange section is 6 in. by 1 in., and that of the 
bottom flange is 12 in. by 2 in. The web section is 8 in. deep and 1 in. 
broad. Find the height of the c.g. of the area of cross-section from the 
bottom of the lower flange. 

2. Find the c.g. of a T section, the height over all being 8 in., and the 
flange width 6 in., the metal being J in. thick in the vertical web, and 1 in. 
thick in the horizontal flange. 

3. A girder of I-shapcd cross-section has two horizontal flanges, 5 in. 
broad and 1 in. thick, connected by a vertical web 9 in. high and 1 in. thick. 
Find the moment of inertia of the area of the section about a horizontal axis 
in the plane of the section and through its c.g. or centroid. 

4. Find the moment of inertia and radius of gyration of the area of the 
section in Problem No. 2 about an axis through the c.g. of the section and 
parallel to the flange. 

Numerous examples on centroids, and moments of inertia, etc., of plane 
areas may be found in the tables of standard sections (see tables in the 
Appendix). 
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BENDING MOMENTS AND SHEARING FORCES 

38. Beams and Bending. A bar of material acted on by external 
forces (including loads and supporting forces) oblique to its longi- 
tudinal axis is called a beam, and the components perpendicular to 
the axis cause the straining called flexure or bending. This and the 
following four chapters deal only with beams which are straight or 
nearly straight. As beams are frequently horizontal, and the 
external forces are weights, it will be convenient to speak always of 
the beams as being horizontal and the external forces as vertical, 
although the same conclusions would hold in other cases. Members 
of structures are often beams as well as struts or ties; that is, there 



are some transverse forces acting upon them in addition to longi- 
tudinal ones. 

39. Straining Actions on Beams. Shearing Force and Bending 
Moment. Before investigating the stresses and strains set up in 
bending, the straining actions resulting from various systems of 
loading and supporting beams will be considered. 

If we consider a beam carrying a number of transverse loads, as 
in Fig. 42, the whole beam is in equilibrium under the action of the 
loads Wi, W 2 , W3, etc., and the supporting forces or reactions Ri 
and R 2 ; further, if we divide the beam into two parts A and B by 
an ideal plane of section X, each part is in equilibrium. The system 
which keeps A in equilibrium consists of the forces Wi, W 2 , W 3 , 
and Rj, together with the forces exerted on A by B across the section 
X in virtue of the state of stress in the beam. We may con- 
veniently consider these latter forces by estimating their total 

D 
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horizontal and vertical components and their moments. Applying 
the ordinary conditions of equilibrium. Art. 32, we conclude: 

(1) Since there are no horizontal forces acting on the piece A 

except those across the section X, the algebraic total 
horizontal component of those forces is zero. 

(2) Since the algebraic sum of the vertical downward forces on 

A, is 

W1+W2+W3-R, 

the total or resultant upward vertical force exerted by B on 
A is W1+W2+W3 — Rj, which is also equal to an upward 
force 

R2-(W4 + W5) 

Shearing Force. The resultant vertical force exerted by B on A 
is then equal to the algebraic sum of the vertical forces on either side 
of the plane of section X ; the action of A on B is equal and oppo- 
site. This total vertical component is the shearing force on the 
section in question. 

(3) If the distances of Wj, W2, W3, and Ri from X be /i, 1 2, I3, 

and JCj respectively the moment of the external forces on A 
about the section X is 

M =Ria:i -Wi/, -W2/2- W3/3 

which is also equal to W/ 4 -fW 5 / 5 — R 2 X 2 , and is of clock- 
wise sense if the above expressions are positive. The 
moment exerted by B on A must balance the above sum, 
and is therefore of equal magnitude. 

Bending Moment. The above quantity M is the algebraic sum of 
the moments of aU the forces on cither side of the section con- 
sidered, and is called the bending moment. The balancing moment 
which B exerts on A is called the moment of resistance of the beam 
at that section. The statical conditions of equilibrium show that the 
moment of resistance and the bending moment are numerically 
equal. 

40. Diagrams of Shearing Force and Bending Moment Both 
shearing force and bending moment will generally vary in magni- 
tude from point to point along the length of a loaded beam ; their 
values at any given cross-section can often be calculated arith- 
metically, or general algebraic expressions may give the bending 
moment and shearing force for any section along the beam. The 
variation may also be shown graphically by plotting curves the bases 
of which represent to scale the length of the beam, and the vertical 
ordinates the bending moments or shearing forces, as the case may 
be. Some simple typical examples of bending moment and shearing 
force curves follow in Figs. 43 to 52, inclusive. In each case M 
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represents bending moment, F shearing force, and R reactive or 
supporting force, with appropriate suffixes to denote the position 
to which the letters refer. Other cases of bending-moment and 
shearing-force diagrams will be dealt with later (see Arts. 85 to 92). 



Fig. 43. — Cantilever with end load 



Fig. 44.— Cantilever with several loads 


In the case of moving loads the straining actions change with 
the position of the load; such cases are dealt with in Chapter yi. 
When a beam carries several different concentrated or dis- 
tributed loads the bending moment at any and every cross-section 
is the algebraic sum of the bending moments produced by the various 
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loads acting separately. In plotting the diagrams it is sometimes 
convenient to add the ordinates of diagrams for two separate loads 




f SHEARING 
i FORCE 


BENOINQ 

MOMENT 


SHEARING 

FORCE 


BENDING 

MOMENT 


and plot the algebraic sum, or to plot the two curves on opposite 
sides of the same base-line, and measure resultant values (vertically) 
directly from the extreme boundaries of the resultant diagram. 



BENDING MOMENTS 


Art. 40] 


69 


The two methods are illustrated in order in Fig. 46. Figs. 43, 
44, 45, and 46 represent cantilevers, i.e. beams firmly fixed in posi- 
tion and direction at one end and free at the other. Figs 47, 48, 
49, 50 represent beams resting freely on supports at each end, and 
carrying various loads as shown. In calculating the shearing force 
or bending moment at any given point, or obtaining a symbolic 



Fio. 47. — Freely supported beam with central load 


expression for either quantity for every point over part or all the 
length of the beam, the first step is usually to find the value of the 
unknown supporting forces (Ri and R 2 ). These can conveniently 
be found by considering the moments of all external forces about 
either support, and equating the algebraic sum to zero. When all 
the external forces are known, the shearing force and bending 


I H 



moment are easily obtained for any section, the former being the 
algebraic sum of the external transverse forces to either side of the 
section, and the latter being the algebraic sum of the moments of 
the external forces to either side of the section. 

The question of positive or negative sign of the resulting sums is 
arbitrary and not very important; it is dealt with in Art. 42, but in 
a diagram it is well to show opposite forces and moments on 
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opposite sides of the base-line. Take the case in Fig. SO fully as an 
example. The load is uniformly spread at the rate of w per inch 
run over a length c of the beam. The distances of the centre of 
gravity of the load from the left- and right-hand supports of the 



Fig. 49. — Freely supported beam with uniformly distributed load 


beam are a and b respectively, so that a+b=l, the span of the beam 
between the supports. 

Taking moments about the right-hand support 
RiXl=w . cxb 

Ri=w . c . b/l R 2 = H’c . aJI 



The shearing force (F) from the left support to the beginning of 
the load is equal to Ri. 

Over the loaded portion, at a distance x from the left support, i.e. 
from x=a—cl2 to x=a+cll, 

F*=Ri — (a— c/2) } = web! I — vvx -h »’(a — c/2) 

or w{cb/l+a—x—cl2) 

which equals zero when x=c6//-|-a— c/2. 
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For the remainder of the length to the right-hand support the 
shearing force is numerically equal to R2, or algebraically to 
Ri— ivc, i.e. 

¥=w{cbll—c) or wc(b—[)ll or —wcajl 
The bending moment (M) at a section distant x from the left- 
hand end to the beginning of the load, i.e. if x is less than a—cjl, 
estimating moments on the left of the section, is 

M,=Ri . x=wcbxll (a straight line) 

Over the loaded portion, i.e. if jc is greater than a—cjl and less 
than a+cl 2 

M*=Rt . x—{x—(a—c/ 2 )}x w . ^{x—ia—c/ 2 )} 

= wcbxjl— iw{x —a— cjT)^ 



The first term is represented by the left-hand dotted straight line, 
and the second by the distance between the curve and the straight 
line, and the value M* by the vertical ordinate of the shaded dia- 
gram. 

To the right of the load, i.e. when x is greater than fl + c/ 2 , esti- 
mating to the left 

M,=Ri . x—wc(x-a)=wcbxjl—wc(x-a) 
or Mx=wca — wcx{\—hll) or wca—wcaxll=wcail—x)ll 

=R2(1—x) (a straight line) 

which is much more simply found by taking the moments of the 
sole force R2 to the right of any section in the range considered. 

Fig. 51 represents a beam symmetrically placed over supports of 
shorter span, 1 2, than the length of the beam, /2+2/1, and carrying 
equal end loads. Between the supports the shearing force is zero 
and the bending moment is constant. The magmtudes are 
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unaffected if the positions of the loads and reactions are inter- 
changed. 

Fig. 52 shows a beam of length I 2 + 2 I 1 , with a uniformly spread 
load placed on supports I 2 apart and overhanging them by a length 
li at each end. The bending moment at the supports is 

M = »v/iX/i/2 = tv/i2/2 

Within the span at a distance x from either support the bending 
moment is 

M, = M’(/i -I- jc) X i(/ +x)—KiX=lwili+x)^—wxili+l2l2) 

= \wlx^ — ^wxil2—x) 

the first term of which is the bending moment at the supports, and 
the second is bending moment for a uniformly loaded span of 
length I 2 (see Fig. 49). The two terms are of opposite sign, and, 

LOADINQ 
•W ptr inch nrn 

SHEARING 
FORCE 


BENDING 

MOMENT 


Fio. 52 

provided I 2 is long enough, the bending moment will be zero and 
change sign at two points within the span, viz. when Mjt=0, or 

iw . Il2-^WX(12-X)=0, X^-l2X + lx^=0 

X = il2±V{iil2)^-ll^} 

i.e. at two points distant \/[{(i/ 2 )^— ( 1 ^}] on the other side of mid- 
span; the two points are coincident (at mid-span) if / 2 = 2 /], and do 
not exist if I 2 is less than 2/], when the bending moment does not 
change sign. 

Points of Contraflexure. Bending moments of opposite sign 
evidently tend to produce bending of opposite curvature. In a 
continuous curve of bending moments change of sign involves 
passing through a zero value of bending moment, and this point of 
zero bending moment and change of sign is called a point of 
inflexion or contraflexure, or a virtual hinge. The positions of the 
points of contraflexure for Fig. 52 have just been determined above 
from the equation M,=0. 
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Actual Reactions and Effective Span. The foregoing diagrams 
are somewhat conventional as regards the application of the loads 
and reactions. These will actually be more or less distributed 
forces and not concentrated in lines (or rather planes perpendicular 
to the diagrams). The kind of modification which such distribu- 
tion will produce in the diagrams of shearing force and bending 
moment is illustrated in Fig. 53, where the load W and both sup- 
porting forces are assumed to be uniformly distributed over short 
lengths of the beam: a comparison with Fig. 48 shows the effect of 
such distribution. The three curved portions of the bending 
moment diagram would be in this case parabolic (as in Fig. 50). 
The intensity of loading will usually be less at the boundary of the 
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short loaded lengths, and in this case the change of shearing force 
will be as indicated by the steep dotted curve instead of the uniform 
rate of change. When the ends of such a beam rest on searings of 
finite length, the bending moments everywhere will be greater than 
if the beam were supported at the ends of the span /. The distance 
(a-f Z?) from centre to centre of the two seatings may be called the 
effective span^ which is greater than the dear span 1. 

Example 1 . A concentrated load of 1 ton is carried 3 ft. from the 
abutment of a beam having a clear span of 9 ft. Calculate the 
maximum bending moment first if the beam is only 9 ft. long and is 
just supported at its ends; secondly, if it is 11 ft. long and rests on 
searings 1 ft. long at each end and the pressure is uniformly dis- 
tributed along the seatings. 

In the first case the reaction more distant from the load is 

1 X ton 
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And the maximum bending (moment under the load) is 

ix.6=2 ton-ft. 

In the second case the more distant supporting force found by 
taking moments about the centre of the near seating is 

1 x3-5/10=0-35 ton 

And the bending moment under the load is 
0-35 X 6-5 =2-275 ton-ft. 

Example 2. A girder of 40 ft. effective span supported at its 
ends has a total load of 56-5 tons uniformly distributed along its 
length. The load is not carried directly, but is transferred to 
the girder at its ends and at four consecutive points b, b', a' 
(cross girders) placed 8, 16, 24, and 32 ft. respectively, from the 
left-hand support. Assuming that each load point a, b, b', and a' 
carries the load for 8 ft. length, find the bending moment at each 
point. 

Load at each point =/„ x 56-5 = 11-3 tons 
effective reactions at each end=ix4x 11-3=22-6 tons 

bending moment at a and a' =22-6 x 8 = 180-8 ton-ft. 

bending moment at b and A' =22-6 x 16 — 1 1-3 x 8=271-2 ton-ft. 

A bending-moment diagram for this girder but with greater load 
IS shown in Fig. 259. 

Example 3. A girder of 11-25 ft. effective span carries a uni- 
formly distributed load of 1 ton total and 2 loads of 30-8 tons each 
2i ft. on either side of the centre of the span. Find the maximum 
bending moment. 

This corresponds to the two types of loading shown in Figs. 49 
and 51 (reversed) acting together, consequently since the con- 
centrated loads are 11-25/2—2-5=3-125 ft. from the supports, the 
total bending moment at the centre of the span will be 

(30-8 x3-125)-l-i-^^^=97-7 ton-ft. 

O 

41. Bending Moments and Shearing Forces from Link and Vector 
Polygons. The vertical breadths of a funicular or link polygon for 
a system of vertical forces on a horizontal beam represent to scale 
the bending moments at the corresponding sections. This has 
already been proved in Art. 33, and is illustrated in Fig. 54, where the 
link polygon has been drawn on a horizontal base by making the 
vector fo in the vector polygon horizontal, i.e. by choosing a pole o 
in the same horizontal line as the point /, which divides the load-line 
abede in the ratio of the supporting forces. The position of / can 
be calculated or found by means of a trial link polygon with any 
pole. The scale of bending moment as explained in Art. 33 is 
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p .q .h lb. -in. to 1 in. where the scale force is p lb. to 1 in., of distance 
^ in. to 1 , and the pole distance fo measures h in. It is not necessary 
to draw the diagram on a horizontal base, but the distance h must 
be estimated horizontally, and the ordinates of bending moment 
must be measured vertically. 

The shearing-force diagram is shown projected from the vertical 
load-line of the vector polygon. 

The same method of drawing the bending-moment diagram to as 
close approximation as is desired is applicable to loads distributed 
either uniformly or otherwise by dividing the load into a number of 
sections along the length of the beam, and treating each part as a 
load concentrated at its centre of gravity. The resulting funicular 



VECTOR 

POLYGON 

AND 

SHEARING 

FORCE 


polygon will be a figure with straight sides, and the curve of bending 
moments is the inscribed (not circumscribed) curve touching the 
sides of the polygon, for the polygon evidently gives excessive 
ordinates at the points of concentration and correct ones at the 
junctions of the parts into which the loaded lengths are divided. 
Consideration with a sketch of an extreme case, say a uniform load 
throughout the span and only two equal divisions, will make this 
clear. It is also illustrated in Fig. 55. 

Fig. 55 shows the bending-moment diagram for a beam with over- 
hanging ends. The reactions are found by closing the funicular 
polygon and drawing og parallel to the closing line, the most 
convenient order of lettering and setting ofl'the forces on the vector 
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polygon being consecutively round the beam. Care is then required 
in projecting the shearing-force diagram, as the forces do not follow 
in consecutive order across the paper. It will be found instructive 
to redraw the vector polygon in such consecutive order and project 
a shearing-force diagram from it. The choice of signs in Fig. 55 is 
arbitrary, and those given are in accordance with a convention given 
in Art. 42. Fig. 56 shows the case of a beam overhanging at one 
end, and shows how to deal with a uniformly distributed load which 
here extends over the length between the supports. Only four 
divisions have been taken, but a curve through v, w, y, z, gives the 



curve of bending moments, and a straight line through v', w', x\ 
y\ z' gives the correct shearing-force diagram in place of the stepped 
figure. A caution is again required in projecting the shearing-force 
diagram unless the load-line is redrawn. 

Fig. 57 represents a cantilever carrying three loads; if o were 
chosen in the same horizontal line as a the bending moment dia- 
gram becomes exactly like that already drawn in Fig. 44. The link 
polygon for the three given forces is not closed, and for equilibrium 
an upward force da together with a moment at the wall is 
required; these are supplied by upward and lesser downward 
reactions on the clamped end. 
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42. Relation between Bending Moment and Shearing Force. 

Consider a small length 6x of a beam (Fig. 58) carrying a con- 
tinuous distributed load w per unit of length, where w is not neces- 
sarily constant, but Sjc is sufficiently small to take w as constant 
over that length. Let F and F-I-6F be the shearing forces, M and 
M-t-6M the bending moments at either end of the length 6jr as 
shown in Fig. 58. 

Equating upward and downward vertical forces on length 6jc 
F -|- 5F = F -t- w5jc 
5F = w . 6 j: 

and '^=w (1) 

tlx 



i.e. the rate of change of shearing force (represented by the slope of 
the shearing-force curve) is numerically equal to the intensity of 
loading. 

Or integrating between two sections x—xq apart 

F— Fo (the total change in shearing force) = j w . dx 

J *0 

or F=Fo-l-f w.dx 

J *0 

taking appropriate signs for each term. 

These relations for vt'=constant, are illustrated in the shearing- 
force diagrams of Figs. 43, 49, and 52. 

Equating moments of opposite kinds, of all external forces on the 
piece of length 5x, about any point in the left-hand section 

M -h (F -1- 6F)5x - w . 6jc X y = M -f 6M 


6M=F6x, to the first order of small quantities 
dM „ 




and 


( 2 ) 
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i.e. the rate of change of bending moment is equal to the shearing 
force. 

Hence, integrating, the total change of bending moment from xq 

to isj FdXy which is proportional to the area of the shearing- 
J *0 

force diagram between the ordinates at jcq and x. For example, 
this area is zero between the ends of the beam in Figs. 47 to 56 
inclusive, there being as much area positive as negative. 

The relation (2) indicates that the ordinates of the shearing-force 
diagram are proportional to the slopes or gradients of the bending- 
moment curve. Where the shearing force passes through a zero 
value and changes sign, the value of the bending moment is a 
(mathematical) maximum or minimum, a fact which often forms a 
convenient method of determining the greatest bending moment to 
which a beam is subjected, as in Figs. 49, 50, and 52. In Fig. 50, 
the section at which the shearing force is zero evidently divides the 
length c in the ratio R 1 /R 2 ; or, using the expression given in Art. 
40, F is zero at a distance 

c6//-l-u— r/2 

from the left support. At this point the bending moment is a 
maximum, and its value is easily calculated. 

Signs. It is to be noted that x being taken positive to the right 
and w positive downwards, F has been chosen as positive in (1) 
when its action is upwards to the left and downwards to the right of 
the section considered. Hence, taking account of sign forces being 
reckoned positive downwards, the shearing force is equal to the 
downward internal force exerted to the right of any section, or to the 
algebraic sum of the upward external forces to the right of the section, 
or to the algebraic sum of the downward external forces to the left of 
the section. Also M has been chosen as positive in (2) when its 
action is clockwise on the portion of the beam to the left of the 
section and contra-clockwise to the right of the section. Hence 
the bending moment is equal to the clockwise moment of the external 
forces to the right of a section or to the contra-clockwise moment of 
the external forces to the left of the section. It is evident that a 
positive bending moment will produce convexity upwards and a 
negative bending moment convexity downwards. 

Concentrated Loads. In the case of loads concentrated (more or 
less) at fixed points along the span, the curve of shearing force (see 
Figs. 44, 46, 47, 48, 51, 53, 54, 55, 56, and 57) is discontinuous, and 
so also is the gradient of the bending-moment curve. Between the 
points of loading, however, the above relations hold, and the section 
at which the shearing-force curve crosses the base-line is a section 
having a maximum bending moment (see Figs. 47, 48, 51, 54, 55, 
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and 56). A concentrated load in practice is, as stated in Art. 40, 
usually a load distributed (but not necessarily uniformly) over a very 
short distance, and the vertical lines shown in the shear diagrams at 
the loads should really be slightly inclined to the vertical, there being 
at any given section only one value of the shearing force. 

Example 1. A beam 20 ft. long rests on supports at each end and 
carries a load of i ton per foot run, and an additional load of 1^ ton 
per foot run for 12 ft. from the left-hand end. Find the position 

LOADING 


12 feet H 



and magnitude of the maximum bending moment, and draw the 
diagrams of shearing force and bending moment. 

The loading is indicated at the top of Fig. 59 at ACB. 

The reactions due to the } ton per foot are 5 tons at A and B. 
For the H ton per foot load, the centre of gravity of which is 6 ft. 
from A 

(reaction at B) x 20 = 1 8 x 6 


reaction at B =5-4 tons ) 
hence reaction at A = 18— 5-4 = 12-6tons J 


due to second load 


The shearing-force diagrams for the two loads have been set off 
separately on opposite sides of a horizontal line, and the resultant 
diagram is shown shaded. 
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The bending moment is a maximum where the shear force is zero, 
as shown at D. The distance from the left support is perhaps most 
easily found from the fact that the shearing force at the left support 
is 17-6 tons, and falls oflF at the rate of 2 tons per foot run, and there- 
fore reaches zero at a distance 


17-6 


or 8-8 ft. from the left-hand support 


The bending moment at 8-8 ft. is 

17-6 X 8-8 -8-8 x2x ^=77-44 tons-ft. 




The bending-moment diagrams for the two loads have been 
drawn on opposite sides of the same base-line in Fig. 59, giving a 
combined diagram for the two, by vertical measurements between 
the boundaries. 

For the i ton per foot load alone the maximum bending moment 
is at the middle of the span, and is 

5 X 10— ix 10x5=25 tons-fl. 

For the H ton per foot load alone the maximum occurs where the 
shearing force due to that load would be zero, a distance from A 
which is given by 


12-6-rl-5=8-4ft. 
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The maximum ordinate of this curve is then 

12-6 x8-4-8-4xliXy =52-92 ton-ft. 

At C the ordinate of this curve is 

5-4 X 8 =43-2 ton-ft. 

and to the right of C it varies directly as the distance from B — the 
curve being a straight line. 

Example 2. A horizontal beam, AB, 24 ft. long, is hinged at A, 
and rests on a support at C, 16 ft. from A, and carries a distributed 
load of 1 ton per foot run, and an additional load of 32 tons at B. 
Find the reactions, shearing forces, and bending moments. If the 
load at B is reduced to 8 tons, what difference will it make? 

Let Rc be the upward reaction at support C. 



Taking moments about A (Fig. 60) 

16. Rc=(32x24)-)-(24xl2) = 1056 
Rc=66 tons 

If the upward reaction at A = Ra 

Ra=24-1-32-66= - 10 tons 

or 10 tons downward. 

The shearing-force diagram is shown in Fig. 60. From B, where 
the shearing force is 32 tons, it increases uniformly by 8 to C, where 
it is reduced by 66 tons to 26 of opposite sign. From C to A the 
total change at a uniform rate is 16 tons, giving a value 10 at A. 
The bending moment at C is (32 x 8)-|-(8 x4)=288 ton-ft. 

This faUs to zero at A and B, and does not reach a maximum 
value, in the mathematical sense, in either range. The bending 
moment 4 ft. from B is 

(32x4)-|-(4x2) = 136 ton-ft. 
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Midway between A and C it is (10x8)+ (8 x 4) = 112 ton-ft. 

The full diagram is shown in Fig. 60. 

Treating the problem with only 8 tons load at B 

16Rc=(24x8) + (12x24) = 192+288=480 
Rc==30 tons 

Total load =24+ 8 =32 tons 
Ra= 2 tons upward 

The diagrams of shearing force and bending moment are shown 
in Fig. 61. The shearing force at B is 8 tons, and increases by a 
further 8 tons to 16 at C, where it decreases by 30 tons to 14 of 
opposite sign. From C to A it changes by 16 to 2 tons at A, chang- 
ing sign and passing through zero between C and A. 

The section which has a (mathematical) maximum bending 
moment between A and C is that for which the shearing force is 
zero, and since the shear is 2 tons at A and falls off at 1 ton per foot 
run, the zero value will be, at a section D, 2 ft. from A. 

The bending moment at C is (8 x8)+(8 x4)=96 ton-ft. 

At 4 ft. from B it is (8 x4) + (4 x2)=40 ton-ft. 

Between A and C, at a distance x from A, it is 

xx^x—lx or x(ix—2) 

which is zero, for jc=4 ft., i.e. 4 ft, from A, where a point of contra- 
flexure E occurs. This distance might have been inferred other- 
wise, for it is evidently twice that of the point D from A. 

Finally, Md=2x 1 —2x2= —2 ton-ft. 

Example 3. A beam simply supported at each end has a span of 
20 ft. The load is distributed and is at the rate of 1 ton per foot 
run at the left support, and 4 tons per foot run at the right-hand 
support, and varies uniformly from one rate to the other along the 
span. Find the position and amount of the maximum bending 
moment. 

The load may conveniently be divided into a uniformly spread 
load of 1 ton per foot run, and a second varying from zero at the 
left to 3 tons per foot run at the right. The first will evidently 
cause a reaction of 10 tons at each support. The second load has 
an average intensity of 1‘5 ton per foot run, or is 30 tons in all; 
its centre of gravity will be f of the span from the left end, so that the 
right-hand reaction due to this load will be § of 30 tons, or 20 tons, 
and the left-hand one will be 10 tons. 

The total reactions are therefore 20 tons and 30 tons at the left- 
and right-hand ends respectively. 

The load per foot at a distance x ft. from the left support is 
1 +^ 0 -’'^ tons per ft. 

since it increases ton per ft. per foot. 
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The average over the length x ft. is 

i(l + 1 or 1 tons per ft, 

and the total load on x ft. is ji:(l +jfex). 

The bending moment is a maximum when the shearing force is 
zero, i.e. at the section where the load carried to the left of it is equal 
to the left-hand reaction of 20 tons. For this point the shearing 
force 

F=20-x(l-h3x/40)=0 
3x2-1- 40x-800=0 

x= 10-96 ft. = 10 ft. 11 -5 in. 

The bending moment at a distance x ft. from the support is 

-rt X 3x2 

and when X=10 96 ft., M=219-60-33-126 ton-ft. 

The shearing-force and bending-moment curves may be plotted 
from the two above expressions for F and M. 

Examples IV 

1. A cantilever 12 ft. long carries loads of 3, 7, 4, and 6 tons at distances 
0, 2, 5, and 8 ft. respectively from the free end. Find the bending moment 
and shearing force at the fixed end and at the middle section of the beam. 

2. A cantilever 10 ft. long weighs 25 lb. per foot run, and carries a load 
of 200 lb. 3 ft. from the free end. Find the bending moment at the support, 
and draw the diagrams of shearing force and bending moment. 

3. A beam rests on supports 16 ft. apart, and carries, including its own 
weight, a load of 2 tons (total) uniformly distributed over its whole length 
and concentrated loads of 1^ ton and i ton, 5 ft. and 9 ft. respectively from 
the left support. Find the bending moment 4 ft. from the left-hand support, 
and the position and magnitude of the maximum bending moment. 

4. Where docs the maximum bending moment occur in a beam of 24 ft. 
span carrying a load of 10 tons uniformly spread over its whole length, and a 
further load of 12 tons uniformly spread over 8 ft. to the right from a point 
6 ft. from the left support? What is the amount of the maximum bending 
moment, and what is the bending moment at mid-span? 

5. A beam of span / ft. carries a distributed load, which increases uni- 
formly from zero at the left-hand support to a maximum w tons per ft. at 
the right-hand support. Find the distance from the left-hand support of the 
section which has a maximum bending moment and the amount of that 
bending moment. Obtain numerical values when /=18 ft. and w=2 tons 
per foot run. 

6. A horizontal beam AB 30 ft. long is supported at A and at C 20 ft. from 
A, and carries a load of 7 tons at B and one of 10 tons midway between 
A and C, Draw the diagrams of bending moment and find the point of 
contrafiexure. 

7. Find the point of contrafiexure in the previous example if there is an 
additional distributed load of i ton per foot run from A to C. 

8. A girder 40 ft. long is supported at 8 ft. from each end, and carries a 
Joad of 1 ton per foot run throughout its length. Find the bending moment 
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at the supports and at mid-span. Where arc the points of contraflexure? 
Sketch the curve of bending moments. 

9. A beam of length I carries an evenly distributed load and rests on two 
supports. How far from the ends must the supports be placed if the greatest 
bending moment to which the beam is subjected is to be as small as possible? 
Where are the points of contraflexure? 

10. A beam 18 ft. long rests on two supports 10 ft. apart, overhanging the 
left-hand one by 5 ft. It carries a load of 5 tons at the left-hand end, 7 tons 
midway between the supports, and 3 tons at the right-hand end. Find the 
bending moment at the middle section of the beam and at mid-span, and 
find the points of contraflexure. 

11. If the beam in the previous example carries an additional load of 1 ton 
per foot run between the supports, find the bending moment at mid-span and 
the positions of the points of contraflexure. 

12. A horizontal beam 24 ft. long rests on supports 14 ft. apart overhanging 
the left one by 6 ft. It carries a load of 7 tons at the left-hand end and loads 
of 5, 4, 12, 9, and 4 tons at 4, 9, 13, 17, and 24 ft. respectively from the left- 
hand end. Draw the diagrams of shearing foicc and bending moment and 
measure from the latter the bending moments midway between the supports 
and at each support. State also the distances of the points of contraflexure 
from the nearest support. 

13. A girder of span / is simply supported at its ends and is loaded at 1 
points spaced //« apart, starting at distances lln from either end. Each load 
is W/n (half this amount being transferred directly to each end support so as 
to cause no bending). Find the bending moment at the centre of the span 
(a) if n is even, (h) if n is odd, and sketch the bending moment diagrams. 

14. Solve Problem No. 13 if there are n loads each W/n, spaced Ijn apart, 
starting at distances \lln from either end. 
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STRESSES EM BEAMS 

43 . Theory of Elastic Bending. The relations existing between 
the straining action, the dimensions, the stresses, strains, elasticity, 
and curvature of a beam are, under certain simple assumptions, 
very easily established for the case of simple bending, i.e. flexure by 
pure couples applied to a beam without shearing force. 

Most of the same simple relations may generally be used as close 
approximations in cases of flexure which are not “ simple,” but 
which are of far more common occurrence, the strains involved 
from the shearing force being negligible. In such cases, the justi- 
fication of the “ simple theory of bending ” must be the agreement 
of its conclusions with direct bending experiments, and with those 
of more complex but more exact theory of elastic bending. 

44 . Simple Bending. A straight bar of homogeneous material 
subjected only to equal and opposite couples at its ends has a 
uniform bending moment throughout its length, and if there is no 
shearing force, is said to suffer simple bending. Such a straining 
action is illustrated in Fig. 51 for the beam between its two points 
of support. The beam will be supposed to be of the same cross- 
section throughout its length, and symmetrical about a central 
longitudinal plane, in and parallel to which the opposite straining 
couples act, and parallel to which bending takes place; the inter- 
sections of such a plane with transverse section of the beam will be 
principal axes (see Arts. 36 and 37) of the sections. In Fig. 62, 
central longitudinal sections before and after bending and a 
transverse section are shown, the cross-section being symmetrical 
about an axis YY. 

It will be assumed that transverse plane sections of the beam 
remain plane and normal to longitudinal fibres after bending, which 
seems reasonable, since the straining action is the same on every 
section. The assumption is called Bernoulli’s. 

Consider any two transverse sections AB and CD very close 
together. After bending, as shown at A'B' and C'D', they will not 
be parallel, the layer of material at AC being extended to A'C', and 
that at BD being pressed to B'D'. The line EF represents the layer 
of material which is neither stretched nor shortened during bending. 
This surface EF suffers no longitudinal strain, and is called the 
neutral surface. Its line of intersection ZZ with a transverse section 
is called the neutral axis of that section. 



STRESSES IN BEAMS 


87 


Art. 44] 


Suppose the section A'B' and C'D' produced to intersect, at an 
angle 6 (radians), in a line perpendicular to the figure and repre- 
sented by O, and that the radius of curvature OE' of the neutral 
surface E'F' about O is R. Let y be the height (E'G') of any layer 
(H'G') of material originally parallel to the neutral surface FE. 
Then 

H'G'_(R+y)e_R-hy 
E'F' Re R 
and the strain at the layer H'G' is 

_H'G'-HG_H'G'-E'F'_(R+>')0-Re_y 
^ HG " E'F' R0 R 



'‘O 

Fio. 62— Simple bending 


The longitudinal tensile-stress intensity p at a height y from the 
neutral surface, provided the limit of elasticity has not been exceeded 


is therefore 

p=E.e=E.ylR 


( 1 ) 


where E is Young’s Modulus, provided that the layers of material 
behave under longitudinal stress as if free and are not hindere y 
the surrounding material, which has not the same intensity of stress 
The intensity of compressive stress will be the same at an equal 
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distance y on the opposite side of the neutral surface, provided E is 
the same in compression as in tension. 

The intensity of direct longitudinal stress p at every point in the 
cross-section is then proportional to its distance from the neutral 
axis; its value at unit distance {i.e. at y = l) is E/R, and it reaches a 
maximum value at the boundary furthest from the neutral surface. 
The variation in intensity of longitudinal stress is as shown in Fig. 
63, where the arrow-heads denote the direction of the force exerted 
by the portion R on the portion L at the section AB. Since the 
stresses on opposite sides of the neutral surface are of opposite sign 
or kind, they may be represented as at aeb. 





45. Position of the 
Neutral Axis. The beam 
has been supposed sub- 
jected to pure couples only, 
and therefore the portion, 
say, to the left of the 
section AB (Figs. 62 and 
63), being in equilibrium 
under one externally 
applied couple and the 
forces acting across AB, 
these forces must exert a 
couple balancing the ex- 
ternal one in the plane of 
bending. The (vertical) 
shearing force being nil, 
the internal forces exerted 
across AB are wholly hori- 
zontal (or longitudinal), 
and since they form a couple the total tensile forces must balance 
the compressive ones, i.e. the algebraic sum of the horizontal internal 
forces must, like the external ones, be zero. Putting this statement 
in symbols, we can find the position of the neutral axis. The cross- 
section of the beam in Fig. 62 is symmetrical about a horizontal 
axis, but this is not necessary to the argument. Taking any other 
forms of cross-sections symmetrical about the plane of bending YY, 
as in Fig. 64, let 6a or z . 6y be an elementary strip of its area parallel 
to the neutral axis ZZ, z being the (variable) width of the section. 
Then, the total horizontal force being zero 



Z(p . 6a) =0 or Z(p . z . 6y) =0 
and since by (1), Art. 44 

p=Ey/R 

EZ(y6a)/R=0or EZ025y)/R .... (2) 
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the quantity I(y . ^a) or I.(y . z . 6y) represents the total moment of 
the area of section about the neutral axis, and this can only be zero 
if the axis passes through the centre of gravity or centroid of the 
section. 

The use of the value Ejf/R for p in all parts of the cross-section 
involves the assumption that the value of E is the same in compres- 
sion as in tension, an assumption justified by experiment within the 
limits of elasticity. 

Assumptions made in the Theory of Simple Bending. It may be 
well to recall the assumptions made in the above theory of “ simple 
bending ” under the conditions stated ; 

(1) That plane transverse sections remain plane and normal after 
bending. 

(2) That the material is homogeneous, isotropic, and obeys 
Hooke’s Law, and the limits of elasticity are not exceeded. 



Fig. 64 

(3) That every layer of material is free to expand or contract 
longitudinally and laterally under stress, as if separate from other 
layers. Otherwise, E in the relation (1), Art. 44 would not be 
Young’s Modulus, but some modified elastic constant; but the 
relation would otherwise remain unaltered. 

(4) That the modulus of direct elasticity has the same value in 
compression as for tensile strains. 

46. Value of the Moment of Resistance. Having found the 
intensity of longitudinal stress Ev/R at any distance y from the 
neutral axis, and knowing that these longitudinal internal forces 
form a couple equal to the bending moment at every section, it 
remains to express the value of the couple, which is called the 
moment of resistance (see Art. 39), in terms of the dimensions of 
the cross-section, and the intensity of stress produced. 

Using Fig, 64, as in the previous article, the elementary area of 
cross-section, at a distance y from the neutral axis, is 6^7, or z . 5y, 
the total stress on the elementary area is or /? . z , By, and the 
moment of this stress is p . or p . z • y ^ By, and the total moment 
throughout the section is 

M=^'Z(p .y .Ba) or M=l{p . z.y .^y) . . H) 
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P=E>'/R (Art. 44) . ... (2) 

M=ET(y25a)/R or El.(zy^Sy)/R .... (3) 

The sum ZCv^Sa), or Z(z>'2S^), represents the limiting value of 
the sum of the products of elements of area, multiplied by the 
squares of their distances from the axis, when the elements of area 
are diminished indefinitely, and is usually called the Moment of 
Inertia of the area of the section about the axis. The values of the 
moments of inertia for various sections were dealt with in Arts. 
34, 35, and 36. If we denote the moment of inertia of the area of 
the section by I, so that 

= Z(zy25-y) —I 

the formula (3) becomes 

M=EI/R or M/I=E/R (4) 

and since by (1), Art. 44, E/R =/?/>> (the stress intensity at unit 
distance from the neutral axis), we have 

ply = M/l=EIR (5) 

These relations are important and should be remembered. If 
we put this relation in the form 

p = My/I or Ey/R 

we have the intensity of longitudinal stress at a distance y from the 
neutral axis, in terms of the bending moment and dimensions (I) 
of cross-section, or in terms of the radius of curvature and an elastic 
constant for the material. The extreme values of p, tensile and 
compressive, occur at the layers of material most remote from the 
neutral axis. Thus, in Figs. 63 and 64, if the extreme layers on the 
tension and compression sides are denoted by y, and y, respectively, 
/ and fc being the extreme intensities of tensile and compressive 
stress respectively 

y yt yc i R 

or /c=M.^‘ 

or M=/, .-=/c . - ...... (6) 

yt yc 

The variation of intensity of stress for an unsymmetrical section is 
shown in Fig. 63 at a'e'b'. 

For sections which are symmetrical about the neutral axis, the 
distances y and y, will be equal, being each half the depth of the 
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section. If we denote the half depth by yj, and the equal intensities 
of extreme or skin stress by/i, so that 

M=/,I/yi 

the quantity I/yj is called the modulus of section (see Art. 49), and 
is usually denoted by the letter Z, so that 

M=^Zor/=^ (7) 

the moment of resistance (M) being proportional to the greatest 
intensity of stress reached and to the modulus of section. 

In the less usual case of unsymmetrical sections, the modulus of 
section would have the two values 

— and — 

yt y, 

which may be denoted by Z( and Z,, so that the relation (6) becomes 

M=y;Z,=/,Z, (8) 

47. Ordinary Bending. The case of simple bending, dealt with in 
the previous articles, refers only to bending where shearing force is 
absent, but such instances are not usual, and generally bending 
action is accompanied by shearing force, which produces a (vertical) 
shear stress across transverse sections of the beam (see Figs. 43 to 
50, etc.). In such cases the forces across any section at which the 
shearing force is not zero have not only to balance a couple, but 
also the shearing force at the section, and, therefore, at points in 
the cross-section there will be tangential as well as normal longi- 
tudinal stresses. The approximate distribution of this tangential 
stress is dealt with in Art. 53, and the deflection due to shearing in 
Art. 97. When the shearing stresses are not zero, the longitudinal 
stress at any point in the cross-section is evidently not the principal 
stress (Arts. 14 and 54) at that point, and the strain is not quite of 
the simple character assumed in Art. 44 and Fig. 62, and there is 
then no reason to assume that plane sections remain plane. 

But for most practical cases the theory of “ Simple Bending ” 
(Arts. 44, 45, and 46) is quite sufficient, and gives results which 
enable the engineer to design beams and structures, and calculate 
their stresses and strains with a considerable degree of approxima- 
tion. It may be noticed that in many cases of continuous loading 
the greatest bending moment occurs as a mathematical maximum 
at the sections for which the shearing force is zero (Art. 33, and 
Figs. 47 to 54), and for which the conditions correspond with those 
for simple flexure ; in numerous cases where the section of the beam 
is uniform throughout its length, the maximum longitudinal stress 
occurs at the section of maximum bending moment; the usefulness 
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of the simple theory in such a case is evident. Further, it often 
happens that where the shearing force is considerable the bending 
moment is small, and in such cases the intensity of shear stress can 
be calculated sufficiently nearly by the method of Art. 53. 

In this book the usual engineer’s practice of using the simple 
beam theory will be followed, a few modifications in the strains and 
stresses in certain cases will be mentioned. 

48. Summary of the Simple Theory of Bending. At any trans- 
verse section of a horizontal beam carrying vertical loads, from the 
three usual conditions of equilibrium, we have : 

(1) The total vertical components of stresses across a vertical 
section are together equal to the algebraic sum of the external forces 
to either side of the section, i.e. to the shearing force F. 

(2) The algebraic total horizontal force is zero. 

(3) The total moment of resistance of the horizontal forces across 
the section is equal to the algebraic sum of the moments of the 
external forces to either side of the section, i.e. to the bending 
moment M. 

If plane sections remain plane, longitudinal strain is proportional 
to the distance from the neutral axis, e being equal to y/R; hence, 
longitudinal stress intensity at any point in a cross-section is pro- 
portional to the same distance, or 

p oc y and p=EylK 

Summing the moments of longitudinal stress 
M = EI/R=/?I/;^ 

or /j/>'=M/I=E/R=/i/>', 

where fi and yi are the intensity of skin stress, and the vertical 
distance from the neutral axis to the outer boundary of the section 
respectively. 

In applying these relations to numerical examples, it should be 
remembered that the units must be consistent; as cross-sections are 
usually stated in inches, and stresses in pounds or tons per square 
inch, it is well to take the bending moment, or moment of resistance, 
in lb. -inches or ton-inches and the radius of curvature R in inches. 

Example 1. To what radius of curvature may a steel beam of 
symmetrical section, 12 in. deep, be bent without the skin stress ex- 
ceeding 5 tons per sq. in.? (E= 13,500 tons per sq. in.) 

Since E/R=/i/yi /. R=Eyi//i 

yi being the half-depth, which is 6 in. 

Hence R = 6,200 in., or 1,350 fi. 

Example 2. If the elastic limit is not exceeded, find the stress 
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induced in a strip of spring steel, ^ in. thick, by bending it round a 
drum 2-5 ft. diameter? (E = 13,500 tons per sq. in.) 

/i=Eyi/R 

The greatest value of y is ^ x in. The radius being 15 in. 

/i= =22-5 tons per sq. in. 


Example 3. The moment of inertia of a symmetrical section (see 
B.S.B. 30, Table I in Appendix) being 2,654 (in.)^ and its depth 
24 in., find the longest span over which, when simply supported, a 
beam could carry a uniformly distributed load of 1-2 ton per foot 
run, without the stress exceeding 7-5 tons per sq. in. 

If /=span in inches, the load per inch run being 1 -2/12, or 01 ton, 
the maximum bending moment which occurs at mid-span is 


M=ix01 x/2 (see Fig. 49) 

And since M =/i . I/yi, and the half depth is 12 in. 

iXiVx/2=7-5x^ 

80x7-5x2654 


/2 = 


12 


= 132,700 


/=364 in., or 30 ft. 4 in. 

49. Modulus of Section. The value of the moment of resistance 
of a beam is found (Art. 46) by multiplying the extreme value of the 
intensity of stress by the modulus of section (Z) which is the moment 
of inertia I of the section about the neutral axis divided by the 
distance to the furthest point in the section from the neutral axis. 
In the case of sections which are not symmetrical about the neutral 
axis there will generally be two moduli of section, and two unequal 
extreme values of stress intensity (tensile and compressive) cor- 
responding to two unequal distances from the neutral axis to the 
extreme points of the section perimeter. The numerical value of 
the modulus of section will normally be expressed in (in.)^, the 
dimensions of sections being in inches. 

The Table on pp. 94-95 gives the values of the modulus of section, 
etc., for sections frequently employed in beams of various kinds. 

The I, T, angle, channel, and Z sections are actually rolled with 
rounded comers, as shown in Fig. 36 and elsewhere, and the values 
in the table are those for square-cornered, parallel-limbed sections; 
they may be applied to give approximate results if mean values of 
thicknesses are taken. Such sections have been standardised by the 
British Standards Institution, and tabulated values of their properties 
with standard dimensions are given in the Appendix. The methods 
applicable to making calculations of the properties of such sections 
have been dealt with in Arts. 34 and 35. 
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A caution is required in applying the tabulated values to such a 
section as an angle if used alone \ the principal axes (Art. 36) are not 
those shown in the table, and XX is not the neutral axis for loading 
in the plane YY, nor are the distances yi and ^2 shown in the table 
the extreme distances from the neutral axis. The bending is unsym- 
metrical and the subject is treated in Art. 52. 

In choosing a section suitable for carrying a given load from such 
tables as are given in the Appendix, it is necessary to select one 
which shall restrict the bending stress to a safe limit, but it is also 
often necessary to limit the deflection. This point is dealt with in 
Chapter vii. 

Modulus Figures. The first derived area, obtained as in Fig. 38 
when drawn for the neutral axis instead of for an external line XX, 
is sometimes called a modulus figure, for the modulus of section is 
equal to the sum of the products of these areas on either side of the 
neutral axis and the distance of their respective centroids from the 
neutral axis GG, or to either area multiplied by the distance apart 
of their centroids. The modulus of section is of course equal to the 
product of the total second derived areas and the extreme distance, 
rf/2, of the perimeter of the section from the neutral axis GG. 

The “ centres ” of the parallel longitudinal stresses on either side 
of the neutral axis will evidently be at the centre of area or centroid 
(or centre of gravity) of the modulus figure. The longitudinal forces 
across a transverse section are statically equivalent to uniformly dis- 
tributed stresses of the actual extreme intensity acting on the whole 
of the modulus figure or to the total of the tensile forces acting at 
the centroid of the modulus figure on the tension side, together with 
the (equal) total thrust at the centroid of the modulus figure (which 
is the centre of pressure) on the compression side. 

In comparing algebraic and graphical methods, it is useful to 
remember that the expression lyzdylyi represents the area of the 
modulus figure between the lines corresponding to the limits of 
integration and parallel to the neutral axis, yi or djl being the half 
depth. 

Example 1. A timber beam of rectangular section is to be simply 
supported at the ends and carry a load of li ton at the middle of a 
16-ft. span. If the maximum stress is not to exceed j ton per sq. in. 
and the depth is to be twice the breadth, determine suitable dimen- 
sions. 

The reactions at the ends are each | ton, and the bending moment 
at the centre is 

ixSx 12=72 ton-in. 

The modulus of section (Z) is given by 

J xZ=72 ton-in. Z=96(in.)^ 
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b=id 

W=iid^=96 (in.)» 

i/=3^1152=10-5 in. nearly 
6=5-25 in. 

Example 2. Compare the weights of two beams of the same 
material and of equal strength, one being of circular section and 
solid and the other being of hollow circular section, the internal 
diameter being % of the external. 

The resistance to bending being proportional to the modulus of 
section, if D is the diameter of the hollow beam and d that of the 
solid one 

IT f D-»-(3D)^ l_1T 
321 D J 32 

(l-/3V)D3=rf3 

^=3^!ff = M35 

The weights are 

solid _ d^ _16^/^\^_16 1 _ 

hollow D2-(iD)2 7 \D/ 7 (1-135)2 

50. CommoD Steel Beam Sections. Such geometrical figures as 
rectangles and circles, although they often represent the cross- 
section of parts of machines and structures subjected to bending 
action, do not form the sections for the resistance of flexure with 
the greatest economy of material, for there is a considerable body 
of material situated about the neutral surface which carries a very 
small portion of the stress. The most economical section for a 
constant straining action will evidently be one in which practically 
the whole of the material reaches the maximum intensity of stress. 
For example, to resist economically a bending moment which pro- 
duces a longitudinal direct stress the intensity of which at any point 
of a cross-section is proportional to the distance from the neutral 
axis, much of the area of cross-section should be placed at a maxi- 
mum distance from the neutral axis. This suggests the I section, 
which is the commonest form of steel beam, whether rolled in a single 
piece (see Fig. 36) or built up by riveting together component parts. 
In such a section most of the area is situated at nearly the full half 
depth, so that, neglecting the thin vertical web, the moment of 
inertia Z(y26A), approximates to 

(area of two flanges) x (^//2)2 

or the radius of gyration approximates to djl, and the modulus of 
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section, Z, which is the moment of inertia divided by djl^ approxi- 
mates to 

(area of two flanges) x dll 

or Z=2bf xdl2=b . r . rf approximately 

where i is the mean thickness of the flange, generally measured in a 
rolled section at i the breadth from either end. These approxima- 
tions are often very close to the true values, for they 
exaggerate by taking the flange area wholly at djl 
from the neutral axis XX and under-estimate by 
neglecting the vertical web. 

Plate Girder Sections. The plate girder consisting 
of horizontal plate flanges united to a vertical plate 
web by angles (see Fig. 65) is of such great importance 
in structural steel work that it is now considered 
65 — s niore fully. Either the depth or the flange area is 

^web ~ pfate varied so that the moment of inertia of every 

girder section cross-section is roughly proportional to the greatest 
bending moment to which it is subjected as ex- 
plained in Chapter xviii, Arts. 176 and 177. Various approxima- 
tions are in use for estimating the modulus of section and moment 
of resistance of such a section. For a fairly deep girder perhaps 
the best approximation is 

Modulus of section Z=Axd 

where A=net area of one flange, including plates and angles, but 
no part of web, and depth to outside of angles. Sometimes d 
is taken between the centroids of the flanges and sometimes A 
includes i or | of the web. It is usual in calculating A to subtract 
from the plate and angle sectional areas the area of 
^ -g rivet holes which may lie even approximately in the 

[p^ same plane of cross-section, and a hole or i in. 
larger than the nominal rivet diameter is so deducted. 
It is frequently desirable for purposes of design to 
work from a simple approximation and then to check, 
and if necessary adjust the resulting dimensions by 
a more exact calculation. 

_ Box Plate Girder. This form possesses considerable 

* Double - web lateral flexural stiffness, and is in considerable use (see 
or box plate Fig. 66). 

girder section Compound Girder Section. Built-up sections con- 
sisting of plate flanges added to rolled I and channel 
sections are shown in Figs. 67, 68, and 69. The moment of 
inertia of the (net) plate area about the neutral axis (see theorem I, 
Art.^ 34) is added to the known moment of inertia of the rolled 
sections, and the sum divided by the half-depth gives the modulus 
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of section. An approximate correction for rivet holes in the 
rolled sections may easily be made (see Example 3, page 101). 

Example 1. A box plate girder has a span of 36 feet, and its 
depth over the angles is 42 in. It has to carry a load equivalent to 
3-5 tons per foot run, with a maximum bending stress of 6 tons 
per sq. in. The two f-in. webs are connected to the flanges by 
angles 4 x 4 x i in. (see B.S.E.A. 11, Table V, Appendix). Calculate 




1 


■ 

1 



1 

|H| 

1 

1 


Fig. 67 Fig. 68 Fio. 69 

the total flange area required at the centre of the span, allowing for 
two s'in- rivets in each flange; and if the total thickness is H in*, 
what width of plate will be required? 

Central bending moment =-jW/= =6,804 ton-in. 

Modulus of section (Z) requi red =--6— = 1,134 (in.)^ 

Let B= width required. 

Gross area of two angles=2 x 3-749=7-5 sq. in. 

Net area of two angles, allowing, say, two holes 1 xi in. each = 
7-5— 2=5-5 sq- in. 

Then taking 1-in. holes, net area of flange (A)=(B-2)li-l-5-5 = 
l-125B-l-3-25sq.in. 

Approximately 

Z =( 1 • 1 25B -1- 3 -25) X 42 = 1 , 1 34 (in.) J 
B=21-l in. 

Checking this approximation by the more exact method, we find 
(B -2)(44-253 -42^) -|-6-75(423 _4i 3) + 1 .75(41 3 -343) 
+ix343}-l-75x2xl92 

the last term being an approximation for the horizontal holes 
through the angles and web. This gives 1 = 1 046(B 2) -I- 8430 (in.) 
Now, the required value of 1 is 22-4 x Z = 1 1 34 x 224 =25,090 

hence B-2=Vo^6'' = 15-9 

B = 17-9 in. 

which shows the approximation to be somewhat far on the safe side 
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in this case. If i of the web area were included in the flange area A, 
we should have had 

1 1256 + 3-25 +i X 42 X 5 = ^^11^=27 
M25B = 19-8 B = 17 6in. 

which more nearly agrees with the more exact calculation. 

Example 2. A single web plate girder has a span of 40 ft., and 
its depth over the angle is 42 in. It has to carry a uniformly dis- 
tributed load of 89 tons with a maximum bending stress of 6 tons 
per sq. in. What thickness of plate 14 in. wide is required in the 
flanges if the angles are 6 x 6 x i in. and the web \ in. thick? (Allow 
for 2 rivet holes say 1 in. diameter in each flange and angle.) 

Central bending moment = = 5,340 ton-in. 

o 

Modulus of section required = 890 (in.)^ 

Approximate flange area required = ^ 2 “ =21 -2 sq. in. 
and if r=thickness of flats, allowing say two 1-in. holes and four 
in the angles 

12/ -1-2(1 1-5-2)1=12/ -|-9-5=21-2 
hence 12/ = ll-7 /=0-975, say 1 in. 

Checking by the more exact method, neglecting horizontal holes 
through angles and web 

I = iV{ 12(443 -423) -1- 10-5(423 -41 3) -t- 1-5(4 P -303) 4- i X 303 } 
=21,982 (in.) 

Allow for neglected rivet holes, say 2 x 1 -5 x 1 x 17-5’=919. 

Net value of 1=21,063 (in.)^ 

Value of Z=^''-^=957 (in.)3 
Excess=957— 890=67 (in.)3 

corresponding to an area ii=l-5 sq. in. say, or on flats of 12 in. net 
width i in. thickness. Hence f in. thickness would be sufficient. 

This example illustrates the use of the approximate formula, for 
to have to find / directly by the more exact rule would have involved 
the unknown quantity in the third power, i.e. a cubic equation in /. 

The limitations of an empirical rule for different proportions may 
also be noted, for had i of the web area been added to the flange 
area the simple rule would have given too thin a plate to the flange. 
This would also have been so, but in a smaller degree, if the effective 
depth had been taken as that between the centres of gravity of the 
flanges, which in this case is less than the 42-in. depth over the angles. 
The simpler rules cannot be correct for all cases including large and 
small angles and varying proportions of depth to flange area, but 
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are nevertheless useful, and may easily be framed so as always to 
err on the side of safety. 

Example 3. A compound girder (as in Fig. 68) is to be made by 
riveting six i-in. flats on to the flanges of two 15x6 in. I beams 
(B.S.B. 26, Table I, Appendix). What width of plate will be neces- 
sary if the girder has to carry a total uniformly distributed load of 
74 tons over a span of 20 ft. with a maximum stress of 5 tons per 
sq. in.? (1-in. rivets.) 

Referring to column 9, Table I, for the given sections, 1=628-9. 

74 X X 1 2 

Central bending moment = =2,220 ton-in. 

8 

Z required =— 5^=444 (in.)^ 

I required =444 X - 2 ^ = 3,996 (in.)^ 

I for two rolled sections=2x 628-9 = 1,258 

difference =2,738 (in.)^ 

Add for holes in 1 beam flanges, say 4 xO- 8 x7-52 = 180 
1 required for flats=2,918 (in.)^ 

If B = required width 

®:L^(183-153)=204-75(B-2)=2,918 

Example 4. A girder is made up of two channels (as in Fig. 69) 
and two flats. The channels arc 15 x 4 in. (see B.S.C. 27, Table II, 
Appendix). The flats are Mx^in. What load may the girder 
carry at its centre over a 14-ft. span (neglecting its own weight) 
without the extreme bending stress exceeding 5 tons per sq. in.? 
Allow for two 1-in. rivets in each flange section. Referring to 
line 1. column 10 of Table II, Appendix, 1 = 377 per channel = 
754 (in.)^ for the two. 

I=754 + li(163-15^)-4xl x0-63x7-52 
=754+721-142 = 1,333 (in.)^ 

Z=^-V" =167 (in.)3 

Moment of resistance = 167 x5 = 835 ton-in. 

If W= central load in tons 

IxWx 14x12 = 835 or, W = 19-9 tons. 

Example 5. The girder in Example 2, Art. 40, is to carry a live 
load of 52-5 tons uniformly distributed, and a dead load of 23*17 
tons similarly applied at cross-girders. If the depth of girder over 
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the angles is 4 ft., width of flanges 21 in., and angles 4 x 4 x i in., 
find the necessary flange plates at the central section, using the 
dynamic method (Art. 31) with a dead-load stress of 6-5 tons per 
sq. in. 

Using the result of Example 2, Art. 40, in direct proportion, 
bending moment due to live load at centre (and at all points between 
b and b') is 

271-2x^=252 ton-ft. 

56-5 

and due to dead load 

23-17 

271-2 = 111 

jo-j 

From Art. 31 (7) we may find the working stress for the total 
bending moment 252 + 1 11, or from (1) we may use 6-5 tons per sq. 
in. with a bending moment 1 11 +(2 x252)=615 ton-ft. Selecting 
the latter method, we have 

Modulus of section (Z) required = ^^-^— = 1,135 (in.)^ 

6'5 

Net area of flange required = ’-42” =23-64 sq. in. 

The two angles (B.S.E.A. 11, Table V, Appendix), less four rivet 
holes in. diameter, give 

7-498 -1-875=5-623 sq. in. 

The plates therefore require 23-64 — 5-62 = 18-02 sq. in. 

Net width of flange allowing four rivets ^ in.=21— 4xj6 = 
17-25 in. 

1 8-02 

Thickness required = = 1 -05, say 1 in. 

which may be made up by ^Vin. main plates (next to angles) and 
i in. outer plates. 

51. Cast Iron Girders. Cast iron is generally five or six times as 
strong in compression as in tension, but a symmetrical section would 
in bending get approximately equal extreme intensities of tension 
and compression so long as the material does not greatly deviate 
from proportionality between stress and strain (see Art. 46). Cast 
iron has no considerable plastic yield, so that the distribution of 
stress beyond the clastic limit will not be greatly different from that 
within it. Hence a cast-iron beam of symmetrical section would 
fail by tension due to bending, and it would appear reasonable to so 
proportion the section that the greatest intensity of compressive 
stress would be about five times that of the tensile stress. This 
could be done by making the section of such a form that the distance 
of its centroid from the extreme compression layers is five times 
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that from the extreme tension layers. This, in a flanged or irregular 
I section, would involve a large tension flange, and a much smaller 
compression flange: so great a difference as that indicated above 
involves serious initial stresses due to the quicker cooling of the 
small compression flange compared to that of the larger tension 
flange, and experience shows that distances of the compression and 
tension edges to the centroid in the ratio of about 2 or 3 to 1 (see 
Fig. 70) give the most economical results, the tension flange being 
made wide in order to avoid great thickness, which would involve 
relatively slow cooling. The moment of inertia of such a section as 
that shown in Fig. 70 may be estimated by division into rectangles 
(see Art. 34), or as in Art. 35. 




52. Unsymmetrical Bending. In considering simple bending 
(Art. 44) it was assumed that the beam had a cross-section sym- 
metrical about the axis through its centroid and in the plane of 
bending. The planes of bending and that of the external bending 
couple will be parallel if the axis of cross-section in the plane of the 
external moment is a principal axis (Art. 36). If this condition is 
not fulfilled, let OY', Fig. 71, be the plane of the external bending 
moment (shown by its trace on the section which is in the plane of 
the figure) inclined at an angle a to the principal axis OY. or let the 
bending couple M be in a plane perpendicular to OX'. If the couple 
M, represented by OP, say, be resolved into components repre- 
sented by OR and RP about the principal axes OX and OY, these 
components will be 

M cos a and — M sin a respectively. 

The intensity of bending stress and the strain everywhere on the 
section can then be found by taking the algebraic sum of the 
effects produced by the component bending moments about the two 
principal axes. Thu s, the unit stress at any point Q the co-ordinates 
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of which referred to the principal axes OX and OY are x, y will be 
from (5), Art. 46 

>'.Mcosa jcMsina ... 

P J i 0) 

■lac l-v 


where and \y are the principal moments of inertia of the beam 
section about OX and OY respectively. For a point the co-ordin- 
ates of which are — jc, y : 

y . M cos a , jcM sin a 

P = j H j (2) 

For points on the neutral axis, putting p=0 in (1) 


y=x^ tan a 


which is a straight line ON through the centroid of the section 
inclined to OX at an angle P, so that 

y=x tan p (4) 


tan P = p tan a 


. . (5) 


It may be noted that the relation (5), which may be written 


k 2 

tanp = j-^tana (6) 

is that between the slopes of conjugate axes of the momenta! ellipse 
(Art. 36), the principal semi-axes of which are the radii of gyration 
ky about OY in the direction OX and k^ about OX in the direction 
OY. Consequently, if the momental ellipse is drawn the direction 
of the neutral axis ON (Fig. 71) may be found by drawing the 
diameter conjugate to OY', which is easily accomplished by joining 
O to the point of bisection of a chord parallel to OY'. 

To find the maximum stress in a given section resulting from a 
given bending moment in any given plane we first calculate the 
direction of the principal axes and values of the principal moments 
of inertia as described in Art. 36. Then calculate the direction of 
the neutral axis from (5) and draw it on the given section and find by 
inspection the point in the section furthest from the neutral axis and 
apply equation (1). The intensity of stress might also be stated in 
terms of y\ the distance from the neutral axis (Fig. 71) for 


and from (5) 
hence 


QM =y'' =y cos p —x sin p . 
cos a sin a y cos p 

y ’^x = — 

I* ' I, X sin p 


(y cos a 

X 

sina\ 

sin a 

1 

\ I, 


Ir J 

‘ sin p 

I. 


( 7 ) 

( 8 ) 

( 9 ) 
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and substituting this in (1) and then for sin a from (8) 

( 10 ) 

1^ ‘sinp V(Vcos2p+I^2psin2p) '■ ^ 

The maximum value /i, tensile or compressive of p, can be found 
by writing the maximum value of y*' on the tensile or compressive 
side of the neutral axis. 

Another form of the result. The value of p might also be stated 
directly in terms of the moment of inertia of the section about the 
neutral axis ON from the general formula (5) Art. 46, for the com- 
ponent bending moment about ON resulting from the bending 
moment M about OX' is M cos (P— a), hence 

^ y'.Mcos(P-a) 


where In is the moment of inertia about the neutral axis ON, which 
may be found graphically as described in Art. 36 from the momental 
ellipse or from (2) Art. 36, writing P for a, which gives from (11) 
above 

y''Mcos(p-a) 
cos^p+Iy sin^p 

a formula easily reduced to the form (10) by the relation (5) between 
P and a. 

The choice of one or other method of dealing with a case of 
unsymmetrical bending will depend partly on the type of section. 
Thus in rectangular sections a corner will always be a point of 
maximum stress, and formula (2) may be applied directly. In 
other sections it may be more convenient to draw the neutral axis 
to determine for which point in the section the unit stress is a maxi- 
mum. 

Example 1. Calculate the allowable bending moment on a 
British Standard unequal angle 6x3ixl in., carrying a load on the 
short edge with the long edge vertically downwards, if the stress is 
limited to 6 tons per sq. in, and the area, principal moments of 
inertia, and position of the centroid of the section are given. 

The particulars from the standard tables are given in Fig. 72, and 
as follows. Tan XOX'=tan a=0-344, hence a = 19°; Ij, = 13-908 
(in.)'*; Iy = 1*963 (in.)'*; area = 3-424 sq. in., hence /:jt=2'015 in., 
ky^O‘751 in. 

These may be obtained approximately from Table IV (B.S.U.A. 
20) in the Appendix. I^^ and ly are obtained by substituting the 
values given in columns 9 and 10 in equations (9) and (10) of 
Art. 36. 
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The position of the neutral axis may be found by (5) 
n-908 

tan p = X 0-344 =2-437= tan 67-7“ 


The neutral axis ON is set off on the left of Fig. 72, and by inspection 
it is evident that P is the furthest point in the section from ON ; its 
distance from OX is 3-84 in. =— .v, and its distance from OY is 
0-83 in. = +x:, hence from (1) puttingp=6 tons per sq. in. 


6 =- 


3-84Mcosl9° 0-83Msinl9‘’ 


13-908 


1-963 


-M(0-261 +0-1375) 



Fio. 72 


hence M= — 15-05 ton-in., the negative sign merely indicating the 
kind of bending moment, P being, say, on the tension side of the 
neutral axis ON. The compressive stress at the point Q can readily 
be found from (1). 

Graphical Solution. Set out the momental ellipse on the right of 
Fig. 72, such that tan XOX' =0-344 or angle XOX = 19°, 0'A=A:, 
=2-015 in., O'B =0-757 in. (on any scale). Draw any chord RS 
parallel to OY', and bisect it in V; draw NO'N' the neutral axis 
through O' and V, Set out this neutral axis ON on the section, as 
shown to the left of the figure, and look out the distance from it of 
the most remote point P which measures 2-22 in. Through C draw 
the tangent to the ellipse parallel to ON, and measure its perpen- 
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dicular distance from NO'N' which is 1 04 in. Then the moment of 
inertia of the section about ON is 

(1 •04)2x3-424 = 370 (in.)^ 

Then measuring the angle NOX' as 48 7° and applying (11) 

6 = 2-22 X M X cos 487°-h3 70=0-396M 

and M = 1515 ton-in., confirming approximately the previous 
result. 

Example 2. A British Standard equal angle section measures 
4ix4i X a in. and is rounded to a radius of 0-275 in. at its outer 
ends or toes. Its area of section is 3-236 sq. in., and the distance 
of its centroid from either outside edge is T244 in. Its principal 
moments of inertia are 9768 (in.)"* and 2-514 (in.)*^, the former being 
about an axis through the intersection of the outer edges. A beam 
of this section, and simply supported at its ends, has one side of the 
angle horizontal and carries on it a vertical load of i ton midway 
between the supports, which are 5 ft. 4 in. apart. Find the greatest 
tensile and compressive stresses in the material. 

In this case from the s>mmetry a =45®, and the given values may 
be obtained from Table V (B.S.E.A. 12) in the Appendix. One 
principal moment of inertia is found from columns numbered 3 and 
10, and the other then follows from equation (1), Art. 36. 

If P is the angle which the neutral axis makes with the principal 
axis passing through the intersection of the edges, from (5) 

Hence from tables p=75-6® 

The neutral axis is inclined to the loaded edge at an angle 
75‘6®-45° = 30-6® 

The most distant point in tension may be measured from a draw- 
ing to scale or calculated; it occurs on the curved toe, as in Fig. 72. 
The co-ordinates of the centre of the curve referred to axes parallel 
to the angle edges arc known, and hence the distance from the 
neutral axis is easily calculated about an oblique neutral axis; the 
distance to the curved toe exceeds the distance to the centre by the 
radius 0-275 in. Either method gives y''=2-26 in. 

About the neutral axis 

1n=9-768 cos 2 75.6'’+2-514 sin^ 75-6=2-96 (in.)^ 

which may be checked by drawing the momental ellipse. The 
bending moment M midway between the supports is 

i xix64=8 ton-in. 
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Hence from (11) 

^ 1 * 2-26 X8 xcos 30*6® c * 

Maximum tensile stress = =5*26 tons per sq. in. 

29*6 


Also from the neutral axis to the intersection of the outer edges 
where the compressive stress is greatest measured 1*70 in. (viz. 
1*244 X \/2 X sin 75*6°), Hence, similarly, the maximum compres- 
sive stress is 


1 *70 X 8 X sin 
2-9“6“ 


75*6® 


= 3*97 tons per sq. in. 


53. Distribution of Shear Stress in Beams. In considering the 
equilibrium of a portion of a horizontal beam in Art. 39 it was 
found convenient to resolve the forces across a vertical plane of 



section into horizontal and vertical components. Tlie variation in 
intensity of the horizontal or longitudinal components of stress has 
been investigated in Arts. 44, 45, and 46, and we now proceed to 
examine the distribution of the tangential or shearing stress over the 
vertical cross-section. The vertical shear stress at any point in 
the cross-section is accompanied by a horizontal shear stress of equal 
intensity (see Art. 8), the tendency of the former being to produce a 
vertical relative sliding on either side of the section, and the 
tendency of the latter being to produce relative horizontal sliding on 
either side of a horizontal or longitudinal section. The mean 
intensity of shear stress at a height y from the neutral axis for a 
beam may be found approximately as follows: 

In Fig. 73 let AD and BC be two cross-sections of the beam 
distant EK or Bx apart measured along the neutral surface GH ; let 
the variable breadth at any height y from GH be denoted by z; let 
the bending moment at the section AD be M, and at BC be M +6M. 
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Then, at any height y from the neutral surface, the longitudinal or 
horizontal direct stress intensity on the section AD is 

(Art. 44) 


where I is the moment of inertia of the cross-section. Consider the 
equilibrium of a portion ABKE between the two sections. On any 
element of cross-section, of area zdy^ the longitudinal thrust at 
AE is 


/ My 

p ,Z~dy ov . z.dy 


But at BK, on the element at the same height, the thrust is 

(M-h6M)v 

, •Z.dy 


The thrusts on any element at BK being in excess of those at AE 
by the difference in the above quantities, viz. 


6M 

I 


.y.z.dy 


the total excess thrust on the area BK over that at AE will be 


y I 


. y . Z . rfy or — J y . z . dy 


where yi is the extreme value of y, i.e. HA, and z represents the 
variable breadth of section between EK and AB. Since the net 
horizontal force on the portion ABKE is zero, the excess thrust at 
BK must be balanced by the horizontal shearing force on the surface 
EK; hence, if q represents the mean intensity of shear stress at a 
height y (neglecting any change in q in the length 6;c), the shearing 
stress on EK is ^ . z . dx, and 


hence 


s: SMp'i , 

q . z . 5a = Y J y . z . ay 

6M 1 pi , F pi , 


(1)‘ 


V 

1 If the beam is of varying cross-section, instead of the relation 5p = --6x we get 
from the relation and hence (I) becomes 


Fl-M' 


q=. 

zofy. 


zE 




1/1 

V 


Yzdy, which may easily be found if I is a simple function of x and 



no 


THEORY OF STRUCTURES 


[Ch. y 


where F=£/M/(rfx)(Art. 42 (2))=total shearing force on the 
cross-section of the beam. Actually the intensity of shear stress 
at a height y varies somewhat laterally, being greatest at the 
inside.^ 


F pi 

In the expression — y . z . dy, the symbol z outside the sign of 

IZJ y 

integration, and the symbol y, which is the lower limit of integra- 
tion, refer to a particular pair of values corresponding to the height 
above HG for which q is stated, while in the product y . within the 
sign of integration each letter refers to a variable over the range yi 
to or A to E (Fig. 73). It may be noted that the quantity 


j ^y.z.dy 

is the moment of the area KBK' about the neutral axis GG', which 
is equal to the area multiplied by the distance of its centre of gravity 
or centroid from GG\ or the area of so much of a modulus figure 
(see Art. 49) as lies above KK', multiplied by the height HA or yi 
so that 

F 

q = - — — - X (area KBK') x (distance of its centroid from GG') (2) 
1 X KK 

or 

q = - — x(area of modulus figure between B and KK') . (3) 
1 xKK 

which give graphical methods of calculating the intensity of shear 
stress at any part of the cross-section. 

It is obvious from the above expressions (1) or (3) that ^ is a 
maximum when the lower range of integration is zero {i.e. at the 
neutral surface), and that it is zero at either edge or y = — >’i). 

If the graphical method with modulus figures be used, the areas on 
opposite sides of the neutral axis should be reckoned of opposite 
signs. 

Rectangular Section (Fig. 74). Width 6, depth d. At any 
height y from the neutral axis, since z is constant and equal to b 


<1 





. ( 4 ) 


* For a simple idea of the errors involved in (1), see a paper on “ F'aults in the 
Theory of Flexure,” by H. S. Prichard, in Tram. Am. Sac. Civil Engineers, vol. 
Ixxv, pp. 905-908. This also gives a good idea of ihc distortion of initially plane 
cross-sections and simple approximate estimates of the corresponding deviation of 
stresses from those obtained by the theory simple bending. 
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If the various values of q are shown by ordinates on as a base-line 
as in Fig. 74, the curve is a parabola, and when > =0 

The mean intensity of shear stress is V-^bd’, the greatest intensity 
is thus 50 per cent, greater than the mean. 

Rectangular 1 Section with Sharp Corners (Fig. 75). In the 
flange, at a height y from the neutral axis 




and when y =- at the inner edge of the flange 

F 



NJ_.“ 



B ^ 

r/ 


- 

[Z 




— H.? 

J?' .maximum/ o 


tiG. 74 


Jiy 

Pig. 75 


In the web g~., v , z.dy, where z=B over part of the range 

y 

and z=b over the remainder (the web). The integral may con" 
veniently be split up thus 


Wheny = ;^, just inside the web 


g=-j . — 7, — X- or - times that just inside the flange. 

18 DO 


And when >^=0 
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The curves in Fig. 75 show the variation in intensity at different 
heights, both parts being parabolic. 

The mean shear-stress intensity anywhere might conveniently be 
stated from (2) above; thus, in the web at level y 

p 

9 =— X (moment of section area above level y about neutral axis) 
lb 

e.g. the maximum stress, when ^=0 is (taking moments of parts) 

which agrees with the previous result. 

Built-up Girder Section. Fig. 76 shows the intensity of shear 


M W 



M W 

1 IG. 76 


stress at different parts of the section of a built-up girder. The 
stress intensities have been calculated, as in big. 75, for the I section, 
but the integration requires splitting into three parts, as there are 
three different widths of section. 

Approximation, The usual approximation in calculating the 
intensity of shear stress in the web is to assume that the web carries 
the whole vertical shearing force with uniform distribution. F ig. 76 
shows that the intensity in the web does not change greatly. The 
intensity of shear stress according to the above approximation is 
shown by the dotted line WW, which represents the quotient when 
the whole shearing force on the section is divided by the area of the 
section of the web. Judging by Fig. 76, this simple approximation 
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to the mean shear stress in the web for such a section is a good one. 
The line MM shows the mean intensity of shearing stress, i.e. the 
whole shearing force divided by the whole area of section; this is 
evidently no guide to the intensity of shear stress in the web, which 
everywhere greatly exceeds it. 

Example 1. A beam of I section, 20 in. deep and 1\ in. wide, has 
flanges 1 in. thick and web 0-6 in. thick, and carries a shearing force 
of 40 tons. Find what proportion of the total shearing force is 
carried by the web and the maximum intensity of stress in it, given 
1 = 1,647 inch units. 

At any height y fmm the neutral axis of the section the mean 
intensity of shearing stress in the web section is 

= 3-87-0 01213y2 

The stress on a strip of web of depth dy situated at a height y 
from the neutral axis is 

qx0’6xdy 

and the whole shearing force carried by the web section is 

qdy = 0-()j'' (3-87-001213.i2>/;; 

= 1 ■2(34-83 -0-00404 x 729) =38-26 tons 
or 95-6 per cent, of the whole. 

The maximum value of q (when >’=0) is evidently 3-87 tons per 
sq. in. 

Testing the usual approximation of taking all the shearing stress 
as spread uniformly over the web section 

40 

= 3-70 tons per sq. m. 

0-6x18 

which is intermediate between the mean value of q’ in the web, viz. 

— - or 3-54 tons per sq. in. 

0-6x18 

and the maximum intensity 3-87 tons per sq. in. 

54. Principal Stresses in Beams. The intensity of direct stress 
due to bending, as found in Arts. 44 to 48, and the intensity of 
horizontal and vertical shear stress, as found in Art. 53, are only, as 
indicated in Arts. 39, 47, and 48, component stresses in conveniently 
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chosen directions. Within the limitations for which the simple 
theory of bending is approximately correct (Art. 47), the methods 
of Arts. 18 and 19 may be applied to find the direction and mag- 
nitude of the principal stresses, the greater of which, at any point, 
has the same sign as the longitudinal direct component there, and 
makes the smaller (acute) angle with it. Fig. 77 shows the direc- 
tions of the principal stresses at numerous points in a simply sup- 
ported beam of rectangular cross-section carrying a uniformly 
distributed load, as well as the intensities of the component hori- 
zontal direct and vertical shear stresses on certain vertical sections, 
and the intensities of the two opposite principal stresses on one 
section. The distribution of horizontal direct component stress 
over a given section is as shown in Fig. 63, and the values of its 



Fig. 77. — Curves of principal stress and magnitudes of principal and coniponcni 

stresses 


intensity for a given height vary along the length of the beam, as 
shown in the bending-moment diagram, Fig. 49. The distribution 
of tangential or shear stress across vertical sections is as in Fig. 74, 
and the intensities at a given height vary along the length of the 
beam, as in the shearing-force diagram in Fig. 49. F or the purpose 
of illustration, the intensity of vertical shearing stress has been made 
excessive for a rectangular section by taking a span, /, only four 
times the depth of the beam. The maximum intensity of vertical 
(and horizontal) shear stress, which occurs at the middle of the end 
section, is, by Fig. 49 and Art. 53, 

q = l , Iwllhd^iwtlhd 

where w is the load per inch run on the span /. 

The maximum intensity of horizontal direct stress, which occurs 
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at the top and bottom of the middle section, is, by Fig. 49 and 
Art. 46 (7) 

- maximum q d , 

hence ^.= -=4 

maximum / / 


The magnitudes of the principal stresses for all points in the one 
cross-section \l from the right-hand support have been calculated 
from the formula (5a) in Art. 18 and are shown in Fig. 77. The 
two principal stresses are of opposite sign, and the larger one has the 
same sign as the direct horizontal stress, i.e. it is compressive above 
the neutral axis and tensile below it. The diagram docs not 
represent the direction of the principal stresses at every point in this 
section. 

For such a large ratio of depth to span as i, the simple theory 
of bending could not be expected to give exact results, but with 
larger spans the shearing stresses would evidently become more 
insignificant for a rectangular section. The magnitudes shown in 
Fig. 77 must be looked upon as giving an idea of the variation in 
intensity rather than an exact measure of it. 

Curves of Principal Stress, Lines of principal stress are shown in 
Fig. 77 on a longitudinal section of the beam. They are such that 
the tangent and normal at any point give the direction of the two 
principal stresses at that point. There are two systems of curves 
which cut one another at right angles: both cross the centre line at 
45° (see Arts. 8 and 15). The intensity of stress along each curve 
is greatest when it is parallel to the length of the beam and diminishes 
along the curve to zero, where it cuts a face of the beam at right 
angles. For larger and more usual ratios of length to depth, for 
rectangular beams the curves would be much flatter, the vertical 
shearing stress being smaller in proportion about mid-span. 

Maximum Shearing Sti ess. At any point in the beam the inten- 
sity of shear stress is a maximum on two planes at right angles, 
inclined at 45° to the principal planes, and of the amount shown in 
Art. 18 (6a), viz. half the algebraic dilVerence of the principal stress 
intensities, which is, in the case shown in Fig. 77, half the arithmetic 
sum of the magnitudes of the principal stress intensities taken with 
like sign. 

Principal Stress in I Sections. In I sections, whether rolled in 
one piece or built up of plates and angles, it has been show^n (Art. 
50) that the web area is of little importance in resisting the longi- 
tudinal direct stresses due to bending, or, in other words, it contri- 
butes little to the modulus of section; and in Art. 53 (big. 76) it 
was shown that the flanges carry little of the shear stress. It should 
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be noticed, however, that in the web near the flange the intensity of 
longitudinal direct stress is not far below the maximum on the sec- 
tion at the outer layers while the intensity of vertical shear stress is 
not much lower than the maximum, which occurs at the neutral 
plane. The principal stress in such a position may consequently 
be of higher intensity than either of the maximum component 
stresses (see example below). Only low shear-stress intensities are 
allowed in cross-sections of the webs of I section girders; it should 
be remembered that the shear stresses involve tensile and compres- 
sive principal stresses, which may place the thin web in somewhat 
the condition of a long strut. See also remarks in Art. 24 on the 
strength of material acted on by principal stresses of opposite 
kinds, which is always the case in the webs of I sections, where, in 
the notation of Art. 18, 



The stresses in and design of plate girder webs is further dealt 
with in Art. 178. 

Example. A beam of I section, 20 in. deep and in. wide, has 
flanges 1 in. thick, and web 0-6 in. thick. It is exposed at a par- 
ticular section to a shearing force of 40 tons, and a bending moment 
of 800 ton-in. Find the principal stresses (a) at the outside edges; 
(b) at the middle of the cross-section; (c) 14 in. from the outer edges. 

The moment of inertia about the neutral axis is 

t’2(7-5 X 20-^ - 6-9 X 1 8 J) = 1 ,647 (in.)^ 


(a) At the outside edges /= 


800x^0 

“i7647“ 


=4-86 tons per sq. in. pure 


tension or compression, the other principal stress being zero. 

(b) At the middle of the cross-section the intensity of vertical and 
horizontal sheer stress is 


< 7 = —--- ^^ vY/>’-|-0-6f vc/A =3-87 tons per sq. in. 

1 ,647 X 0'6 \ J 9 Jo/ 

as in example at end of Art. 53. 

This being a pure shear, the equal principal stresses of tension and 
compression are each inclined 45° to the section, and are of intensity 
3*87 tons per sq. in. 

(c) Intensity of direct stress perpendicular to the section is 
800x8-5 

/?i = — - , =4T3 tons per sq. m. 

1,647 
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The intensity of vertical shear stress on the section is 

q = 2 99 tons per sq. in. 

Hence, the principal stresses are, by Art. 18 

which are 5*695 and — 1-565 tons per sq. in., and the major principal 
stress is inclined at an angle 


tan'-i or 27° 40' (see Art. 18 (2a)) 
5*695 



Fig. 78. — Magnitudes of component and principal stress intensities in 

I-scciion beam 


to the corresponding direct stress along the flange, or 62° 20' to the 
cross-section. 

This illustrates the fact that just within the flange of an I section, 
carrying a considerable bending moment and shearing force, the 
intensity of the principal stress (5*695) may exceed that at the 
extreme outside layers of the section. 

The intensities of principal stress in the web, calculated as above, 
are shown in Fig. 78, which shows that the material bears principal 
stresses the greater of which is nowhere greatly less than the maxi- 
mum. In accepting such conclusions as to principal stresses, the 
limitations of the simple theory of bending should be borne in 
mind: these results can only be looked upon as approximations 
giving a useful idea of the magnitude of the stresses. 
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55. Flitched Beam. An example of a composite form of con- 
struction now of interest rather than importance is a wooden beam 
reinforced by a steel plate. A symmetrical form is shown in section 
in Fig. 79 and consists of two wooden joists with a steel plate between 
them, the three parts being fastened together by bolts so that the 
composite member deforms as if it were a single piece. In the 
flexure of a straight beam the measure of deformation is the degree 
of curvature (1/R), which must be the same for the wood and the 
steel plate. Unit curvature (that of 1-in. radius) is very large, but 
since, in the symbols of Art. 46, M = F1/R, the bending moment 
per unit of curvature is El, or in terms of (4) Art. 46, wc may say 

that the elastic resistance (moment) developed 
per unit of deformation (curvature) in either the 
wood or the steel is El. Thus from (5) of Art. 
21, if the bending moment sustained by the beam 
is [i, the moment of resistance exerted by the steel 
will be 

Ms = P.EsIs/(EsIs+EvvTw). - • (D 
where Es = Young's Modulus for steel, Ew Ihat 
for wood and Is = second moment of area of 
steel section = /f/ VI 2, and lvt^ = second moment 
of area of timber section 12. 

Similarly the moment of resistance exerted by 

— P ■ Exx'I\v/(EsTs "FE v^;1\x^) .... (2) 

Or to put the matter fundamentally, since the curvature of all three 
components of the beam is 1/R by Art. 46 

1/R = M,/(EsTs) = Mw/(EwTw) . . * . (3) 
and Ms + Mw = p (4) 

From (3) and (4) equations (1) and (2) follow by simple algebra. 
The maximum intensity of bending stress from (6) and (7) of Art. 46 
are 

In the steel /i = Msr//2I = 6Ms/frr/2) (5) 

In the wood f, = M^dl2Uy = 6M^I(hcP) .... (6) 

And if the depth of section is not the same for the wood and steel 
portions the appropriate value of J can be inserted. 

56. Reinforced Concrete Beams. Cement and concrete are well 
adapted to stand high compressive stress, but little or no tension. 
They can be used to withstand bending by reinforcement with metal 
to take the tension involved, the metal being by various means held 
fast in the concrete. Often it is held only by the adhesion which is 
available when the concrete sets from the fluid to the solid state and 





Flitched Beam 
Fio. 79 

the wood wall be 
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grips the fairly smooth metal surface. The usual assumption is 
that the metal carries the whole of the tension, and the concrete 
the whole of the compression. In the case of a compound beam of 
this kind, the neutral axis will not generally pass through the cen- 
troid of the area of cross-section because of the unequal values of 
the direct modulus of elasticity (E) of the two materials (see Art. 
45). It may be found approximately by equating the total compres- 
sive force or thrust in the cement to the total pull in the metal. As 
the cross-section of metal usually occupies a very little of the depth, 
it is usual to take the area of metal as concentrated at the depth of 
its centre and subject to a uniform intensity of stress equal to that at 
its centre. 

The following simple theory of flexure of ferro-concrete beams 
must be looked upon as conventional and approximate only, since 
the tension in the concrete is neglected; and further, in a hetero- 
geneous substance like concrete, the proportionality between stress 
and strain will not hold accurately with usual working loads. More 
elaborate and less simple empirical rules have been devised and 
tested by experiment, but the following methods of calculation arc 
the most widely recognised. 

Suppose a ferro-concrete beam has the sectional dimensions 
shown at {a) in Fig. 80; assume that, as in Arts. 44 and 48, the 
strain due to bending is proportional to the distance from the neutral 
axis and to the direct modulus of elasticity of the material. Let n 
be the depth of the neutral axis from the compression edge of the 
section, /f the (maximum) intensity of compressive stress at that 
edge, and /; the intensity of tensile stress in the metal reinforcement, 
this being practically uniform. Let be the direct modulus of 
elasticity of the concrete in compression, and E, that of the steel in 
tension. 

Then fJE, is the proportional strain in the concrete at the com- 
pression edge (see Art. 44), and fJE, is the proportional strain in the 
metal. 

The distances from the neutral axis at which these strains occur 
arc n and respectively, and since the strains are to be assumed 

proportional to the distance from the neutral axis (Arts. 44 and 48) 

A ^ 'L- 

E( ’ Es d—n 


fc_ n E, 

/ d—n ‘ E 


Modular Ratio. The ratios of E, to E, for given materials are 
known; for steel and concrete the ratio is usually from 12 to 15; 
it is called the modular ratio and is given the symbol m. The varia- 
tion in m as used in calculations arises from the variations in E,. 
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This modulus has been the subject of much research and discussion. 
It varies with the mixture in the concrete which in no case follows a 
proportional law of strain to stress. Thus the value of m is more or 
less conventional. 



Percentage 
of Steel 

Fio. 80 


The total thrust is 

(mean intensity of compressive stress) x (compression area) 

=ijc-nb ( 2 ) 

The total tension, neglecting any in the concrete, is 

f, x(area of section of reinforcement) =/, .A . (3) 

And since the total thrust equals the total pull (the two together 
forming the couple which is the moment of resistance) 

Uc-nb=f,.AoTfJft=2Alnb .... (4) 
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and therefore from (1) 


Ej__d—n 

2A n ’ n 


m 


. . (5) 


which gives a quadratic equation for n in terms of the quantities 
6, A, d, and m, which suffice to fix the value of n and therefore the 
(conventional) position of the neutral axis. 

The solution of the quadratic equation is nld= \/{ni^r^+2mr) —mr, 
where r= A/M. 

The designer with many calculations to make, instead of solving 
numerous quadratic equations assigns a number of values to njd and 
finds the corresponding values of Ajbd from (5) and plots a graph 
from which he can read off the value of n (or njd) for various values 
of A/M (or 1(X)A/M the percentage area cf steel in the cross-sec- 
tion). 

Moment of Resistance, The moment of resistance M of the 
beam is the value of the couple formed by the equal pull or thrust 
exerted across the section multiplied by the arm a of the couple. 
Since the centre of the compression area nb is from the neutral 
axis or /z/3 from the outer edge 

a=d—nl3 ( 6 ) 

and 

M=y; . A(^/-n/3) = i/, . nb(d-nl3) (7) 


The bending moment on the beam must not of course exceed 
either of the two moments of resistance obtained by writing for 
y, and f the allowable limits of these stress intensities. Such limits 
for various grades of concrete and steel are given in the codes which 
govern the design of reinforced concrete construction. 

Economic Proportions. The value of A from (4), viz. inbfjf, 
corresponding to the allowable limits off and _/i, gives the most 
economic proportion of steel. And 1(X) times the ratio A/Mis then 
called the economic percentage of reinforcement (see Example 2 
following). With these proportions of steel and concrete both 
materials will be stressed to their allowed limits. 

Strength Graphs. Two graphs may be drawn for the safe 
moment of resistance M from the two values given in equation (7) 
when A has a series of assigned values and when /i and/^ are the 
allowable limits of intensity of stress for tension in the steel and 
compression in the concrete respectively. The two curves intersect 
at the critical point giving the equal values ol M at the economic 
value of the percentage of steel. Instead of using values of A as 
the horizontal ordinates we may take the percentage of steel, viz. 
lOOA/M and instead of M as the vertical ordinate we may take 
M/(M2) which would be of the dimensions of a stress intensity or 



122 


THEORY OF STRUCTURES 


[Ch. V 


which is a ratio or purely numerical quantity. By so 
choosing the ordinates we have a graph of wider use applicable to 
any beam having the same value for m and the same ratio of ultimate 
values ./i//c. By giving njd any values we can find the corresponding 
percentages of steel, viz. from (5) 


And from (7) 


100A/6J= 


m 

2m {d^n)d 


M/6^/2=y;A(l -inld)lhd or /Ml -\nld)l2d 


or MlbdVc = j . ^(\ -^njd) or \(nld){l -^njd) 

f bd 


where from (8), Ajbd is equal to 


{nj dy 
2/7i(1 —n/d) 


( 8 ) 


. (9) 


A sample graph is shown at (b) of Fig. 80, where m = 12 and at 
the allowable limits of stress /r(/f=18 and the value of njd equal to 
0-3, 0-4, 0-5, 0-54, and 0-57 have been used to plot the curve. The 
economic proportion is for the value of A given by (4) for which 

A = i/76 xfj/ = i/76/ 1 8 = nbl36. 

And from (5) 

/76/2A = 18 = I2(rf-/7)//7; 

hence /7=0*4^/ and A/6rf=l/90 or 100A/6^/=100/90 = l*l II, the 
economic percentage. 

The designer with many beams to design from such a graph to a 
larger scale can quickly read off the percentage of steel necessary for 
any given moment of resistance so long as m and /!/ remain the 
same. For higher values of //i the graphs would be similar but the 
vertical ordinates greater. 7'he values of njd for any percentage of 
steel are shown in the broken-line graph. 

Ferro-concrete beam sections are generally rectangular, but in 
case of the compression part of the section having any other shape, 
we should proceed as follows to stale the total thrust in terms of 
the maximum intensity / at the extreme edge at the (unknown) 
distance n from the neutral axis. 

Let z be the width of section parallel to the neutral axis at a height 
y from it, varying in a known manner with, say, the distance (/7— y) 
from the compression edge, and let p be the intensity of stress at any 
height y from the neutral axis; then 

ply=fc!n,p=f.yln (10) 


Total thrust = r p.z.dy=-‘\ y . z . dy . (11) 

Jo «J 0 
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which can be found when the width z is expressed in terms of, say, 
n—y. This might also be written 

Total thrust =/’ X (area of compression modulus figure) 

(see end of Art. 49). In the rectangular section of Fig. 80, z=b = 
constant, this being the simplest possible case. 

Frequently the compression area of fcrro-concrete is T-shaped, 
consisting partly of a concrete slab or flooring and partly of the 
upper part of the rectangular supporting rib, the lower part of 
w^hich is reinforced for tension, the floor and beam being in one 
piece, or “monolithic” (see Example 3, page 126, and note following 
it). The breadth is then constant over two ranges, into which the 
above integrations can conveniently be divided. The thrust, if any, 
in the upper part of the vertical leg of the T is often negligible 
compared to that in the cross-piece or slab. 

The resisting moment, about the neutral axis, of the total thrust 
would be 

I* . z(ly or /, . t 
nj 0 n 

where I is the moment of inertia of the compression area about the 
neutral axis. The graphical equivalent of this would be 
/^x(area of compression modulus figure) x (distance of its centroid 
from the neutral axis) 

the centroid of the modulus figure being the centre of pressure or 
thrust, or, using the second derived area as in Art. 49 

resisting moment of the thrust =7^ x/zx second derived area of 

compression section 

The resisting moment, about the neutral axis, of the total tension is 
evidently /jx A x(d—n) and the total moment of resistance is 
total thrust (or pull) x distance of centre of thrust from 
reinforcement. 

Example 1. A reinforced concrete beam 20 in. deep and 10 in. 
wide has four bars of steel 1 in. diameter placed with their axes 
2 in. from the tension face of the beam. Find the position of the 
neutral axis and the moment of resistance exerted by the section 
when the greatest intensity of compressive stress is 1,000 lb. per 
sq. in. What is then the intensity of tensile stress in the steel? 
Take the value of E for steel 12 times that for concrete. 

Using the symbols of Fig. 80 and those above 
J=20-2 = 18in. 

/. . f\ maximum compressive strain _ n 

Ef * E, tensile strain in metal 18 — w 

/r^E, ^ 

A E,'18-w 12(18-/0 
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and equating the total pull in the steel of sectional area tr to the 
thrust in the concrete 

. 10 

Therefore •^= — ^ 

f, « . i . 10 5n {18-/7)12 

hence 5n^ + \ Inn — 2 i 6tt =0 

and solving this a/ = 8-475 in. 

The distance from the neutral axis to the centre of the steel rods 

= 18— 8 -475 =9-525 in. The total thrust is 

1 non 

10x8-475 =42,375 lb. 


and the total tension in the metal is equal to this. 

The distance of the centre of pressure from the neutral axis is f of 
8-475 in., and that of the tension is 9-525 in. 

The arm of the couple formed by the total thrust and total pull 
is therefore 9-525 +2 x 8-475/3 = 1 5-175 in. Or from (6) 18 — 8-475/3 
= 15-175 in. The moment of resistance is therefore M = 15-175 in. 
X 42,375 lb. = 643,000 Ib.-in. 

The intensity of tensile stress in the steel of areau sq. in. is 
375 

/t = — = 1 3,490 lb. per sq. in. 

TT 


or thus 


1,000 


= 12x 


9-525 

8-475 


13,490 


which checks the above result. 

The moment of resistance could of course be found from a graph 
such as in Fig. 80. Even on this small-scale diagram it can be found 
approximately. The percentage of steel is 100 tt/( 18 x 10) = 1*745 
(per cent.) and for this the value of Wl!(hd-/,) is nearly 0-20. If 
6 = 10 in., d=lS in., and /’ = 1,000 lb. per sq. in. 


M=0-2x6c/2x/, =0-2x3, 240,000 = 648, 000 Ib.-in. (approx.) 

It is also evident from the dotted graph of n’d that for this propor- 
tion of steel njd=0'Al (approx.) or «=0-47 x 18 = 8-46 in. (approx.), 
from which M could be calculated. 

Example 2. A reinforced concrete floor, simply supported, is to 
carry a uniformly spread load, the span being 12 ft. and the floor 
10 in. thick. Determine what reinforcement is necessary and what 
load per square foot may be carried, the centres of tlie steel bars 
being placed \\ in. from the lower side of the floor, the allowable 
stress in the concrete being 600 lb. per sq. in., and in the steel 
12,0(X) lb. per sq. in., and the modulus of direct elasticity for steel 
being 15 times that for concrete. If the load per square foot of 
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floor is 300 lb., estimate the extreme stresses in the materials, 
assuming bending in one direction only. 

Let w= distance of the neutral axis from the compression edge. 
Then the distance from the centres of the steel rods is 10 — 1 -5 = 

H‘5—n in. 

The ratio of stress intensities is 


intensity of tensile stress _ 12,000__8-5— w ^ j ^ 

maximum intensity of pressure 600 ~ n 
hence S‘5~^n=4nl3 

« = 3*643 in. 

Taking a strip of floor 1 in. wide 

thrust of concrete=-l^--x 3 *643 x i =1,093 lb. 

The total tension in the steel must also be 1,093 lb., and the area 
of section required is therefore 

5^=009,1 ., .in. 


per inch width of floor. If round bars 1 in. diameter are used, they 
might be spaced at a distance apart of centre lines of 


0-7854 

0-0911 


=8-63 in. 


This gives a beam of economic proportions. The economic per- 
centage is 100 xO 091 1/8-5 = 1-07 percent, under the given conditions. 
The total moment of resistance is (per inch width) 

1 ,093{ (f X 3-643) -l-(8-5 -3-643) } =7,962 Ib.-in. 

which is the product of the total thrust (or tension), and the distance 
between the centre of pressure and the centres of the rods. 

If H'=load per inch run, which is also the load per square inch of 
the floor, equating the moment of resistance to the bending moment 

4>vx 144 X 144 = 7,962 


8x7962 . 

144,1'=—-- - — =442 lb. 
144 


which is the load per square foot (including about 120 lb. per 
sq. ft. weight of the slab itself). 

If the load were only 300 lb. per sq. ft., the stresses would be 
proportionally reduced, and 

maximum intensity of pressure =600 x^^^ 

=408 lb. per sq. in. 

intensity of tensile stress = 12,000X4-42 

= 8,145 lb. per sq. in. 
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Example 3. A reinforced beam is of T section, the cross-piece or 
compression flange being 20 in. wide and 4 in. deep, and the vertical 
leg 14 in. deep by 8 in. wide. The reinforcement consists of two 
round bars of steel in. diameter placed with their axes 2 in. 
from the lower face. Making the usual assumptions, calculate the 
intensity of stress in the steel, and the total amount of resistance 
exerted by a section of the beam when the compressive-stress in the 
concrete reaches 500 lb. per sq. in. Take the modulus of direct 
elasticity in steel 12 times that for concrete in compression. 

Let /= intensity of stress in the steel 

A7=distance of the neutral axis from the compression edge 
(see Fig. 81). 

The ratio of the stress intensities is then 

_/L=L'^n'xi2 


whence 


X 6,000 (1) 


The total thrust 


_^or" 

n ] n- 


20vf0 + 


500 f” 4 


10,000, , , , 4.000, ,,, 

nXl 2;; 


40,000 


(«- 2 ) + - 


the first term representing the thrust in the cross-piece, and the 
second that in the vertical leg above the neutral axis. The total 
tension is 

^ • 4 • 4^' 8 

and substituting for yj from (I) and equating to the total thrust 


16 — ft 


. 6,000 = 


40,000 


(«- 2 ) + 


2,000 


(rt— 4)^ 


from which n=6-6 in. and 

y;=6,000 . ^^-^=8,550 lb. per sq. in. 
6-6 

The moment of the thrust about the neutral axis is 


20 . >' 2 . dy+ 


^or^‘ 

6-6jo 


O'O X J 


+ ^_^(2-6)3 = 140,000 lb. in. 
6-6x3 
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The moment of the tension is 
Ott 

8,550x — x 9 4=284,000 Ib.-in. 

O 

and the total moment of resistance is 

140,000+284,000=424,000 Ib.-in. 

The values found for total thrust and the moment of resistance 
would not be greatly altered by the omission of the second term in 
the respective integrals, i.e. by neglecting the small thrust in the 
vertical leg of the section above the neutral axis. The moment of 
resistance might be estimated graphically by drawing the modulus 



Fig. 81 


figure for the compression area with a pole on the neutral axis (see 
Fig. 81); the moment of resistance for compression would then be 

500 X (area of compression modulus figure) x (distance of its 
centroid from the axis) 

or if a second derived figure be drawn, the moment would be 
500 X 6-6 X (area second derived figure). 

The total tension moment would be 

500 X (area of first compression modulus figure) x9-4 
Noie . — A very common example of a T section occurs in ferro- 
concrete floors with monolithic cross-beams, the floor forming the 
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cross-piece of the T. The cross-piece is then often very wide in 
proportion to the remainder of the T section, and with a moderately 
high intensity of stress in the reinforcement the neutral axis would 
fall within the cross-piece instead of below it. This would involve 
tension in the lower side of the floor slab, which is not always rein- 
forced for tension in that direction, and might start cracks. This 
undesirable result can be avoided by employing more reinforcement 
at a consequently lower intensity of stress in the cross-beam or 
vertical leg of the T section. 

57. Doubly Reinforced Beam. While reinforcement on the 
tension side of the neutral plane of a concrete beam is primarily 
desirable, reinforcement on the compression side is common. Steel 
being stronger than concrete in compression such reinforcement 
reduces the size of a beam and relatively slender compression bars 

can be used because, being im- 
bedded in concrete they arc there- 
by supported laterally against 
buckling, provided they are 
adequately bound in with stir- 
rups. It may also happen that 
such a beam, supported at several 
points has opposite forms of 
bending action at diflerent parts 
of its length. Thus what is com- 
pression reinforcement at one 
cross-section may be necessary as 
tensile reinforcement at another. 
Fig. 82 represents the cross-section of such a doubly reinforced 
beam, Ai being the area of section of the tensile reinforcement 
and A 2 that of the compression reinforcement, d\ and di the 
respective distances of their centres from the compression outer 
edge. Let A be the intensity of compressive stress in steel and the 
other symbols be as in Art. 56 and Fig. 80. 

As in Arts. 56 and 44, if plane cross-sections remain plane aftei 
flexure the strains at any points of the section are proportional to 
the distances from the neutral axis or 

fJE,:fJE,:f2lE,=n:di-n:n-d2 ... ( 1 ) 

The intensity of compressive stress in the steel reinforcement is 
m times that in the concrete which it replaces in the rectangular 
compression area bxn, i.e. from (1) 

f2=f ./c.'^=m.f,.{n-d2)ln ( 2 ) 

t, n 

and the total thrust in the compression reinforcement is 

Az/n/Xw— </2)/« 



(3) 
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Hence the excess thrust across the area A 2 due to the greater 
modulus of elasticity of the steel is 


A2{m — l)fXn—cl2)ln ( 4 ) 

(It is convenient to consider the area bn as continuous concrete, 
thus including the area A 2 , leaving (/?/ — 1 )A 2 as the equivalent 
excess area in terms of concrete under the stress mi^nsity fXn —d 2 / n).) 

The total thrust across the section equals the total pull or 

fc{ibn + (m — l)A2(fi—d2)ln}=fi.Ai ... (5) 

and equating fjf, from this to filf, from (I), i.e. to m{dx—n)ln, we 
get a quadratic equation for n in terms of A], A 2 , di, dz, h, and m, 
all of which for a given beam have known numerical values. (See 
Example below.) 

We can very simply calculate the moment of resistance by adding 
the moments about the neutral axis of : (1) the pull in the tensile 
reinforcement J] . Ai ; (2) the thrust in the concrete if the compres- 
sion reinforcement were replaced in the area A 2 by concrete, viz. 
if , . bn; and (3) the excess thrust due to the presence of the steel 
as given at (4). The moment of resistance, using (4), is 

M=/^'Ai(r/i —n) + y,ibnx ln) + im — l)A2jc(fi — d2)^ln . (6) 

from which 

M =y;AiWi -ri)+fAhn^l3+A2(m-l)(n-d2)Vn} . (7) 

If wc wish, for comparison with (6) of Art. 56, to state the arm a 
of the couple formed by the total thrust and total pull across the 
section we could divide M as given by (7) by the total pull T=/, . Ai 
or the (equal) thrust P made up of the sum of i/chn and the expres- 
sion (4), The result, though a little unwieldy in symbols, is quite 
simple numerically. 

Example 1. If the beam in Example 1 of Art. 56 has two steel 
bars each 1 in. diameter with axes 2 in. from the compression edge. 
Find the (conventional) position of the neutral axis, the stress inten- 
sities in the steel reinforcements, and the moment of resistance when 
the stress in the concrete reaches 800 lb. per sq. in. (Take /?z = 12.) 

As in Example 1, Art. 56, 6 = 10, Ai=Tr sq. in., ^/i = 20— 2 = 
18 in. In addition wc have Ai^i^jl sq. in., and r/2==2 in. 

From equation (1) 

/^/800=/n(l8-/7)/« (8) 

and from equation (5) 

800{0‘5xl0x/z+(/n-l)(«-“2)TT/2zz}=A.TT . . (9) 

or y,/800 = {5/z+ll(/i-2)TT/2/z}/Tr . . . (10) 

F 
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Hence equating the right-hand sides of (8) and (10) 

5«/tt + 1 1 (/2 — 2 ) l 2 n = 1 2( 1 8 — «)/« 

+ -142-7=0 

,7=_5-5 + 1314 = 7-64 in. 

The stress intensity in tlic tensile reinforcement is 

A=y,X//;(18-7-64)/7-64 = 800xl2xl0-36/7-64 = 13,020 lb. per 
sq. in. 

And from (2) the stress intensity in the compression reinforcing bars is 
/'2 = 12 x800x(7-64-2)/7-64 = 7,087 lb. per sq. in. 

And the moment of resistance is 

M = 13,020xTrx(lS~7-64) + 800x I0x7-642/3+(ll/12)7,087x 
5-64 X 1-571 

=423,800+ 155,700 4-57,550 = 637,050 Ib.-in. 

Example 2. If tlie beam in Example 1 is to be brought to 
economic proportions by increasing the tensile stress in the steel to 
18,000 lb. per sq. in., find to what cross-scctional area the tensile 
reinforcement may be reduced. What will then be the maximum 
moment of resistance. 

From (1) of Art. 56 

800 ^ n 1 
f, 18,000“l8-//^12 

Hence // = 144/23 = 6-26 in. 

From (5) the total thrust will be 

P = 800(0-5x 10x6*26+1 1 x 1*571 x4-26/6*26) = 800(31-30 + 

1 1-77) =34,456 lb. 

A 1=34,456 lb/ 18,000 lb. per sq. in. = 1*914 sq. in. 

an area which could be provided by three :J-in. bars and one -2-in. 
bar. The moment of resistances calculated from moments about 
the neutral axis would be 

M = 34,456 X 1 1 *74 + 800[ 1 0 x (6*26)-/3 + 1 -57 1 x 1 1 X (4-26)76-26 } 

= 404,500 + 1 44,600 = 549, 1 00 Ib.-in . 

58. Bond Stress. There is at the junclion between the concrete 
and the steel reinforcement a superHcial shear stress where the two 
materials hold together and resist any relative sliding of the steel 
through the concrete. When the bending moment and moment of 
resistance change along the length of the beam, the tension in the 
reinforcement varies propc^rtionally and this change of tension has 
to be transmitted from one material to the other by superficial 
longitudinal tangential stress, in the case of plain bars, which is called 
the bond stress. Fig. 83 represents diagrainmatically a short length 
and a cross-scction of a singly reinforced beam. Here we do not 
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need to consider any convention of signs for M, the bending moment 
or the moment of resistance or for the shearing force F. From the 
conditions of equilibrium of a short length 6x of the beam, shown at 
ABCD, where the total thrust P in the concrete is equal to the total 
tension T in the reinforcement, it is evident that, to the first order of 
small quantities 

6M = F.5.y or F = 6M/6 a: (1) 

Also M=r/T(orf/P) (2) 

where a is the arm of the resisting moment or distance apart of the 
parallel forces T and P. Hence 5M =6(^T) =^/6T since a is constant. 
(It is equal to cl—ni3.) Thus (1) may be written 

F or 6T = F . bx/a .... (3) 



But 5T, the change in tension, has to be transmitted tangentially 
through the surface between the steel and concrete in the length bx, 
the area of this surface being 

6a- X total perimeter of the section of the bars. 

Then if/,, is the (tangential) bond stress 

6T=A X 6a X total perimeter of bar sections . (4) 

and from (3) 

4=F~(aX total perimeter of bar sections) . (5) 

A numerical example is given at the end of Art. 59. 

59. Shear Reinforcement. If a beam is simply supported at its 
ends, then about the portion which is subjected to the maximum 
bending moment the principal stresses are nearly parallel to the 
longitudinal axis of the beam as w ill be realised from Fig. 77, which 
relates to a solid beam of homogeneous material and not reinforced 
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but will serve to illustrate the general direction of the principal 
stresses. Near the ends of such a beam the shearing force is greatest. 



K ' ' 


And the shear stresses involve principal stresses (sec Art. 8), one of 
which is tensile. A reinforced beam is therefore given shear rein- 
forcement near the ends and Fig. 77 will sufhciently indicate the 
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direction in which reinforcement is required to relieve the concrete of 
tension. The general character of one form of such reinforcement 
is diagrammatically shown in Fig. 84. Some of the reinforcing bars 
are bent at 45 degrees to the longitudinal axis of the beam and then 
terminate in a hook which gives an increased grip in the compression 
region of the concrete. These resist the tensile principal stress. 
There are many kinds of shear reinforcement some taking the form 
of stirrups attached to the tension reinforcement and anchored by 
hooks in the compression region or attached to the compression 
reinforcement, if there is any. The stirrups may be vertical, as in 
Fig. 84, or inclined like the shear reinforcement bars in Fig. 84. 

The distribution of shear stress over a vertical section probably 
cannot be calculated with the same degree of accuracy as for say a 
steel girder. It is to be remembered that tiie calculations of longi- 
tudinal bending stress necessary for practical design are definitely 
conventional. They ignore the tension which in fact exists, in the 
concrete, and assume exact proportionality of stress to strain in 
concrete. Some idea of the intensity of shear stress might be 
obtained from (2) of Art. 53 or of the maximum value from (5) of 
Art. 53. This value, 3F7(2M), where d is overall depth, differs little 
from ¥l(ah), where a is used as in Art. 56. It is equivalent to taking 
a as equal to f of the overall depth of the beam. Too great a 
refinement of calculation here on a slender foundation of ascer- 
tained fact is to be deprecated. 

Example. I'hc full moment of rcsi.stance of the beam shown in 
Fig. 84 is exerted in supporting a unifornily distributed load on a 
span of 20 ft., subject to the condition that the compressive stress 
in the concrete does not exceed 1,0(X) lb. per sq. in.^ Find the bond 
stress on the reinforcing bars at the supports. Take m = \l. 

There arc six ^-in. round tension bars and two J-in* round com- 
pression bars. 7'ake their sections as 0-6 sq. in. each. 

Aj = 6 X 0-6 = 3-6 sq. in.; A2=2 x0-6 = l*2 sq. in. 

The centroid of the tension bar cross-sections is i of 2 in. =0-0 in. 
above the centre line of the lower four bars, or distance of centroid 
from the compression cdge = 18—0 G=i 17-3 in. If /^= maximum 
compressive stress intensity in concrete 

Stress intensity in compression steel =/2=/n4(//—2)//i. 

Stress intensity in tension stcel==y;=7?r/Xl 7-3— //)/«. 

Total tension x 12 x 3-6 x(17-3— 7/)//z. 

Total thrust=yi{i/;/7 + l 1 x l -2(/7— 2)/77}. 

^ The ratio of length to width is slightly high for the use of the full permissible 
1,000 lb. per sq. in. compressive stress. Design regulations might require that the 
beam be secured laterally or the maximum compressive stress reduced by about 
6-5 per cent. 
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Equating these, dividing by multiplying by n, and putting 
b = lO 

3-6x 12(17-8-«)=5«2 + 13-2(«-2) 
«2+ll-28/;-155=0 

« = 8 03, say, 8 in. 

Total thrust=VcX8 03 xl0+/,x 11 x 1 -2 x 603/803 
=A(40-15+9-91) = 5006A lb. 

Total tension =/j X 3-6 X 12 X 9-3/8 03 = 50-037^ lb. 

Moment of resistance (about neutral axis) 

Of thrust=4015/;x5 X8 03+9-91 x6 037; 

=(214-9 + 59-8)/, =274-7.4 Ib.-in. 

Of tension =50 03yc X 9-3 =465-3/ 

Total 740 0/ Ib.-in. 

or 740,000 Ib.-in. if / = 1,000 lb. per sq. in. 

/,=/ X 1 2 X 9-3/8 03 = 13-9/ = 1 3,900 lb. per sq. in. 

Extreme stress in steel = 1,000 x 12 x 10/8 

= 15,00!) lb. per sq. in, (approx.) 

If W is the uniformly distributed load on a 20-ft. span. 

Maximum B.M. = lWx240 (in.) =740,000 Ib.-in. 

W = 24,667 lb. 

Shearing force at supports = |W = 12,333 lb. 

Since four of the tension bars are bent up, two remain (in the 
bottom row), i.e. for section at supports A 2 = T2 .sq. in. At this 
section / = 12// x (1 8 — 7i)/« 

Total thrust=/I \ . lO/i-bll x T2 x (/i — 2)//i } 

Total tension =/ x 12 X 1-2 x(18— /i)//i 

Equaling these 

5/1=4-27-6/1-285-6=0 

/I = 5-286 in. 

Total thrust=/(ix 10x5-286-1-11 x I -2 x 3-286 '5-286) 

=/(26-43-t-8-2l) = 34-634 

Moment of resistance =/{ 34-63{ 18 — 5 286)4-26-43 x ] x 5 28()-l- 

8-21(5-286-2)) 

= 560-4/ 

Lever arm (i = 560-4/.34-64 = 16-18 in. 

The total perimeter of two ^-in. bars is 2 x 2-75 = 5-5 in. 

Equating the moments on a length 6.v 

Ax5-5x6a'X 16-18 = 12,333 x6a: 

12 333 

Bond stress, /i.= ..J' : = = 139 lb. per sq. in. 
which falls within an allowable limit. 
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Ex, F] 

The horizontal and sloping parts of the bars b and c are in 
tension and in a direction bisecting the angle between them there is 
a compressive force in the concrete the vertical component of which 
increases the bond resistance of the bars a and d thereby making 
permissible a bond stress double that for a bar in simple tension. 

The bars e and /must not be turned upward within such a distance 
of the middle of the beam as would leave the moment of resistance 
of the section with the bars a, h, c, r/, g, and h insufficient to balance 
the bending moment. The point B where they may be turned up is 
readily seen from a (parabolic) bending moment diagram for the 
beam (as in Fig. 255 for a built-up girder with the number of plates 
in the flanges diminishing towards the ends). Similarly the bars 
b and c are only turned up at a point A at such a distance from 
mid-span that the safe moment of resistance of the remaining section 
w ould sullice for the bending moment at that section of the beam. 

The shearing force varies uniformly from zero at mid-span to the 
supports (as in Fig. 49). From mid-span to B the stirrups alone 
sulfice to resist the relatively low shearing forces. From B to A 
they suffice to take the excess over the shearing force carried by the 
sloping parts of bars e and/(w^hich is limited by their bond lengths) 
and from A to the end supports of the beam the stirrups suffice to 
lake the shear force in excess of that safely earned by the bent-up 
bars b and c. At the middle of the beam the pitch of the stirrups is 
limited to 10-5 in. to prevent buckling of the compression reinforce- 
ment bar. 


Examples V 

1. Find the greatest intensity of direct stress arising from a bending 
moment of 90 ton-in. on a symmetrical section 8 in. deep, the moment of 
inertia being 75 (in.)*^. 

2. Calculate the moment of resistance of a beam section 10 in. deep, the 
moment of inertia of which is 145 in. units when the skin stress reaches 7-5 
tons per sq. in. 

3. What total distributed load may be carried by a simply supported beam 

over a span of 20 ft,, the depth of section being 12 in., the moment of inertia 
being 375 and the allow'able intensity ol stress 7*5 tons per sq. in.? 

What load at the centre Height be carried wfth the same maximum stress? 

4. To what radius may a beam of symmetrical section 10 in. deep be bent 
VMihoul p^roducing a skin sticss grcalci than 6 tons per sq. in., it E= 13,500 
tons per sq. in. ? What would be the moment ol rcsislaiKe, if the moment of 
inertia of the section is 21 1 (in.)** ? 

5. A wooden beam of rectangular section 12 in. deep and 8 in. w'lde has a 
span of 14 ft., and carries a load of 3 tons at the middle ol the span. Find 
the greatest slre.ss in the maleiial and the radius ot curvature at mid-span. 
E= 800 tons per sq. in. 

6. What should bethewidthofajoisl9in,dcepifithastocarrya unitormly 

spread load of 250 lb. per foot run over a span ol 12 ft., with a stress not 
exceeding 1,2CK) lb. per sq. in. . . , 

7. A floor has to carry a load of 3 cwt. per sq. ft. The joists are 12 in. deep 
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by 4i in. wide, and have a span of 14 ft. How far apart may the centre lines 
be placed if the bending stress is not to exceed 1,000 lb. per sq. in.? 

8. Compare the moments of resistance for a given maximum intensity of 
bending stress of a beam of square section placed (r?) with two sides vertical, 
(b) with a diagonal vertical, the bending being in each case parallel to a vertical 
plane. 

9. Over what length of span may a rectangular beam 9 in. deep and 4 in. 
wide support a load of 250 Ib. per foot run without the intensity of bending 
stress exceeding 1,000 lb. per sq. in.? 

10. A beam of I section 12 in. deep has flanges 6 in. wide and 1 in. thick, 
and web i in. thick. Compare its flexural strength with that of a beam of 
rectangular section of the same weight, the depth being twice the breadth. 

11. A rolled steel joist 10 in. deep has flanges 6 in. wide by J in. thick. 
Find approximately the stress produced in it by a load of 15 tons uniformly 
spread over a span of 14 ft. 

12. Find the bending moment which may be resisted by a cast-iron pipe 
6 in. external and 4i in. internal diameter when the greatest intensity of stress 
due to bending is 1,500 lb. per sq. in. 

13. Find in inch units the moment of inertia of a T section, about an axis 
through the centroid or centre of gravity of the section and parallel to the 
cross-piece. The height over all is 4 in., and the width of cross-piece 5 in., 
the thickness of each piece being \ in. 

14. The compression flange of a cast-iron girder is 4 in. wide and 1^ in. 
deep; the tension flange 12 in. wide by 2 in. deep, and the web 10 in. by 1^ in. 
Find (1) the distance of the centroid from the tension edge; (2) the moment 
of inertia about the neutral axis; (3) the load per foot run which may be 
carried over a 10-ft. span by a beam simply supported at its ends without the 
skin tension exceeding 1 ton per sq. in. What is then the maximum intensity 
of compressive stress? 

15. A compound girder consists of two rolled I sections 1 8 x 7 in fBSB 28, 
Tabic I in Appendix) and four J-in. flats, 18 in. wide forming the flanges 
(2 on each). For what maximum span may this girder be used to support a 
load of 3 tons per foot run including its own weight if the maximum bending 
stress is not to exceed 7-5 tons per sq. in., neglecting the weight of the giidcr? 
Allow two {-in rivet holes in each flange. 

16. Find the maximum stress in a compound girder consisting of three 
I beams 14x6 in. (BSH 23) having four 3-in. flats 20 in. wide on the flanges 
(2 on each), when carr>!ng a load of 50 tons at the centre of a span of 18 ft. 
in addition to ii>» own weight, v^hIch is 280 lb. per foot. Allow for three 
{-in. rivets in each flange section. 

17. A box plate girder is to be 30 in. deep over the angles for a span of 
30 ft. and is to carry a load of 43 tons at its centre with a working stress of 
5 tons per sq. in. The two webs arc each 5 in. thick and the four angles aie 
each 4x4xi in. (BSFA 11, Table V Appendix). I'he flanges arc each to 
be made of three plates, the ouler one { in., the next in., and the inner one 
i in. Find the necessary width of flanges. 

18. A single-web plate girder has a .span of 34 ft. and a depth over angles 
of 36 in., the web being \ in. thick. It is required to carry a load of 72 tons 
evenly distributed along its length. If the angles are 6 x 6 x J in., what thick- 
ness of flats 14 in. wide will be required in ol der that the working stress shall 
be about 5 tons per sq. in.? 

19. Find the greatest intensity of vertical shear stress on an I section 
10 in. deep and 8 in. wide, flanges 0-97 in. thick, and web 0-6 in. thick, when 
the total vertical sheer stress on the section is 30 tons. What is the ratio of 
the maximum to the mean intensity of vertical shear stress? 
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20. The section of a plate girder has flanges 16 in. wide by 2 in. thick; 
the web, which is 36 in. deep and i in. thick, is attached to the flanges by 
angles 4 X 4 x | in., and the section carries a vertical shearing force of 100 tons. 
Find approximately the intensity of vertical shear stress over all parts of the 
section and plot a curve showing its variation. (Neglect the rivet holes and 
rounded corners of the angle plate.) 

21. If the above section in No. 20 is also subjected to a bending moment 
of 5,000 ton-in., find the principal stresses in the web 7 in. from the outer 
edge of the tension flange. 

22. A Hitched timber beam consists of two timber joists each 4 in, wide 
and 1 2 in. deep, with a i-in. steel plate 9 in. deep placed symmetrically between 
and firmly attached to them. What is the total moment of resistance of a 
section when the bending stress in the timber reaches 1,200 lb. per sq. in., 
and what is the greatest intensity of stress m the steel? (E for steel may be 
taken 20 limes that for the timber.) 

In Problems Nos. 23 to 28 inclusive the tension in the concrete is to be 
neglected, and the modulus of direct elasticity oi steel in tension taken as 
fifteen times that of concrete in compression. The concrete is to be taken 
as perfectly elastic within the working stresses. 

23. A reinforced concrete beam 10 in. wide and 22 in. deep has four Ijr-in. 
bars of round steel placed 2 in. from the lower edge. If simply supported at 
the ends, what load per foot run would this beam support over a 16-ft. span 
if the compressive stress in the beam reaches 600 lb. per sq. in.? What would 
be the intensity of tensile stress in the reinforcement? 

24. A reinforced concrete floor is 9 in. thick, and the reinforcement is 
placed 2 in. from the lov er face. Wliat area of section of steel reinforcement 
IS necessary per foot width if the sliess in the concrete is to reach 600 lb. per 
sq. in., when that in the steel is 15,000 lb. per sq. in., and what load per 
square foot could be borne with these stresses over a span of 10 ft.? 

25. A concrete beam is 18 in. devp and 9 in. w'ide, and has to support a 
uniformly distributed load of 1,000 lb. per foot run over a span of 15 ft. 
W'hat area of section of steel reinforcement is necessary, the bars being placed 
with their centres 2 in. above the lou'er face of the beam, if the intensity of 
pressure in the concrete L-s not to exceed 600 lb. per sq. m.? 

26. A fcrro-concreie floor is 8 in. thick, and carries a load of 200 lb. per 
svj, ft, o\cr a span of 12 ft. What sectional aiea of steel reinforcement 2 in. 
fiom the lower suifacc is necessary per foot width of floor if the pressure in 
the concrete is to be limited to 600 lb. per sq. in.? What would then be the 
wcirking stress in the steel? 

27. Part of a concrete floor forms with a supporting beam a T section, of 
which the cross-piccc is 30 in, wide by 6 in. deep, and the vertical leg is 8 in. 
wide, and is to be reinforced by bars placed with their centres 12 iu. below 
the under side of the floor. What aica of cross-section of steel will bring the 
neutral axis of the section in the plane of the under side of the floor? What 
would then be the intensity of tension in the steel when the maximum com- 
pression jcachcs 600 lb. per sq. in.? 

28. A reinforced concrete beam of T section has a cross-piccc 24 in. wide 
and 5 in. deep, the lemainder being 10 in. wide by 18 in. deep. The reinforce- 
ment consists of two 2-in. round bars placed with their centres 3 in. from the 
low'cr face c>( the beam. Find the intensity ol tension in the steel and moment 
of icsistance ol' the section when the extreme compressive stress in the con- 
crete reaches 600 lb. per sq. in. 
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MOVING LOADS 

60. Maximum Straining Actions. The bending moment and 
shearing force diagrams found in Chapter iv give the straining 
actions at all sections of beams subjected only to a stationary load. 
In designing a bridge girder, it is necessary to know the greatest 
bending moment and shearing force which every section has to 
resist for all possible dispositions of the movable load, and in this 
chapter various cases of moving loads will be examined to find 
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Fig. 85. — Uniformly distributed load longer than the span 


these maximum straining actions at every section of a beam simply 
supported at its ends. 

Signs. It may be well to recall the convention of signs adopted 
in Art. 42 , viz. Positive shearing force at any section of a horizontal 
beam is numerically equal to the upward external force to the right 
of the section, and positive bending moment is that which tends to 
produce upward convexity, and is equal to the clockwise moment 
of the external forces to the right of the section, or to the contra- 
clockwise moment of the external forces to the left of the section. 
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Art, 62] 

61. Uniformly Distributed Load longer than the Span. Shearing 
Force. Suppose the load w per foot approaches a section X of a 
span AB of length /, from the left support A (Fig. 85). When the 
load covers a length AC=>' from A, the positive shearing force at 
X, to the right of C will be 

positive Fx=RD=i>v>'2// (1) 

which is the moment of the load about A divided by /. As the load 
advances this value increases until when the load reaches X, y=x, 
and 

positive Fx = RB = ivt^^^// (2) 

As soon as the load passes the section X the shearing force at X 
decreases, for the increase in upward force at B is obviously less than 
the downward force to the right of X. Hence the positive shear is a 
maximum at the section X when the load extends from A to X, and 
its amount is 

maximum positive = .... (3) 

The curve of maximum positive shear is thus a parabola with vertex 
at A and reaching an ordinate at B. Similarly the maximum 
negative shear at X occurs when in approaching from the right or 
receding towards the right the load covers the portion BX of the 
span, when 

maximum negative Fx = — Ra= • (4) 

The curve of maximum negative shear being a parabola with vertex 
at B and reaching an ordinate \ wl at A. 

Bending Moment. As the load approaches X from A the bending 
moment at X (which is always negative), taking contra-clockwise 
moments of extreme forces to the right of X, is 

My^= —Kl^{I—x) = —\^vy\l—x)|l ... (5) 

and increases in magnitude as C approaches X. After C passes X 
the bending moment at X, taking clockwise moments to the left, is 

Mx= — + (6) 

of which only R^ varies with the position of C, and the greatest 
magnitude is reached when Ra is greatest, viz. w'hcn the load covers 
the whole span, and then 

maximum Mx=— .v) . (7) 

The curve of maximum bending moments (Fig, 85) is a parabola 
having a maximum ordinate — m 7‘/8 at x = y. It is evidently the 
same curve as for a fixed load w per foot covering the whole span 
(Art. 40 and Fig. 49). 

62, Single Concentrated Load. Shearing Force. As the load 
distant y from A approaches the section X (Fig. 86) from A 

positive Fx=RB=Wy// (1) 
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which increases as W approaches X and reaches the value 

maximum positive Fx = Wx// .... (2) 

when W reaches X (j*=x). When W passes to the right of X the 
shearing force at X is evidently negative. Taking the upward force 
to the left of X 

negative Fx=-Ra=“W(/-v)// ... (3) 

which has its greatest magnitude when y=x, when 

maximum negative Fx = —W(/— A')// , . (4) 

The curve of positive and negative shearing force arc straight lines 
shown in Fig. 86. 



A B 

l-iG. S'6.— SiJH’lc conccnliatfd load 


Bending Moment. As W approaches X from A the bending 
moment (negative) at X from contra-clockwise moments to the right 
of X is 

Mx= — Rn(/— -v)= --\Vv(/ — .y)// . . . (5) 

which increases in magnitude until } =x. As soon as W has 
passed X the bending moment from clockwise moments to the left 
of X is 

Mx=-Ra-v=-Wa-(/-v)// (6) 

which is greatest when .v=a-. Thus both (5) and (6) give the same 
maximum bending moment 

maximum Mx = —Wjr(/— a)// .... (7) 

The curve of maximum bending moments is a parabola having a 
maximum ordinate— ;|W/ at x=M. 

63. Uniformly distributed Load shorter than the Span. Shearing 
Force. Let c be the length covered by a uniformly distributed load 
w per foot approaching from the left-hand support A (Fig. 87). 
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Before the leading point h reaches the section X, provided the whole 
load is on the span, the positive shear at X is 

positive Fx=Rn = >rrv// (^) 

where y is the distance of the centre of gravity G of the load from A. 
This evidently increases with y until b reaches X. After this the 
value of F'x diminishes, for the downward load to the right of X 
evidently more than balances any increase in Rn upward; hence the 
maximum shearing force occurs when b reaches X, and then y =x— ic 
and 


maximum positive Fx = vvc' 


I 


( 2 ) 


The curve of maximum positive shearing force for this part of the 



span (where the shearing force is equal to the reaction due to the 
whole load nr) is from (2), a straight line reaching iwc{2l-c)ll at 
B{.v — /), and whicli would reach ; Oat a = ir and wc at x = l+ic if it 
applied to these points (see Fig. 87). But the whole load nc only 
gets on a length c, and the straight line (2) only applies from 
,v=:r to A' = /; it is easily drawn by joining the points dc. For points 
between a =() and a' = (* die maximum positive sheaiing force is 
evidently as for a load longer than the span, viz. when b reaches the 
section considered as in (2), Art. 61 

maximum positive Fx = RB==i^^''^"^/^ ... (3) 

and curve A/ (Fig. 87) being a parabola as in Fig. 85, and ^he 
ordinate being the same as for the straight line (2) when x—c, 
viz. iwc^/l. 
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The maximum negative shearing force is evidently found in a 
similar manner; writing l—x for x in (2), from a =0 to x=l—c 

maximum negative Fx= — h’c . ^ • • (4) 


and corresponding to (3) from x=l—c to a' = / 

maximum negative Fx= — a)^// ... (5) 

Bending Moment. As b approaches the section X the (negative) 
bending moment 

Mx= — Rb(/”“^') 

increases. After b has passed the section X as in Fig. 87 
M^^-Rdl-xy + '^iy+^c-x)^ 


= — A-)+^fv— .... (6) 

Differentiating to find the value of y for a maximum (negative) 
bending moment 

= — wc(l —x)ll + i iv'(2,v + c — 2x) 


dy 

which is zero when y+\c—x=c{l—x)jl (7) 

or the length ^ 


that is, the section X divides the loaded length c in the same ratio 

( BX \ 

as it divides the span AB. 

Inserting the value of y from (7) in (6) 
maximum (negative) Mx= — nr • ‘ y ' ~ / j 

(9) 

The curve of maximum Mj^ is a parabola, Fig. 87 having a 
maximum ordinate found by putting x = \l in (9) to be 

Jc) (10) 


64. Two Concentrated Loads. Let Wj and W2 (Fig. 88) be the 
loads (Wi being the greater) at a fixed distance d apart, d being less 
than W2/(Wi + W2) times the span /. 

Shearing Force. As the loads approach any section X from the 
left support A 

positive Fx = RB = {Wiy'+W2(y+6()}// 
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which increases until W2 reaches X, after which it suddenly 
decreases.^ 

If X is greater than rf both loads are on the span when W2 reaches 
X, 0 '=-^ — tind the maximum shearing force which then occurs is 
(from moments about A) 

maximum positiveFx = {W2-x: + Wi(x-rf))// , . (1) 

the curve being a straight line ce rising from W2^// at c (when 
lo W2 + Wi(/— c/)// at B. From A to c the curve is a straight 

line 

maximum positive Fx=W2A-// .... (2) 



Similarly, when the load Wi is over any section X, 

maximum negative Fx= — { Wi(/— .r)+W 2 (/— .v—r/)}// . (3) 

if X is less than /— rf, and for values of .y greater than l—d, the maxi- 
mum negative shear occurs when the load W 2 is off the span, and 

maximum negati\e Fx= —W i(/—.y)// ... (4) 

Bcuding Moment. As W 2 approaches X, the bending moment is 
Mx=-RB(/-.v)=-{\V,v + W2(y+^/)}(/-'.Y)// . (5) 


^ Fx ihen increases again until Wi passes X. As Wi reaches X. Fx has risen to 
Rfl- Wa-^iW.(.v I f/) T \\\ vl/7-- W^or{Wa(A'4-fi— /) i- W,x'://. This would exceed the 

value (1) if Wa(J~/) exceeds- Wic/, i.c. if d exceeds assumed 

W * * 

that d is less than - - vir ^ The other case presents no special difficulty. 

WiH W, 
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which evidently increases in negative magnitude as W 2 approaches 
X, reaching the value 

2Mx= -{ Wi(;c-rf)+ W 2 X 

or =-{(Wi+W 2 )jc-Wi^/K/-jr)// . . . . (6) 

when W 2 is at X (or 3 ’ + r/=A0, provided Wi is then on the span. 
The curve is a parabola which has evidently zero values for x = l 

Wi 

and X—- . d; it is shown at nkB (Fig. 88). 

Wj + W2 

When W 2 has passed the section X and Wj has not reached it, the 
bending moment at X 

oMx=-Ri3(/-^)+W2(y+^-A) 

= -{Wij + VV2(y + rf)}(/-x)//+W2(y + r/-A') . . (7) 

and differentiating with respect to y 

^x = _(W, + W2)(/-.v)//+Wj (8) 

rl\' 



Fig. 89 


which does not vary or vanish for any value of y (except for the 
section .\'=Wi//( Wi + W 2 ) when it is zero for all possible values of 
y), hence the greatest and least values of qMx occur at the limits of 
the range of equation (7), viz. x=y and A'=,i’ + r/. This will be clear 
from Fig. 89, which represents the bending moments at a given 
section X for various values of y (the distance of Wi from A). The 
values of j' arc shown horizontally from A along the base AB. Jf 
the section X is at a distance W,//(Wi + Wp) from A, the curve above 
CX would be horizontal. Jf such curves as I ig. 89 were drawn for 
every section of the beam, the maximum ordinates of each would be 
ordinates of the curve of maximum bending moment showm in 
Fig. 88. 

When W] has passed the section X, the bending moment 

Mx=-RA.-^=“{W,(/-v) + W2(/-y-r/)}A// , (9) 



Art. 64] MOVING LOADS 145 

which decreases in negative magnitude as W, recedes to the right 
from X, its maximum value being 

iMx= -x{Wi(l-x)+W2(l-x-d)}/l 

or “^{(Wi+W2)(/-x)-\V2r/}// . . . . (10) 

when Wj is at X (and y=x), provided W 2 is still on the span, i.e. 
not to the right of B. The curve is a parabola which has evidently 
zero values for x=0 and A:=/-W 2 r//(Wi+W 2 ); it is shown by 
A^h (Fig. 88). 

The value jMx from (10) is of greater (negative) magnitude than 
oMx from (6), if 

-W.ay/ exceeds -\Vi(I-x)d 
i.c. if A exceeds (/—a) Wj/W 2 
Hence if a point C (Fig. 88) divides the span AB so that 
AC7CB = W,/VV 2 or AC = Wi//Wi+W 2 
then in the range AC, iMx gives the maximum bending moment; 
and in the range CB, gives the maximum bending moment. If 
Wi is greater than W 2 , the greatest bending moment anywhere in 
the span evidently occurs where iMx is a maximum. This occurs 
at a value of a* midv\ay between the \al Lies which give iMx=0, or, 
djlfcreniiating (10) with respect to x. 

^i7- = -{Wia-.v)+W,(/-x-(/)-W,A--W2A:}// . (11) 


which is zero for Ar=i/- Jr/W./lWi+Wj) .... (12) 

i.c. the greatest bending moment on the beam occurs at a section 
under Wj when the centre of the span AB is midw ay betw^een Wi and 
the centre of gravity of the two loads W, and \V 2 , the centre of 
gravity being a distance W/W^/tW’i +W 2 ) to the right of mid-span, 
and Wj an equal distance to the left. This is a particular case of 
the general theorem gi\en in the next article. 

The greatest bending moment anywhere is found by substituting 
the value (12) of a* in (10) v\hieh gives 


w,+w,/ w,_ y 

4/ \ Wi+W. ' 


(13) 


which is the ordinate i?:/( f ig. SS’); the distance +W 2 ) is the 

distance of the centre of gravity of W, and Wj from the greater 
load W,. The value (10) for ,Mx only holds good so long as Wj is 
on the span, i.e. to the left of B. This condition is complied with 
from A to C, where iMx gives the maximum bending moment, for 
we have supposed that 1 / is levs than the length CB, or /W 2 /(W 1 TWi). 
Similarly the value (6) for 2 ^'ix holds good over the portion CB, for 
since (1 is less than /W,/(W‘+W 2 ) the load W, is always on the span 



146 


THEORY OF STRUCTURES 


[CA. VI 

when W 2 is between C and B. If r/ should exceed /W 2 /(Wi + W 2 ), 
the maximum bending-moment curve is made up of parts of three 
parabolas, viz. the curves from (10) and (6), and the curve of maxi- 
mum bending moment for Wj alone as in Fig. 86, Art. 62. 

The intersection of this curve with the other two may easily be 
found by equating —W i.\(l — x)/l from (7) (Art. 62) to (10) and (6) 
of the present article. If the distance i/ between the two loads is 
sufficiently great compared to /, the greatest maximum bending 
moment anywhere may occur when Wi only is on the span, viz. 
when exceeds the value obtained by equating — ^Wj/ (sec Art. 62) 
to the value (13). 



Fig. 90. — Two loads in revcrsihJe order 

Reversed Order. If the pair of loads VVj and W 2 may cross the 
span AB with either W, or W 2 to the left (as in the case of a traction 
engine crossing a bridge in either direction), the diagrams of 
maximum shearing force may be found from Fig. 88 by taking the 
greater of the two ordinates, positive or negative, at a given distance 
from the centre or ends, and using this in both positive and negative 
shearing-force diagrams as shown in Fig. 90. Similarly the diagram 
of maximum bending moment may be drawn by setting up on cither 
side of the centre of the span ordinates equal to the greatest of the 
two ordinates at the same distance from the centre in Fig. 88; this 
is also shown in Fig. 90. 
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65- Several Loads. The methods of the previous article become 
complex with more than two loads, and a graphical method which 
will give results as nearly correct as may be desired is usually 
adopted.^ 

Theorem. When a series of wheel loads pass over a beam simply 
supported at its ends, the maximum bending moment under any 
given wheel occurs when its axis and the centre of gravity of the 
whole load on the span are equidistant from the centre of the span 
(or from opposite ends of the span). 

Let AB (Fig. 91) be the span, and let W be the total load. Let the 
given wheel have reached a position P distant y from A. Let Wj 
be the load on the length AP, and let d and d' be the distances of W 
and Wi respectively from P. Taking moments about B 

RA = W(/-y + J)// 

V/ 


^ 

- T'^l 


) 0 



Rb 


Fig. 91 

The bending moment under the wheel is 

M ,, - \N,d ~R ,, . .V’ = W , J' - W(/-y 4-rOy// 
diiVerentiating with respect to y 

dv 

. ^ * I r\ ‘ r 

The maximum value of Mp occurs when - -=0, i.e. lor y= 

dy 

{l-\-\d, when the wheel P and the centre of gravity of W are each \d 
on opposite sides of C the centre of the span AB. 

Genera! Method.^ 

Bending Moment. Let AB, BC, CD, and DE (Fig. 92) be four 
loads which cross a span equal in length to Y], Set of! the force 
line abide to represent the magnitudes oi the lour loads; choose a 
pole and draw the ra>s ao, bo, do, and co, and the open funic- 
ular polygon lit, u\\ vxi, xive, and wy^; the extreme sides meet at t 
in the vertical line through the centre ol gravity of the whole load. 

^ An interesting cxuct griiphical construction ol maximurn hcnding-moinent 
diagrams for several loads is gi\cn in the Proc. trust. C.h., vol. cxli (1900), p. 93, 

^ I'liis method, with examples, will be (ound explained in articles on ^ Moving 
Loads on Railway Under-bridges," by Mr. 11. Bamford, in Lngincering, Sept. 7th. 
1906; also published separately. 
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This polygon will serve as bending-moment diagram for various 
positions of the loads on the span if we consider the span as moving 
to the left instead of the loads moving to the right. Divide the span 
into, say, five equal parts (ten would give greater accuracy, but five 
are used to avoid complication in the figure and explanation). 
Take the first position of the span between verticals through XiYi, 
so that the large load CB nearest the c.g. of the whole load is over 
the left abutment (Xi). Draw vertical lines through the abutments 



to meet the funicular polygon in Xi and Vi. Joining x^yi then 
Xiyiw is the bending-moment diagram, and the bending moment 
anywhere may be scaled off from the vertical distance betw^een xiVi 
and the lines xjw and vrj',, e.g. the bending moment f of the span 
from the left abutment is Z]y4. 

Now if the span moves 5 of its length to the left, the base line of 
the bending-moment diagram X2VXiWy2 is the closing side X2y2 
vertically under the span X2Y2; e, g. the bending moment 5 of 
the span from the left support (X2) is ::2.V5. Similarly moving the 
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span successive fifths of its length to the left gives the base lines 
X4y4, X5J5, and under the span positions X3Y3, X4Y4, 

X5Y5, and X6Y6 respectively. The approximate greatest bending 
moment at each J of the span may now be measured and set off on 
a base line XY equal to the span, e.g. for the six positions taken the 
bending moments f of the span from the left support areziy4> 
z^ye (or Z3Xi), Z4X2, Z5X2, and Zt,x4, and the greatest of these is 
Z3>'6 j which is then set off at cy 6 in the diagram of maximum bending 
moments on the base XY. The maximum bending moment under 
the load CB occurs when the centre of the span is midway between 
the vertical through t and the line CB; the base line of bending 
moments for this position is not shown, hut would join a point 
nearly midway between A'3 and X4 to a point nearly midway between 
V3 and >’4, and could easily be drawn. The greatest bending 
moment anywhere under load CB would occur at a short distance 
(half the distance of / from the vertical line CB) from the centre of 
the span XY. It is evident that this too would be greater than any 
occurring under any other of the loads, which have their maxima 
values further from mid-span. A curve through the maximum 
bending moments at each i of the span gives an approximate dia- 
gram of maximum bending moments at all points ol the span, 
which, like big. 88, would be really made up of a number of para- 
bolic arcs; further subdivision of the span would give a result more 


closely approximating to the true curve. 

Slicoring tovcc. through the pole 0 draw lines r>l, < 72 , 
<73, o4, and 06, parallel respectively to .vi.Vi, X2y2, X'3V3» ■^4V4> 
As Vs and meeting ahcdc. in 1, 2, 3 , 4 , 5 , and 6 respectively. 
Draw' horizontal lines through n, /?, c\ and e, crossing the spaces 
A, B, C, D, and F: respectoely ; these lines joined by the verticals 
g/i, /v/. ////7, and p<y, are shown cioss-hatchcd andtorm the shcaring- 
Ibrce diagrams. Ihe bases are the lines XiYj, X2^ 2^ X3Y3, etc., 
corresponding to the posilion ot the span. 1 aking, for example, the 
position X3Y1, the line ol parallel to a.v^, divides the load line ae 
into reactions c3, and 3</ at the left and right supports respectively, 
and the shear diagran^ qpnnilkhz: on the base 3 lollows as in 
Art. 41 . I'he maximum positive and ncgaiivc shearing forces at 
each i of the span are scaled from the various base lines, and plotted 
on the line XY of the maximum shearing-1 orce diagram, e.g, at f ot 
the span from the left support the positive shearing forces /n the 
first three positions are Z^Si, and Z3S3, after vvhic lere is 

no positive shear at this section. The maximum positive ordinate 
for this section is Z.S., which is set up at ZS.. The negative 
shcarinit forces for this section in the last four positions ol the span 
are Z3S' 3, Z.S^s, and Zt,S'o, and the greatest is Z4S 4, which is 


set downwards at ZS'4* 
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Some inaccuracy oi the maximum shear diagram results from the 
fewness of the parts (five) into which the span has been divided, e.^. 
the maximum negatis e shearing force | of the span from the left- 
hand support is measured from the line X 3 Y 3 under the load BC. 
If a base line intermediate to X5Y5 and X4Y4 were drawn, the value 
of negative shear obtained for this section occurs just as the load 
ED passes over it, and the amount is readily found by joining the 
points Z4, Z5, meeting the vertical line ED in a; then exq is the maxi- 
mum negative shearing force for this section. The same method 
may be applied sometimes as an exact, and sometimes as an approxi- 
mate one to other points, for over a moderate range the ends X and 
Y and consecutive positions of other selected points on the span are 
collinear ; for as long as the whole load is on the span the changes in 
the end reactions (and therefore shears between axles) are propor- 
tional to the travel. Corrected in this way the method yields a 
much closer approximation, and for a short load on a long span, 
exact values in the parts of the diagram which are important, i.e. 
where the ordinates are greatest. It wall be noticed in drawing out 
the figure (which the reader should actually do to appreciate the 
method) that the greatest ordinates are determined by the outer 
loads, ix\ the positive and negative maximum shears at most 
sections occur when AB and HD respectively are passing over them. 
But the five divisions of the span were given positions with respect 
to the load CB which dominates the greatest ordinates of the 
maximum bending-moment diagram; consequently this diagram 
gave a closer approximation to the true values. Increased accuracy 
in the bending-moment diagram may be obtained by marking vertical 
reaction lines through X and Y, and a vertical line midway between 
them on a piece of tracing paper, and picking out maximum bending 
moments under dominating loads such as BC for other points on 
the span. The result of Art. SI may be employed in conjunction 
with the graphical method to obtain increased accuracy if desired. 

Sometimes a diagram such as Fig. 92 is set oil' from a horizontal 
base line either by taking the pole o on the level of a say, or by 
calculating the moments of the loads about some point, and setting 
these otT in succession as intercepts on a vertical line through the 
chosen point, and thus drawing in a polygonal bending-moment 
diagram without the use of the force diagram oabcdcy the inverse of 
the process in Art. 33 and Fig. 30. 

These methods arc particularly convenient for a scries of spans, 
for the diagrams of bending moment and shearing force for say a 
300-ft. span will serve w'ith movable base lines for picking out maxi- 
mum values for all smaller spans. A sheet of tracing-paper with 
parallel lines ruled on it forms a convenient movable base line. 

Reversed Order. If, as is usual, the order of loads is reversible. 
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the maximum bending-moment diagram will reach equal ordinates 
at equal distances from the centre of the span, and the shearing 
forces of opposite signs will also be of equal magnitude at equal 
distances on opposite sides from the centre of the span; the larger 
values in Fig. 92 will give those required on either side of the centre, 
66. Position of Load for Maximum Bending Moment at any 
Section of a Beam. For a scries of concentrated loads the position to 
give a maximum bending-momeni to any given section C (Fig. 93) 
in passing over a beam AB may be found as follows. Let Wj be 
the load to the left ofC, W the total load on AB, and a' the distance 
of its centre of gravity from A; let the (constant) distance of the 
centre of gravity of Wi to the left of W be d. Then the bending 
moment at C, 

Mc=“RA^^+W|fr/+r/-A) = -W^(/-A)// + \Vi(rf+r/-;c) . (1) 


15 -./ - 4 '^ 



Fig, 93 


For a small moscmeni to the right 

(IS], '(L-\\5///-\Vi 

which is also equal to 

,,fW-W’i-\V,(/-./')/u}/7 .... (2) 

For a maximum value of (negative) this must change from 
negative to positive. (For a distributed load it will attain a zero 
value, but for coneeiiirated loads it will pass diseontinuously 
through zero as a load passes over C). This can only take place 
as a load passes C moving to the right. (A load passing B decreases 
W, and cannot change (2) fioin negative to positive; a load passing 
A increases \N'i more than it iloes Wn/7, and therefore cannot change 
(2) from negative to positive.) Regarding the load just passing C 
as partly on either side, and Ctiuating (2) to zero 

= VV, or VVn;7=Wi or W//=Wi/a . (3) 

i.e. the average load per foot between A and C is equal to the average 
kiad per foot for the whole span; hence also the average load 
(W — \V|);(7— «) between B and C has also the same value. It may 
perhaps most conveniently be remembered that the passage of the 
load over the section C changes 

(W-W,)-Wi(/-fl)/a 
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from negative to positive, i.e. changes the quantity 

load to right of C — (/— «)/^ x load to left of C 

from negative to positive. This defines the position of the load to 
give a maximum bending moment at any section C. In the passage 
of a given set of wheel loads two or more maximum values may 
occur each satisfying condition (3). The value Me for each position 
must be calculated, and the greatest of these values is the maximum 
required. 

At the centre of a span a=\l, and (3) becomes 

W=2Wj or W-Wi=Wi .... (3a) 
i.e. the load on cither side of the centre is equal, which condition is 
satisfied ^^hen a load is passing over the centre of the span changing 
(W — Wi) — Wj from negative to positive; that is, changing 

load on right — load on left of centre 
from negative to positive. 

Case Jar a Braced Cinler. If the beam is a jointed frame or truss 
carrying tlic loads on say the bottom joints, the foregefing investiga- 
tion will only hold good for maximum moments about lliose joints. 
For any other, such as C‘ in big. 94, let VVi be the load on panels 
from A to E, the load on the panel ED in which C lies, and W 
the total load on the span AB, the positions of the centres of gravity 
being as shown in Fig. 94, the hori/ontai distance of C from L 
being h and the length of the panel ED being A. The portion of the 
load W 2 earned at E will be 


W 2 XFD,LD = \V 2 . (AD-.v-^/');/c ... (4) 

and the bending moment at C is 


Mc=-RA« + W](r;-a') + \V2(AD---A--^/)/;;A 

= — \sa{ — + 4- W ’ 2 ! A D — A' — d ' )]i!k ( 5 ) 

^/McA/a = WV///- Wi - WA/z/A' (6) 

For a maximum (negative) value of M^^this changes lioin negative 
to positive; 

dM Jdx = 0 = Wr; 7 - W j - W .A/ A' 


W^WH-W,/^ 
/ a 


(7) 


This only differs from the result (3) for a solid beam or over one of 
the loaded bottom joints in that the term appears instead of 

that part of W 2 which lies on the length h to the left of C. The 
difference would generally be very small. 

67. Load Position for iMaximum Shearing Force at any Section of 
a Beam* In the case of a solid beam with concentrated moving 
loads directly carried there will be at any given section a continuous 
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and uniform change of shearing force as any load approaches the 
section, and a sudden or discontinuous change as each load passes 
it; hence there will be a succession of maximum shearing-force 
values (positive and negative) for that section. The greatest of 
these values may easily be found by trial as in Art. 65. 

Case of a Truss. Using Fig. 94 and the notation given in Art. 66, 



Fig. 94 

for any section C, the negative shearing force at C 
Negative Fc= -R a+Wj +W 2 FD/ED 

( 1 ) 

For a maximum value 

JFc:;V/A=0 = W;/-W2/^' .... (2) 

or W//=W^./A: ... (3) 

or if there are n equal panels of length k in span / 

Load on panel (W 2 ) = load on span (W)// . (4) 

For a maximum shearing force at C there would generally be no 
load to the right of D, and for a maximum negative shearing force 
no load to the left of F, condition (4) giving the load on ED. 



Fig. 95 


68. Load Position for Maximum Pressure on Supports. When a 
number of axle loads at fixed distances apart traverse a series of 
longitudinal beams, called rail bearers or stringers, supported on 
cross-girders wliich convey the load to the main girders of a bridge, 
it is important to consider the maximum load carried on any support 
or cross-girder. Let AB and BC, Fig. 95, be two consecutive spans 
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supported at A, B, and C, the beams being discontinuous at each 
support. In the position of loads shown in Fig. 95, let the variable 
distance of the first load Wq from A be a'. Then by moments 
about A and C the total reaction at B 

Rj3 = (WoA+Wi(A + ^A) + W2(A+J2)+etC.]//j 

+[w;{/-(A+rf;)]+wa/-(x+^/:)}+ etc.]//2 . . (D 

and for a small change in a 

./Ri3A/A = (Wo + \Vi+W2+etc.)/i-(Wi+W^ + Wi+etc.)//2 

= 2(W)//i-Z(\V')//2 (2) 

For maximum values of R^, must change from positive to 

negative. As in Art. 66, this can only occur when a load is passing 
from one span to the next, crossing B. When this load is partly on 
each span ^/Ri,/rfA =0, and for this condition 

^(W) I(W0 I(W)_ I(W') 
dx h 1 2 /i h • ‘ 

i.e. the average load on each span of the rail bearer or stringer is the 
same, and tlie same as the average on the two spans. Taking the 
loads as moving to the right, this condition (3) occurs as one load is 
crossing the support B, and so bringing the average load per foot on 
BC up to or beyond that on AB. During the passage of a given set 
of loads there may be two or more minima for positions satisfying 
(3); if so the pressure for each must be calculated and the greatest 
value found. 7'he pressure on B when the maximum value occurs 
is easily calculated as in (1), which must include the weight directly 
over B. 

If /i = /2 condition (3) becomes 

2(W)=I(W') (4) 

i.e. the load on the two adjacent spans must be equal. 

It wall be noticed that the condition (3) for a maximum reaction 
at the intermediate support in the length AC (Fig. 95) is the same as 
for maximum bending moment at any intermediate section in the 
length AB (Fig. 93) given at (3), Art. 66. 

Further, if Me is the bending moment at C (Fig. 93), and R^ is 
the reaction at C, if there were a support at C, AC and BC being 
discontinuous, by taking moments it is easy to show that 

Rc=-McX{l/^+l/(/-^?)} or -McX/:Ui(I-a)}. (5) 

And in particular if the spans a and I— a arc equal ([/) 

Rc=— McX4// or —McXl/a ... (6) 

i.e. the maximum pressure on cross-girders pitched a distance a 
apart is Ija times the greatest bending moment on a span 2a for the 
same moving load. 
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69. Equivalent Uniformly Distributed Load. For designing the 
flanges and other parts of a girder to suit the varying bending 
moment, it is usual in British railway practice to find the uniformly 
distributed load which would give a bending moment everywhere at 
least equal to that caused by the actual greatest rolling load. The 
bending-moment diagram for such an equivalent load would be a 
symmetrical parabola completely enveloping the diagram of maxi- 
mum bending moments for rolling loads. In the single rolling 
load (Art. 62), or a uniformly distributed moving load shorter than 
the span (Art. 63), the diagrams of maximum bending moment 
(Figs. 86 and 87) are parabolic, and the same parabolas will be the 
diagrams for the equivalent distributed load on the whole span. 
The load per foot h’' equivalent to the concentrated load W is found 
by equating the moments 

{ ve' A ( l — x)=\V(l — A' ) A'// 
as in (7) Art. 61, and (7) Art. 62, which gives 

w'==2\V;i 

And the value of w' equivalent to a distributed load w per ft. on 
a length c (see (9) Art. 63) is found from 

— A') = MrA'(/— a')(2/— r)/(2F) 

which gives 

w' — 2wc(2l — r)/2/^ 

In more general cases the maximum (central) ordinate of an 
enveloping parabola is often much greater than the neighbouring 
maximum ordinate of the diagram of maximum bending moments 
for the actual rolling load, and this arises partly from the fact that 
the enveloping parabola includes all ordinates, including small ones 
close to the end supports. But this is not generally necessary, for 
the flanges areas, modulus of section, and resistance to bending of a 
girder will near the supports for practical reasons be more than ample 
for resisting the small bending moments. A more reasonable plan 
for determining the modulus of the central section of a girder is to 
determine the parabola (and corresponding load) through the ends 
ol'the span, and enveloping the maximum bending-moment diagram 
for that part of the length of the beam over which the bending 
moment may exceed the minimum sale moment of resistance of the 
girder, viz. its safe moment of resistance at its ends. Experience 
shows about wnat fraction of the maximum modulus of section the 
minimum modulus will be for given length of span; such a fraction 
v^'ill decrease with increased length ol span. A numerical example 
will make this point clear. 

Example. Tw^o loads of 10 tons each 12 ft. apait cross a span 
of 24 ft. Find the equivalent uniformly distributed load if the 
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minimum modulus of section or product of depth and flange area is 
at least 40 per cent, of the maximum modulus of section on a 24-ft. 
span. 

From (10), Art. 64, the maximum bending moment at a distance x 
from one end is 

Mx = - x{ 20(24 - A ') - 1 20 }/24 = - 5a'(1 8 - a ')/6 ton-ft. 

which reaches zero for a '=0 and a '= 18 ft., and a maximum negative 
magnitude for x = 9 ft. When its value is 

— 7-5 x9 = — 67*5 tons-ft. 3 ft. from the centre of the span. 

The diagram of maximum bending moment is shown at ADCGB, 
Fig. 96. The safe moment of resistance of all parts of the girder 
will exceed 

1 ^ 0-0 x67*5=27 ton-ft. 


H 



So wc may neglect all points on the diagram below the level (27 ton- 
ft.) of the horizontal line FG, and circumscribe the remainder of the 
diagram by a parabola AFHGB. This may be accomplished by 
drawing a parabola through A and F, having the centre line KC as 
axis. Let a and h be the co-ordinates of the intersection F of the 
line FG and the parabola AFC. The length a may be measured 
from the diagram or calculated thus: 6 = 27 ton-ft., and from the 
above equation for Mx 

iA(18-A) = 27 hence a or a = 9- x/(48*6) = 2 03 ft. 

The central height h or HK of the parabola is then 


A=6 


(// 2)2 


a(l-a) 


44*60 


= 87*2 ton-ft.. 


giving the vertex H from which the parabola AFHGB can easily 
be drawn. If w is the equivalent load per foot 

fvF/S or 72iv = 87*2 w=l*21 ton per foot run. 
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The parabola circumscribing the whole figure from A to B would 
have the same tangent at A as the parabola AFDC; its slope at 
x=0 is found by dilTercntiating Mx to be ^ x 18 = 15 ton-ft.per foot. 
For a central ordinate h' the slope at A=4/77/=4//724 = 15. Hence 
h' =90 ton-ft. The vertex might also easily be found graphically 
from the fact that the vertex D bisects the projection of the tangent 
at A on the axis DL, and the vertex of the circumscribing parabola 
bisects the projection of the same tangent (produced) on the axis 
KC. 

Other Cases. The formula 


will hold good when the co-ordinates such as a and b of various 
points are determined graphically by such a method as is given in 
Art. 65, trial being necessary w ith various points to find the greatest 
value of h, i.e. the height of the parabola which will envelop all the 


points. 

The equivalent uniform load is also sometimes taken as that which 
would give the same maximum, and in some cases as that which 
would give the same average ordinate of the maximum bending- 
moment diagram; such an equivalent will generally give maximum 
bending-moment values for some sections which are less than the 
actual N allies, and for other sections values greater than the actual 
ones. In other w'ords, the parabolic diagram will in some places 
fall within and in others outside the actual diagram of maximum 
bending moments, Ihc errors will decrease with increase of span 
w hen the actual diagram of maximum bending moments wall become 
more nearly a symmetrical parabola. Equality of average ordinate 
is the safer rule, and gives generally a greater central value. It may 
be approximately found by making the parabola agree with the 
actual diagram at i-span from the supports, so that il w is the 
uniform load per foot from (7) Art. 61 

(u’'/2)(//4)(3//4) = moment at i-span 

h'' = 32/3x(M at i-span)/P 


There is no dehnite and general convention as to the piecise signi- 
ficance of the term equivalent uniform load. 

Equivalent uniformly distributed rolling loads for shear may also 
be found giving the same maximum ordinate as the actual diagram, 
but low'er ordinates near the middle ot the span; these loads will be 
greater than the equivalent uniform load for bending nioments, 
particularly in short spans. No uniformly distributed load wil 
give a maximum shear diagram completely enveloping that tor the 
actual loads, for it cannot give, say. the same maximum Positive 
shearing force very near to the left suppoit, as occurs lere un er 
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concentrated wheel load; an inspection of Figs. 85 and 86 will 
show this, since the parabola with vertical axis has a horizontal 
tangent at its vertex. But near the middle of the span the shearing 
resistance of a girder will usually be greater than is necessary, and 
where the positive shears are low near a support the girder has a 
resistance sufficient for high negative shears. 

Other Equivalent Loads, The actual maximum bending moments 
and shearing forces produced by a given train load may very nearly 
be reproduced by a uniformly distributed load, together with a con- 
centrated load. Thus, Lea ^ finds that for a large number of loco- 
motive loads on British railways for spans from 100 to 200 ft. 
(single track) for all sections the maximum shearing force may be 
represented by the clfect of loads of 2 tons per ft., together with a 
load of 18 tons in the most influential position (sec Arts. 73 and 74). 
The same loading gives close results for the maximum bending 


Cooper’s E 40 Lnadmq 



Fifj. 97 

moments, but may, of course, be replaced by a uniform load of 
2 + 36// tons per ft. 

70. Conventional Train l.oads. Instead of using equivalent 
uniformly distributed loads for the purpose of bridge design, a 
common practice in America and elsewhere is to use a conventional 
train load, consisting of axle loads representing something like 
railway loads, but simplified in distances apart and load per axle. 
In Cooper’s system the spacing of the locomotive axles is in whole 
numbers of feet, and is kept constant for trains of ditferent weights. 
Consequently, for every section in a given span the maximum bend- 
ing moments and shearing forces are proportional, and if calculated 
for one train loading can be found for any other by multiplying by a 
constant factor. Fig. 97 represents C’oopcr’s E 40 and E 50 
loadings for a single line of railway. Thus class E 40 consists of 
two locomotives (each weighing about 127 English tons) with the 
axle loads shown, followed by a train load uniformly distributed of 


i Proc. Inst. C.E., vol. clxi, p. 284. 
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4,000 lb. per ft. Class E 50 is derived from it by multiplying all 
loads by For bridge design loading on this basis is chosen of 
such weight as to be at least equivalent to any train load used on the 
railway. One advantage of this method over tables of equivalent 
uniformly distributed loading for bending moment is that the same 
loading may be applied to find the maximum shearing force. 

Standard Loading for British Railways. The system of “ unit ” 
loading recommended by the Ministry of Transport is that devised 
and published by the British Standards Institution. ^ As shown in 
Fig. 98, the distances between the axles are stated and a ratio is 
specified between the loads on driving axles and tender axles of 
locomotives, and the propoition of wagon load is similarly specified 
as a fraction of a unit of load per lineal foot. An alternative two- 
axle load is provided for short spans, where the clfect is to put more 
weight in longitudinal girder under lO-ft. span and to put more on 
cross-girders than would result 1‘iom a four-axle distribution. In 


Units 1111 

Q)(DQ.ai 


r,7 75 73 1 t t J 


75 75 


<I> p m JO per /',uf 


1 1K") j r5 

O' (^f) 


(for uf ffj 'Jioti 


fici. 98 

the British Standard Specification No. 153, tables will be found 
giving the maximum bending moments produced by a one-unit 
loading for spans up to 300 ft. and the corresponding uniformly 
distributed load. The figures given in the table only need to be 
multiplied by the prescribed number of units for any class of line 
and tratlic to give the conesponding bending moments or equivalent 
loads. A usual conventional load lor main lines is IS units (which 
corresponds to 18 tons on each driv ing axle, 13'5 tons on each tender 
axle and a train load of 1 S tons per lineal ft). 

The tables drawn up by the Bridge Stress Committee (see Art. 31) 
add to these values an allowance lor hammer blow, i.e. for an impact 
elfect. 

Example 1. Find the maximum bending moment at the centre 
of a 40-ft. span vv hen it is crossed by the load F 40 , Ait. /O. Marking 
on the edge of a strip of paper a length of 40 It., and its middle point 
to scale and sliding it under load F 40 , Fig. 97, it is evident that the 

' U-S.S. No. 153, Appendix lo I’aits .1, 4, and 5 (1925). Also Addendum (1930). 
These include unil loadings for highway bridges. 
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condition (3a), Art. 66, is satisfied when the fourth load from the left 
is passing over the middle of the span. For then the load in 1 ,000-lb. 
units is 20 +40;f 40+40 = 140 to the left of the middle, and 40+26 + 
26=92 to the right of the centre, and the load 40 passing to the right 
increases the 92 to 132 as it reduces 140 to 100, the loads on either 
side passing through equal values. The bending moment for this 
position is easily calculated; taking moments about the right-hand 
support for a 40-ft. span in 1,000-lb. units. 

Left-hand reaction x 40 = 20 x 38 +40(30 + 25+20 + 15)+ 26(6 + 1) 
=4,542. 

Left-hand reaction =-40^ = 1 13-5 thousand pounds. 

Bending moment at centre = — l 13*5 x20 + (20x 18) + 40(10 + 5) = 
— 1,311 units, a bending moment of 1,311 ,000 lb. -ft. 

Example 2. Find the maximum reaction on one of a series of 
cross-girders spaced 20 ft. apart when they arc traversed by a load 
E50, Art. 70. 

By (6), Art. 68, this would be 2^0 or /o times the maximum 
bending moment at the centre of a 40-ft. span. But using the result 
of Example 1 above, this bending moment would be 

1,311,000X4 = 1,638,750 Ib.-ft., 
hence the maximum reaction is 

---Y(f-- = 163,875 lb. 

71. Combined Shearing Force Diagrams. The shearing force 
exerted by the dead loads on a beam is at any section always the 
same, being positive at some section and negative at others. At any 
given section the extreme values of the resultant shearing force are 
found by adding algebraically the constant shear due to the dead 
load to the maximum positive and negative shears respectively caused 
by the line load. The resultants will form a diagram showing the 
limits of the shearing force at every cross-scclion and whether or not 
at any given section any change of sign in the shearing force takes 
place. 

At (3) of Fig. 99 the ordinates from A'B' to e'f' are equal to those 
from AB to efed (2), and the ordinates vertically upw^ards from e'f' 
to A'gc give the maximum positive shear due to the combined 
loads; the ordinate at g is zero, the negative shear due to the dead 
load being at this section just suflicient to neutralise the maximum 
positive shearing force due to the live load. To the left of g the 
negative shearing forces of the dead load exceed the maximum 
shear forces due to the live load; the shear to the left of g is always 
negative, the ordinates from gf' to gA' giving the minimum magni- 
tudes of the negative shears, and the ordinates from gf' to BVr 
giving the maximum magnitudes. Similarly to the right of h the 
shearing force is always positive, the vertical ordinates from he' 
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to A'gc giving the maximum magnitudes and those to hB' the 
minimum magnitudes. 

Sections between g and h are subject to a change from positive to 
negative shearing force of the magnitudes given by the vertical 
ordinates from the line ef or gh to Age' and to B'hd' respectively. 


c 



(0 


( 2 ) 


( 3 ) 


( 4 ) 


Fig. 99.— Combined shcaring-forcc diagrams for moving and dead loads 


The diagram of the extreme values of the shearing force on the 
span AB is again shown at (4), Fig. 99, the ordinates being measured 
from the horizontal base line AB, and being the algebraic sum of the 
ordinates in (1) and (2). The form (3) is rather easier to construct, 
but (4) is perhaps clearer. The length pq over which the shearing 
G 
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force changes sign is sometimes called the focal length of the span. 
The position of the point p may be found graphically from the dia- 
gram, or algebraically if general expressions for shearing force due 
to each kind of load separately can be written and equated. 

Example. Span 50 ft., live load 2 tons per foot run, dead load 
i ton per ft. Find the length over which the shearing force 
changes sign. 

At a distance x from the left end — 

Maximum positive shear due to live load = hu' 2/2/= 2x2/ 100 = 
x^/50 tons. 

Magnitude of negative shear due to dead load = vr(^/— x) = 
i(25-x). 

These magnitudes are equal when 

x2/50 = 3(25-x) or x2 + 37-5x-937-5=0 
and neglecting the negative value of x (which is not on the span) 

x = 17]5ft. 

Distance over which shear changes sign is 

50~2xl715=15-7ft. 

72. Influence Lines. An influence line is a curve showing for 
(?ne section of a beam the shearing force, bending moment, stress, 
deflection or similar function for all positions of a moving load. It 



c 

Fig. 100. — Influence line lor bcndinir. moment 


is important to distinguish between influence lines for bending 
moment or for shear and the diagrams previously dealt with in this 
chapter showing the maximum bending moment and shearing force 
at all sections of the beam.^ 

73. Influence Line for Bending Moment. Single Load. Consider 
the influence line for a point C, Fig, 100, on a span AB = /, distant a 

‘ For supplementary work on influence lines see W. Abbot’s Practical Geometry 
and Engineering Graphics^ 3rd edition (Blackic), pp. 110-120. For application to 
continuous bejims see “ Moving Loads on Continuous Beams,” by J. J. O’Dovovan 
in Engineering, Nov. 21st and 28th, 1947. 
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from the support A and I— a from the support B, for a single load 
W crossing the beam AB. When the load is distant jc (greater 
than a) from A, the reaction at A is W(/-x)//, and the bending 
moment at C, neglecting the negative sign, is 

^(l—x)a/l 

which varies from Wa(/— a)// to zero as x increases from a to I, i.e. 
as the load moves from C to B. The vertical ordinates of the line 
DB represent this varying bending moment at the fixed point C. 
Similarly the line AD by its ordinates gives the bending moment at 
C for all positions of the load between A and C, and ADB is the 
complete influence line in this case. It is quite evident that the 



bending moment at C is a maximum for x=a, i.e. when the load is 
at C, as already mentioned in Art. 62; the maximum bending 
moment for two concentrated loads has been shown in Art. 64, 
Fig. 89, which is a modified influence line for two loads. 

Uniformly Distributed Load. Let the influence line ADB, Fig. 
101, be drawn as in Fig. 100 for the point C for unit load (say 1 ton). 
Then any ordinate .v distant x (greater than a, say; from A represents 
a bending moment at C 

—a{l—x)ll 

and if the moving load is w per foot run, a length dx distant x from 
A would exert a bending moment 

— wdx X a{l—x)jl 

at C, represented by w times the strip of area ydx. Similarly every 
strip of area above a load between E and F represents a bending 
moment, and the total bending moment at C resulting from a 
uniformly distributed load from E to F would be represented by 
area 

w X EFGH or wj ‘ydx 
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and for all positions the bending moment at C is represented by the 
area over the loaded portion. 

For a load longer than the span it is evident that the maximum 
bending moment at C occurs when the bending moment is repre- 
sented by the whole triangle ADB, i.e. when the load covers the 
whole span. For loads shorter than the span it is easy to show 
here that condition (8), Art. 63, must be satisfied for the bending 
moment at C to be a maximum, and if d is the length of the load the 
distance of the loaded portion from A is a—adjl. 

The scale on which the area under the line ADB represents the 
bending moment is wqq' ton-ft. to 1 sq. in. if the linear horizontal 
scale is q ft. to 1 in. and the scale of bending moment vertically for 
the unit load is q' ton-ft. to 1 in., i.e. DC=a{l—a)llq' in. 

74. Influence Lines for Shearing Force. Single Load. Consider 
the influence line for shear at the point C (Fig. 102), distant a from 



D 

Fig. 102. — Influence line for shearing force 


the support and I— a from the support B on a beam of span / crossed 
by a single load W. When the load is distant x greater than a from 
the end A, the (negative) shear at C is equal to the upward reaction 
at A, which is found by taking moments about B 

Ra/=W(/-x) 

Shearing force at C= —Ra= —W(/—jr)// . . . (1) 

This value varies as the ordinates of a straight line DB, from 0 at 

B, where x=l, to a maximum negative value DC=— W(/— a)// at 

C, where x=a. When the load is between A and C, x is less than a, 
and the positive shear at C is equal to the reaction at B, viz. 

Shearing force at C= -t-Wjc// 

which varies as shown by the straight line AE from 0 at A, where 
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jf=0, to a maximum EC=Wa// at C, where x=a. The complete 
influence line for shearing force at C is AEDB. The maximum 
shears obviously occur when the load is just reaching C. 

Uniformly Distributed Load. Let ADEB (Fig. 103) represent the 
influence line for shear at C for a unit load, say 1 ton, moving over 
the span AB. Then the ordinate y, at a distance x from A, repre- 
sents 

— lx(/— x)//or +\'Kxll 

according as x is greater or less than a. If a distributed load w per 
foot is on the span, an clement wdx, distant x from A, exerts at C a 
shearing force wdx times that represented by the ordinate y, and is 



represented by the area y . dx in the figure. A similar conclusion 
holds for every vertical strip of area between, say, F and G, and the 
total shearing force at C resulting from a distributed load between F 
and G is represented by the area 


H' X FGHJ, or M 



and for all positions the shearing force at C is represented by the area 
enclosed over the loaded portion by the line ADEB. The shearing 
force (positive or negative) at C evidently has its greatest value when 
the load just reaches C; if the load extends on each side of C the 
areas must be added with proper algebraic sign. 

The scale on which the area under the line ADEB represents the 
shearing force is wifq' tons per sq. in. if the linear or horizontal scale 
is q ft. to 1 in., and the scale of shearing force for the unit load is 
q' tons to 1 in., i.e. DC=fl/(/i/') in. and EC={l—a)iilq) in. 

75. Influence Lines for Frame or Truss. (1) For Shearing 
Force. When the rolling load is transferred to the beam at joints as 
in an articulated frame or truss, or any bridge floor supported on 
cross-girders, the shearing force at all sections in any one panel (or 
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space between two consecutive joints) is the same. Thus in Fig. 104, 
if the load is carried by the lower joints, between D and C, the shear- 
ing force is the same for all points. Consider the influence line for 
shearing force in this panel when unit load (say 1 ton) crosses the 
span AB, which is divided into n equal panels each Ijn long. Let 
there be tn panels to the left of D, and therefore n — 1 — m panels to 
the right of C. When the load is between A and D, distant x from 
A, the shearing force in the panel DC is equal to the reaction at B, 
viz. 

1 xjr// 

and the influence line is AE varying from 0 at A to min at D- 



Fig. 104. — Influence line for shear in braced girder 


Similarly when the load is between C and B the shearing force in 
the panel DC is equal to minus the reaction at A, and the influence 
line is FB varying from (« — 1 —m)ln at C to zero at B. As the load 
moves from D to C, the shearing force between D and C diminishes 
from the (variable) reaction at B by the amount of the load carried 
at the joint C, which, like the reaction at B, varies uniformly with 
increase of x: hence, the shearing force in the panel varies uniformly 
with X, that is, as the ordinates of a straight line. Hence the straight 
line EF is the influence line. In symbols the shearing force in the 
panel DC, which is the reaction at B minus the load carried at C 
(found by moments about D), is 

xjl—(x—mlln)-i-lln=(x—nx+ml)ll ... (1) 
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which varies as a straight line from mjn when x=mlln at D to 
— (m — 1 —m)ln at C when x=im + \)l/n. 

The line AEFB is then the whole influence line for shearing force 
in the panel DC. The maximum positive and negative shearing 
forces occur when the load is just to the left of D and right of C 
respectively. 

Exactly as for the solid beam the area under the line AEFB and 
above any uniformly distributed load w per unit length, represents 
the shearing force in DC due to the distributed load. Evidently if 
the load is longer than BG the maximum shearing forces in the 
panel DC occur when the load reaches from an abutment to a 
point G which divides DC in the ratio /n to /? — 1 — m so that 


DG 


m 


.DC = 


m 


n 


CG = 


n — 1 — m 

rt -1 “ 


.DC= 


n — 1 — m 
n-\ 


/ 

It 


( 2 ) 


AG=mll{n-\) BG=(a 7-1 -m)//(Ai-l) . . (3) 

It may be noted that >vxDG=w . KGjn in accordance with (4), 
Art. 67. 

The maximum positive shearing force on the panel DC is 

w w ml I m l\ 

w X area AEG = - x ED . AG =-~ . - m- H . - | 

2 2 n\ n n-\ n) 

=ivrm2//„(;z— '1) (4) 

And in the last panel on the right — 1, and the maximum 

shearing force is ^ . /, w'hich would be the maximum shearing 

2 n 

force at the abutment of a solid beam of length equal to w — 1 
panels, 

1 he maximum negative shearing force in the panel DC is 


w X area 


BG F = % CF . G B - . ; 

2 1 n \ n 

^n — \—m l\_w {n—\—m)^ , 

^ ~i^l~ 'n)~2‘ ' ■ ' 


( 5 ) 


And on the first panel on the left m=0, and the maximum nega- 
tive shearing force is — l)///z as for the positive value at the 
other end of the span. 

The maximum shears in the 1st, 2nd, 3rd, 4th, etc., up to the nth 
panel arc respectively 

0 , 12 , 22 , 32 , etc. . . . (n-\y times iwlln{n-l) . (6) 

or 




1 


times . (n — 1), 
2 n 
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which is the value in the end panels. Thus a parabola AHJKLM, 
the ordinate BM being ^w{n — \)lln, shows the maximum shearing 
force in each panel if the span is divided at ANPQRB into /i — 1 
equal parts, and ordinates erected to cut the parabola. The points 
of division N, P. Q, R, B also indicate the load positions for maxi- 
mum shearing forces, for in (3) above AG=/n//(rt — 1), the points 
of division for the successive panels being 0, //(/z — 1), 2//(/i — 1) . . . 
(n— 2)//(/2 — 1) and / from A. 

For application of this influence line see Art. 133, and for exten- 
sions to the case of trusses with a curved chord see Art. 134. 

(2) For Bending Moments. For a vertical section which cuts 
a joint of the loaded chord, say AB, Fig. 105, the influence line will 
be as in Fig. 100, Art. 73. For other sections such as C, Fig. 105 
(including joints of the top chord), when loads are carried from 



Fia. 105. — Influence line for bending moment in braced girder 


joints of the lower chord the influence line will be the same for say 
unit load crossing the span AB as for a solid beam when the load is 
between A and E or between F and B. Hence it is AG and HB 
(Fig. 105) over these respective ranges where ADB would be the 
influence line for a solid beam. When the load is between E and F, 
i.e. in the panel in which the vertical section through C falls, the 
influence line will no longer be as for a solid beam, since the load is 
carried by the beam at the joints E and F. But it is evident that 
the bending moment at C will vary uniformly with the distance 
advanced by the load between E and F, i.e. the influence line will 
be a straight line joining G to H, and hence AGHB is the complete 
influence line for C when unit load traverses the span AB. For 
uniformly distributed loads we proceed as in Art. 73, i.e. the 
bending moment at C is represented by areas under the line AGHB 
and above the loaded portion, which clearly shows that the bending 
moment at C is a maximum when the span is fully loaded. 
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Examples VI 

1. A load of 1 ton per ft. and over 60 ft. long crosses a span of 60 ft. 
Draw diagrams of maximum shearing force and bending moment. State 
the maximum positive and negative shearing force and maximum bending 
moment at 15 and 30 ft. from the left-hand support. 

2. A single rolling load of 2 tons crosses a girder of 30-ft. span. Draw 
the diagrams of maximum shearing force and maximum bending moment, 
and state the maximum positive and negative shearing forces and the maxi- 
mum bending moment at sections 5, 10, and 15 ft. from one end. 

3. Draw the diagrams of maximum positive and negative shearing force 
and maximum bending moment for a load of \ ton per ft. and 30 ft. long 
crossing a span of 100 ft. What is the maximum positive shearing force 
at 15, 40, and 50 ft. from the left-hand support? State the maximum 
bending moment at the same sections. What load per foot extending over 
the whole span would produce the same maximum bending moment at every 
section as the above load? 

4. The axle loads of a traction engine arc 16 and 8 tons at a distance of 
15 ft. apart, and the engine crosses a girder of 50-ft. span, the smaller load 
leading from left to right. Draw the diagram of maximum bending moments. 
State the greatest ordinate and its distance from the centre of the span; also 
the maximum bending moment midway between the supports. 

5. Work Problem No. 4 for a span of 25 ft. Below what span will the 
greatest bending moment anywhere occur when the smaller load is off the 
span ? 

6. Five loads A, B, C, D, and E, in the order given, cross a span of 60 ft. 
The loads at A=12 tons, B = 20 tons, C=20 tons, D = 8 tons, E=8 tons. 
The distance between the loads in the same order are 7, 7^, 7, and 6 ft. Draw 
the diagrams of maximum shearing force and maximum bending moment. 
Where docs the maximum bending moment occur and what is its amount? 

7. Calculate the maximum bending moment at the centre of a span of 
80 ft. when crossed by a train load class E30 (Art. 70). Also for a span of 
30 ft. 

8. Estimate the maximum pressure on cross -girders 15 ft. apart when a 
load of class E50 crosses a bridge. 

9. Estimate the uniformly distributed load which would give the same 
maximum bending moment at 20 ft. from one support as the load E40 
(Art. 70), on an 80-ft. span. Find the greatest maximum bending moment 
anywhere on the span for the uniform and for the actual load. 

10. With the data of Problem No. 1, find the length over which the shear 
changes sign if the dead load is i ton per foot run. 

11. By means of the influence lines find maximum bending moments and 
positive and negative shearing forces at a point 40 ft. from the left abutment 
when a girder of 100-ft. span is traversed by a rolling load of 1 ton per ft., 
extending over a length of 30 ft. 



CHAPTER Vll 


DEFLECTION OF BEAMS 

76. Stiffhcss and Strength. It is usually necessary that a beam 
should be stiff as well as strong, i.e. that it should not, due to loading, 
deflect much from its original position. The greatest part of the 
deflection is generally due to bending, which produces curvature 
related to the intensity of stress in the manner shown in Art. 44. 
A knowledge of the relation between the loading and deflection of a 
beam is often the first step in finding the bending moments to which 
a beam is subjected by given loadings and methods of fixing; also 
in finding the stresses in other parts of a structure of which the beam 
forms a part. Structures in which the distribution of force due to 
given loads cannot be determined by the ordinary methods applic- 
able to rigid bodies, but depends upon the relative stiffness of the 
various parts, are called Statically Indeterminate. We now proceed 
to find the deflection of various parts of beams under a variety of 
different loadings and supported in various ways. The symbol y, 
a variable, will be used for deflections for difl'erent points along the 
neutral plane, from their original positions. This symbol is not to 
be confused with the variable y already used for the distances of 
points in a cross-section from the neutral axis of that section, 
although it is estimated in the same direction, usually vertically. 
It will be assumed that all deflections take place within the elastic 
limit, and are very small compared to the length of the beam. 

77. Deflection in Simple Bending ; Uniform Curvature. When 
a beam of constant section is subjected throughout its length to a 
uniform bending moment M it bends (see Arts. 44 and 46) to a 
circular arc of radius R, such that 

E^M 1 
R I 

where E is the modulus of direct elasticity, and I is the moment of 
inertia of the area of cross-section about the neutral axis. If a 
beam AB (Fig. 106) of length I, originally straight, bends to a circular 
arc AP'B, the deflection PP' or y, at the middle, can easily be found 
from the geometry of Fig. 106. 

For PP' . PC=PB2=(y)2 

PP'(2R-PP')=/2/4 
2PP' . R-(PP')2=/2/4 
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and for small deflections, neglecting (PP')^, the square of a smalt 
quantity 

2PP' . R=/2/4 


since 


,M/2 

Vi or PP =— = 4 — 
8R ^ El 


R = £' (Art. 46) 


( 1 ) 


In this case the whole length is subject to the maximum bending 
moment M as between the supports in Fig. 51 . In other cases where 
parts of the beam arc subject to less than the maximum bending 


C 




moment, the factor in the above expression for maximum deflection 
will be less than i. 

If i is the angle of slope which the ends of the beam make with 
the original position AB, taking /=sin/ for small deflections (in 
radians) 

'“0B“2R“2EI 

Uniform curvature is also treated in Art. 80, section (d). 

78. Relations between Curvature, Slope, Deflections, etc. Measur- 
ing distances x, along the (horizontal) span from any convenient 
origin, y (vertical), deflections perpendicular to jc, / angles of slope 
(in radians) of the beam to some fixed direction, usually horizontal, 
and s lengths of arc of the profile of the neutral surface of the beam 
when bent (Fig. 107) 

dyldx=tdin i^i (very nearly if i is always very small) 
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The curvature of a line is usually defined as the change of i per 
unit length of arc, or 

dilds 

and since (Fig. 107) 5/ is very small, 5a: is sensibly equal to Bs, or 
dsldx = \, hence the curvature 


1 _di _^di _ d /dv\ _d-y j ^ 

R ds dx dx\dx} dx- 


and 


El" R 


d^y 

dx^ 


(2) 


for any point a- along the beam, for this relation, established for 

uniform curvature will also hold for every elementary length ds 
R 

in cases where the curvature ^ is variable. 

R 


Hence the slope 


/ or 


dy 

dx 


' r 


dx 


(3) 


the integration being between suitable limits. 
And the deflection 


or ... (4) 


between proper limits. 

Combining the above relations with those in Art. 42 viz. 
dMldx = ¥ and d¥ldx-^w=dmidx^ 
where F is the shearing force and w is the load per unit length of 
span at a distance a' from the origin, we have 

.d^y 




when E and I are constant, and 


rjd*y d*y w 

^=£1— or 

dx* dx* El 


(5) 


( 6 ) 


If w is constant or a known integrable function of a*, general 
expressions for F, M, i, and y at any point of the beam may be 

1 The approximation may be staled in another way The curvature 

1 __ (Py}dx^ 

^~0+(dyldxr~\l 

and if dy/dx is very small, higher powers than the first may be neglected, and 1/R 
reduces to d^yldx^. 



Art. 79] DEFLECTION OF BEAMS 173 

found by one, two, three, or four integrations respectively of the 
equation 

El--^=w 

dx^ 

a constant of integration being added at each integration. If 
suflBcient conditions of the fixing or supporting of the beam are 
given, the values of the constants may be determined. If the general 
expression for the bending moment at any point can be written as 
an integrable function of x, as in Art. 40, general expressions for 
i and y may be found by twice integrating the equation 

d^v M 


Examples of both the above methods are given in the next article. 

Signs. For y positive vertically downwards slopes i or dyidx 
will be positive downwards 
in the direction of x positive 
(generally to the right); and 
convexity upwards corre- 
sponds to increase of dyidx 
with inerease of x, i.c. to 
positive values of dhidx^. 

In Art. 42, the sign of the 
bending moment w'as so iQg 

chosen that a clockwise 

moment of the external forces to the right was positive. Hence, 
if the clockwise moment of the external forces to the right of a 
section is written for M in equation (2) (whether positive or nega^ 
tive) positive curvature, i.e. must be written on the other 

side of the equation. The same, of course, applies for the contra- 
clockwise moments to the left of a section. If the moments are 
estimated in the opposite senses to those stated —d^yjdx^ must be 
used in equation (2). A violation of the rule of signs will lead to 
an error in the signs of i and y resulting from integrations of (2). 
It may be noted that a positive clockwise moment of external forces 
to the right of a section gives a positive value to d^yldx\ i.e. the 
beam will be convex upward at that section. 

79, Uniform Beam simply supported at its Ends with Simple 
Loads. The two following examples are worked out in considerable 
detail to illustrate the method of finding the constants of integration. 

(a) Let there be a central load W (Fig. 108), and take C as origin. 
Then at P, distant x horizontally along the half-span CB from the 
origin C 



> .W('-.\(sceFig.47) 
dx‘ El El 2\2 ^ 
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and integrating this 


i or 




where A is a constant. 

Since /=0 when jc=0, substituting these values, 0=0H-A, 
therefore A=0; and with this choice of origin (C) A disappears, 
and 

dy 


1 or 


Integrating again 


dy W// a'2\ ... 

S=-2Eil2^-2) 




W // 

~b) 


+ B 


( 2 ) 


the constant of integration, B, being +W/V'(48EI) since >'=0 when 
x=\L The equations (J) and (2) give the slope and deflection 
anywhere on the half-span, e.g. at the end, or x = \l, 

wr- 


. _ W //^ /A _ 


16EI 


and at the centre, 3’c = 


W/3 


48EI 


(3) 


(4) 


Tlie slopes and deflections 
on the other half-span are 
evidently of the same magni- 
tude at the same distances 
from C. 

(6) Let there be a uni- 
formly spread load w per 
unit length. Take the origin 
at A (Fig. 109), and use the equation VAd^yjdx^ = w. The four 
integrations require four known conditions to evaluate the four 
added constants. The four conditions in this case are 



Fia. 109 


lEld^yjdx- = M—0 for a ==0 
d^y/dx^—0 for x = l 

>'=0 for A'=0, and 3 =0 for x = l 


Eld^yldx'^ = w (5) 

Integrating EWyjdx^^wx + A (6) 


Integrating again Eld'^yjdx^ = i vva-+ A x +0 

the added constant being zero, since both sides must reduce to 0 for 
jc=0. 

Putting d'^yldx^ =0 when x = l 

0 = i>v/2+A/ 

A = —iw/ 


hence 
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(a result which might also be obtained from (6), since the shearing 
force is zero for x=\l). 

Then substituting for A 

^\d^yldx'^ = \wx‘^—\wlx (7) 

Integrating this 


i=dyldx=^(^\wx^-lwlx^-\-B)im ... ( 8 ) 

Integrating again 

y =(-2*4'''-'^'*— 1*2 +Bx +0)/EI 

the constant being zero, since y=0 for a:=0. 

Putting y=0 for x=l 

0=-2*4W'/‘‘-i*2M'/‘'+B/ 

therefore B=- 2 Vw’/* 

which might also be found from (8), since by symmetry i=0 for 
x=\l. 

and y=(-^ 4 ,wx*—^'iwlx^-\-^^wPx)IE\ 

or y — wx{I—x)( I' + lx — a'2)/(24EI) 


(6), (7), (8), and (9) give F, M, /, and y respectively for any point 
distant x along the beam from the end A. For example, i is a 
maximum when dildx=0 or M=0, i.e. at the ends; thus, writing 
a:= 0 in (8) 


B _ M-/3 
El 24EI 


( 10 ) 


y is a maximum when dy/dx or i=0. i.e. when x=\ll. 


and then 


_ h/\ j S wl* 

Vc 24E1 384 El 


( 11 ) 


or, if the whole load wI=V^ 


_5 ^ 

384' El 


( 12 ) 


The signs here all agree with and illustrate the convention given 
at the end of Arts. 42 and 78. 

Overhanging Ends, For points between two supports a distance I 
apart the work would be just as before, except that EXd'^yjdx^ at each 
support would be equal to the bending moment due to the overhang- 
ing end instead of zero. 

Propped Beam. If this beam were propped by a central support 
to the same level as the ends, the central deflection becomes zero, or, 
in other words, the upward deflection caused by the reaction of the 
prop (and proportional to it) is equal to the downward deflection 
caused by the load at the middle of the span. 
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Let P be the upward reaction of the prop; then from (4) and 
( 11 ) 

(13) 

48EI 384 El 


and P = | n7, f.e. the central prop carries i of the whole load, while 
the end supports each carry ^ of the load. 

Sinking of Prop, If the prop is not level with the end supports, 
but removes Ijn of the deflection due to the downward load, the 
reaction of the prop will be 1/n of the above amount. 

Elastic Prop, If the central prop and end supports were originally 
at the same level, but were elastic and such that the pressure required 
to depress each unit distance is e, the compression of the prop is P/c, 

wl—P 

and of each end support — - — . Then equating the difference of 

2e 

levels to the downward deflection due to the load, minus the upward 
deflection due to P 


P 


P wl-p_ 5 wl^ P/3 
e 2e “384 El 48EI 

\2e 48E1/ \384EI 26>, 


1 + 

P = wl 

1 + 


2 4E1 

eP 

72E1 ‘ ■ 

eP 


. . (14) 


which evidently reduces to the previous result for perfectly rigid 
supports for which e is infinite, and approaches ^wl for very elastic 
supports. If the elasticities of the end supports and central prop 
are different, the modification in the above would be simple. 

Relation between Bending Stress and Deflection. For a beam 
simply supported at each end and carrying a uniformly distributed 
load, if 6=central deflection, /=maximum bending stress in tons 
per sq. in., and <f=depth of symmetrical section in inches, from 
( 12 ) 


_5_ ^3 
384 El' 


(15) 


And from Art. 46 


21 

iW/=/ . 



hence substituting in (15) 


d 


/2=^V5E// 


(16) 
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The deflection 5 for steel beams is commonly limited to 4 Jo of 
span /, then taking E= 12,500 tons per sq. in. (16) becomes 

/=150£///in (17) 


which gives the limit of span for uniform loading: if tons 

per sq. in., lld=20. Any degree of concentration of the load with the 
same limitations of stress and deflection will allow a greater ratio of 
span to depth, e.g, for a central load the equation corresponding to 
(17) would be /=187-5r/// in. 

Example 1. A beam of 10-ft. span is supported at each end and 
carries a distributed load which varies uniformly from nothing at 
one support to 4 tons per foot run at the other. The moment of 
inertia of the cross-section being 375 (in.)^, and E 13,000 tons per 
sq. in., find the slopes at each end and the magnitude and position 
of the maximum deflection. 

The conditions of the ends are as before. Take the origin at the 
light end; then at a distance x in. along the span the load per inch 
run is 


X 4 _ X 

120 ^ 12 ” 3^ 


tons 


d^yjdx*=-xj{ZmE\) 
d^yjdx^ = ( i + A)/(360ED 
dh'/dx'-=(lx^‘ + A.y+0)/(360ED 
d-y!dx-=Q for x=l; hence A = —PI6 and 
d-y;dx^ = {x^ - /’.v)/(2 1 60EI) 
dyidx = (iY ^ + B)/(2 1 60EI) 

y = (-3l„-A-5 - + Bx + 0)/(2 1 60ED 


v=0forj: = /; hence 

6 20 ‘60 

dyidx = -i/2 V- +7/'»/60) /(21 60Er) 

and y = - Wx- + 7/4/60)/(2 1 60EI) 

At the light end .y=0 


dv 7x120^ 


1 


dx 


60 


!160x 13,000x375 


radians =0131' 


At the heavy end y = 120 in., f/v/r/x=0150°. 

At the point of maximum deflection dyjdx—O-, 


4 


I~ v2 7 
.LiL + 1/4=0 
2 60 


therefore 


hence, solving x— 0*52/— 62-4 in. 

and substituting this value, > ==0 0925 in. 
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Example 1. A wooden plank J2 in. wide, 4 in. deep, and 10 ft. 
long, is suspended from a rigid support by three wires, each of 
which is i sq. in. in section and 15 ft. long, one being at each end, 
and one midway between them. All the wires being just drawn up 
tight, a uniform load of 400 lb. per foot run is placed on the plank. 
Neglecting the weight of the wood, find the tension in the central 
and end wires, and the greatest intensity of bending stress in the 
plank, the direct modulus of elasticity (E) for the wires being 20 
times that for the wood. 

Let E, be the modulus for the wires, and E,„ that for the wood = 

^E,. The force per inch stretch of the wires (e’) = — the 

8 X 1 80 

strain being tho- For the wooden beam supported at the centre 
1= X 1 2 X 64= 64 (in.)'* 

The load on the central wire may be found from (14) above; the 
term 

24E„,1 _ 24E„, X 64 X 8 X 1 80 _ 
e/f E,'x liOx IZOx 120 ^ 

hence, by (14) the total tension in the middle wire is 


In each end wire, total pull 




The greatest bending moment may occur at the middle support, 
where the diagram is discontinuous, or as a mathematical maximum 
between the end and the middle of the beam. 

At X in. from one end 

M = 844;c-i . 

^=844-^f*x 

ax 

which is zero for x=2S-32 in. 

Substituting this for x 

M =21, 370- 10,685 = 10, 685 Ib.-in. 

At the middle of the span 

M = (844 X 60) - (2,000 x 30) = -9,360 Ib.-in. 

this being less than that at a:= 25-32 in. 

The greatest intensity of bending stress is 

Myi_10,685x2 „ 

~j ^ — =334 lb. per sq. in. 
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80. Uniform Cantilever simply loaded, (a) A concentrated load 
W at the free end. Take the origin O (Fig. 110) at the tixed end. 
Then for jc=0, dylclx=0, and 

y=0. ^ — I jw 

At any point x the bending 'y.'/.v/.T — — 9 

moment Cjo ' 

El . d^yldx2='W{l-x) 1 

Eldy/dx='W(lx—ix^)+0 F,o. no 

El.y=W(i/x2-i;c3)+0 
At the end A 

{9X 

. W/’ , ,, WP 

and >'A=-^(i-i) = YErr ■ (2) 

El 3EI 

Note that the upward deflection of the support relative to the 
centre of the beam in Fig. 108 might be found from the formula (2), 


WP 

- (as in (4), Art. 79) 
48E1 


(h) A concentrated load 
distant nl from the fixed 
end. Origin at O (Fig. 1 1 1) 
at the fixed end, all condi- 
tions as above. 

From O to C 
E\d^yldx^=mnl-x) 
Eldyjdx = W( n/v — ^.v^) +0 
El .> =W(i/i/A-2-i.v^) 



Fio, 111 


W(«/)2 


or 'c=— (as before) 
W(w/)3 




At any point B beyond C the slope remains the same as at C, and 
the deflection at B .exceeds that at C by 

6 X (slope from C to B)=b . 


In particular 


W(rt/)3 . Wn^Pd -«) 

)'.=3gr+ — 2Ei — “ 


( 5 ) 
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The same formula would be applicable to any number of loads 
and for a number of difl’erent values of W and n may be written 


while from (3) 


6tl 


/2 




(5a) 


(3a) 



The equation of upward and 
downward deflections as used 
in the previous article may be 
used to find the load taken by 
a prop at the free end or else- 
where. 

(c) Uniformly distributed 
load w per unit length. Origin 
O (Fig. 112) at the fixed end. 
A start may be made from relation (2) or (6) of Art. 78. Selecting 
the former 

M = El " j H'(/ - == i MtP 

Eldv/c/x == i >i’( n.x - /a2 + i + 0 

El . y' = iu'(i/2A-2-^/x-^+-jV')+0 


Fig. 112 


For jr = /— 
/a or 
where W = m7. 


(^y 

\(Jx 


/a 2Lr 


“ " tT 


>'A=y^(l-lXT"2)=i pf or J. 


El 


El 


( 6 ) 


(7) 


The result (12), Art. 79, might be deduced from the above, for the 
upward deflection of the support relative to the centre of the beam is 


wl 

2 


0“ 
i 


3 El 


8E1 


'384 


wj* 

El 


Partial Uniformly Distributed Load. If the load only extended a 
distance nl from the fixed end, the deflection at the free end would 
be, by the method employed in (5) above 

w(nlf wDn^, 


. w(nl)‘* / 




El 24EI 


(7a) 
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If the load extended from the free end to a distance nl from 

the fixed end, the deflection m 

of the free end would be c r*~ A 

found by subtracting (7 a) . . -I 

from (7). , I ^ 

(d) Bending couple p at a 2; 5 

distance nl from the fixed end ^ 

where « is a fraction. Origin ^ 

at the fixed end O (Fig. 113). p,o ,(3 

From O to C )E.\d^vldx‘^ = \x 


From O to C md'^yldx'^ = \}. 

Eh/j7rfx = iJuc +0 
EI>=ip;c2 

At C and beyond 

dyjdx^--ic = \xnllE\ ( 8 ) 

.Vc=iM(«/)-/(EI) (9) 

;A=Jc + /(I-/0/c=P«/-(l-i«)/EI . .(10) 

Andif/j = l rc = u//EI j-c=pP/2El (11) 

Which agree with (2) and (1), Art. 77, if we write M for p and i/ 
for /. If the couple p consists of two opposite vertical forces at a 
distance a apart each will be equal to p/a, and if the downward 
force is distant nl fiom the fixed end the downward deflection at the 
free end due to it from (5) is 

while the resultant deflection of the free end due to the two forces is 
found by subtracting from (12) the corresponding expression with 
{nl—a) substituted for nl throughout. The result will approach the 
value (9) as a approaches zero. From (3) the slope between x = nl 
and x = l is 

- . !(«/)-- -(«/■-«)' ) = r^,(2«/-a) (13) 

a 2 FI 2F1 


which approaches (8) as a approaches zero. 

Propped Cantilever, From (2) and (7) it is evident, by equating 
upward and downward deflections, that a prop at the free end, level 
with the fixed end, when loaded, would carry i of the whole dis- 
tributed load. The bending-moment diagram may be drawn by 
superposing diagrams such as Fig. 43 and Fig. 45, making W = |>i7, 
and taking the difference of the ordinates as representing the result- 
ing bending moments. The curve of shearing force is a straight 
line similar to that of Fig. 45, but raised throughout by an amount 
|w7 relative to the base-line. Other types of loading of propped 
cantilevers may be dealt with on similar principles. For example. 
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ifP is the pressure on an end prop for a beam loaded as in Fig. 113 
from (2) and (10) 

( 14 ) 

3E1 EJ V 2/ 

hence P = 3p//(1 — 4//)// (15) 

It may be noted lor future reference (Art. 89) that if n=l, 
p = 3li/2/ and at the fixed end O of the beam, the bending moment 

Mo = P-P/=Ui-3p/2=-ip .... (16) 

which is half the bending moment at the propped end and of oppo- 
site sign, implying opposite curvature. 

The reader should work out some simple cases fully as an exercise, 
noting the points of maximum deflection, contraflexure, etc., by 
integration of the equation = the conditions being 

y=0 at both ends, slope=0 at the fixed end, and d^yldx^=0 at the 
free end. 

Sinking Prop. If the prop is below the level of the fixed end, the 
load carried by it would be proportionately reduced. If it is above 
that level, the load on it would be proportionally increased. 

Elastic Prop. If the fixed end is rigid and the support at the free 
end is elastic, requiring a force e per unit of depression and being 
before loading at the same level as the fixed end, for the above 
simple case of distributed load, equating the depression of the prop 
to the difl'erence of deflections due to the load and the prop 

El 3EI 

whence P = \vl [ — ^:r=r^ 

('+7P 

For other types of loading or positions of prop, similar principles 
would hold good. 

Example 1. A cantilever carries a concentrated load W at :J of 
its length from the fixed end, and is propped at the free end to the 
level of the fixed end. Find what proportion of the load is carried 
on the prop. 

Let W be the load, and P the pressure on the prop. Then 
P/' ,W(2/)3 W(’T)2 

Ei”* ^Er+^'- “itr 

i P W ( 4 -j- ) = y 2 b W 

P— )VsW 

Elxample 2. A cantilever 10 ft. long carries a uniformly spread 
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load over 5 ft. of its length, running from a point 3 ft. from the 
fixed end to a point 2 ft. from the free end, which is propped to the 
same level as the fixed end. Find what proportion of the load is 
carried by the prop. 

Let IV = load per foot run, and P= pressure on the prop. The 
total load is ^w/. Deflection of the free end if unpropped would be 


iv(0-8/)^ 


+ 0 - 2 /.- 


, h’(0-8/)^ 


El 

0-40% 

ir~ 


- r 


h'(0-30^ 




01 024 


00081 

8 


00189 

6 “ 


=0-0641 g 


Therefore 


PP 


P = 0'1923ii7 or 0*385 of the total load. 


Note that this is less than half the load, although the centre of 
gravity of the load is nearer to the propped end. 

Example 3. A vertical stanchion 15 ft. long is fixed at the lower 
end and hinged at the top end so as to form a cantilever propped at 
the free end. It is acted upon by two equal and opposite horizontal 
forces which form a couple of 10 ton-ft., the more distant being 
10 ft. and the nearer one 7-5 ft. from the fixed end. Find the reac- 
tion at the hinged end and the bending moments at the loads and 

fixed end (Fig. 114). Using expression (12) where 4 tons, 

a 2-5 

or equation (5), the deflection of the hinged end A, if free, would be 
4xl53r 8 4] 4xl53f 1 .i . 89 

EI [27x3 "^27x2] El [8x3’^* ’^’^J El' ^16x81 

And if R=horizontal reaction at the hinge 
from (2), the opposite deflection counter- 
acting that of the couple is 
Rxl53 
3EI 

1 7 V XQ 

hence R=~^ =0-824 tons. 

16x81 

Bending moment at B (Fig. 114) = 

-5x0-824 = -4-12 ton-ft. 

Bending moment at C = 

-7-5 xO-824-HO= -1-3-82 ton-ft. 

Bending moment at 0= Fig. Il4 

-15x0-824-1- 10= -2-36 ton-ft. 

The bending-moment diagram is shown to the right of Fig. 114, 
the positive sign corresponding to convexity towards the left. The 
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points of inflexion could easily be calculated. The ordinate MN 
exceeds the ordinate HK. The position of application of the couple 
to produce least bending moment might be found by equating 
expressions for MN and HK in terms of a variable corresponding 
to OB or OC. 

Example 4. A bar of steel 2 in. square is bent at right angles 
3 ft. from one end; the other and longer arm is firmly fixed 
vertically in the ground, the short (3-ft.) arm being horizontal and 
10 ft. above the ground. A weight of i ton is hung from the end of 
the horizontal arm. Find the horizontal and vertical deflection of 
the free end. E = 13,000 tons per sq. in. 

The bending moment throughout the long arm is sensibly the 
same as that at the bend, viz. ix36=9 ton-in. 

It therefore bends to a circular arc, the lower end remaining 
vertical. A line joining the two ends of the long arm would 
therefore make with the vertical an angle 

M/ 9 X no 

(Art. 77 (2) or (1 1) Art. 80) 

2EI 2L1 


9x120x12 _ 81 
2 X 13,000 X 16'”2,6(X) 


radians 


and the horizontal deflection of the whole of the short arm will be 


2000*^ 1 — <)5 — ^ i**- 

The inclination of the upper end of the long arm to the vertical is 
evidently twice the amount which is the average inclination. 

The downward slope of the short cantilever arm is therefore i jO o ^1 
the bend. The total vertical deflection at the free end is 


36x^?i^+t^3f-;i^^?i?=2.243+0.2:4=2467i„. 


81. Simply supported Beam with Concentrated Load or Couple. 

This problem involves a discontinuity in the bending moment and 
therefore in the rate of change of slope of the beam. Different 
equations apply to the two parts of the span thus involving the 
determination of four constants of integration for two integration 

of two equations ^El^=Mj. The constants may be found from 

the four known conditions, viz. zero deflections 0^=0) at each end 
support and the equal values of y and of dyjJx at the junction of the 
two parts of the span of the load. The work can, however, be much 
simplified by a device due to R. Macaulay. ^ 


* “ Note on thcDeflection of Beams,” Messenger of Mathematics, Vol. 48 (1919), 
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Single Load. Let W be a load concentrated at a distance a from 
one support A (Fig. 115 (a)) and b (or I— a) from the other support 
B, the span (AB) being /. 




Then the reactions at A and B are 

RA=Wft// and Rjj=Wo// 

Taking A as origin, for values of x from A to Ci, the bending 
moment is 

M = -W6x// (1) 


and from Ci to B, the bending moment HG is 

M = - yibxil +V^(x-a) (2) 


and since L.\d'^y!d\^=^M, from Cj to B 

EW2j/rfA2=-W6x//+W(.v-fl) . ... (3) 
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The equations (1) and (2) indicate the discontinuity of M and there- 
fore of the rate of change of slope of the beam at the load. The 
bending-moment diagram is AEB. But referring to equation (3) 
the first term on the right-hand side; —Vi/hxjl represents El times 
the rate of increase of slope due to (which being negative shows 
a decrease of slope) and the second term W(a— jc) represents El 
times the rate of increase of slope due to W, which is only valid 
when x>a. The slope at any section X distant x from A will be 
equal to the initial slope if, at A plus the algebraic increase from A 
to X, which is to be found by integrating the rate of change from 
A to X making proper allowance for the discontinuity in the rate 
at Cl, i.e. for the addition of the term W(.y— a) from Ci to X if X 
is to the right of Ci and ignoring it when x<.a. Thus integrating (3) 

EIi,=Elr/;/^/x=-iW6A:2//-|-iW(jc-a)2-l-El/A . . (4) 

on the understanding that the term involving {x—aY is to be ignored 
when x<.a. (Note the form of integration of x—a which is legiti- 
mate with proper adjustment of the constant of integration. Also 
that if, is the value oi dyjdx for x=0 where the term iW'(x— is 
to be ignored.) 

Integrating equation (4) and again ignoring the second term 
iW(x— fl)^ when x<.a 


EIy=-iW6x3//+iW(.v-r7)'-fEI/AX+0 . . (5) 


since >>=0 for x=0 where the second term is ignored. 

This equation is valid for all the span provided the second term 
is omitted when x<.a. And since y=0 when x=l 


0= -{-WhP + Wb')!bFA +if,l 
hence if,=\\/b{Y—b^)i\bEll) 


Substituting this in (5) 


y = 


W jlMr-b^-x"-) 
6Eli“ I 


V — «)-*]• 


+ U-a) 


(h) 


where the term (.x— o)^ is to be ignored when A<r/. This may also 
be stated in a form convenient for application to several loads by 
writing nl for a where n is the fraction ajl. 


W 

y = Y—x^}x+(x—niy] . 

where the last term (x—niy is only to be used for x>nl. 
From (6) or (7) the deflection C 1 C 2 at the load is 

^'a'-b^ WP«2(1 -nY 

or 


(7) 


3EI 


( 8 ) 
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But this is not the maximum deflection unless n =i. The maximum 
and zero slope can be found where dyldx=0. From (6) or from (4) 
and the value of i'a, for x:<a 


dx 




which is zero if x^=(l^—b^)l3 or and substituting 

this is (6) (ignoring the term (x—a)^) 

_WA(P-()2)}_WP(1 -n)(2n-n2)l 
' 9V3Ei/ 9v 3El ^ ' 


Several Loads. The general formula (6) or (7) will serve to 
calculate the deflection at any point if there are several loads {i.e. 
{i.e. several values oi a or n and W) provided that the last term is 
ignored for values of xda. A simpler method is given in Art. 82. 

Distributed Loads. The same method is applicable to say a load 
uniformly distributed over a length b from B to Ci ignoring term in 
(x-’Q) when x<ia. 

And distributed loads from C to a point short of B may be dealt 
with by superposing a neutralising upward load and adding its 
effects to those of the downward load for any unloaded length to 
the left of B. 

Couple. Let p be a clockwise couple applied at C 2 , Fig. 115 (fe). 
The reactions are p//, downward at A and upward at B to produce a 
contra-clockwise balancing couple of magnitude p. 

The bending moment is 

EVd^yldx’^ = \xxll-\x (10) 


where — p is to be ignored for values of x<ia. 
Integrating this in the same way as before. 


d\ 


dx ''''^2EI/ 


PA'2 p(.v — a) 


El 


( 11 ) 


where the last term M(a-— t7)/EI is to be ignored for x<ja. 
Integrating again 

PA'^ p(a— a)- 


and putting 


“El 
>’=0 for x=l 


+0 


. _ Ji/ , 

6E1‘^'2EI7 ■ 


( 12 ) 


(13) 


and substituting this in (12) 


y jL[xi+:,(2r—6al+3a^)-3ix-a)^l) . . (14) 
6EI/ 

the last term —3{x—a)^l being ignored when xCa. 
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Otherwise 

>'=p{;c3+x/2(2-6/i+3/i2)-3(Ar-rt02/}/(6EI/) . (15) 

Differentiating (14) 

i=flfj/rf;c = ui{3x2+/2(2-6n+3n2)-6(;c-/i/)/}/(6EI/) . (17) 

Zero slope and maximum deflection occur for x=ly/(^n—n?-—\). 
For values of n which are 0-5 ±0 077 there are two zero slopes and 
one zero value of y (as shown in Fig. 115 (b)). For values of n 
outside this range the beam is bent in such a way as not to cross Its 
original or unstrained axis. The value of the maximum deflection 
may be found by substituting the foregoing value of x in (14) for 
the larger of the two segments a and b. 

At C, where x=nl, from (17) 

/c=p/(3«2-3#j + 1)/(3ED .... (18) 

And if n=\ or n=0 

/c=p//(3ED (19) 

while if Ji;=0 and n = l 

/A P//(6ED (20) 

Distribution of Moment (u). It will be observed from (10) or 
from Fig. 115 ib) that the bending moment at C on the left-hand 
portion AC, which can conveniently be denoted by Mca. is and 
on the right-hand portion CB, denoted by Mcb is (1 — n)d, the two 
moments being proportional respectively to the lengths AC and 
CB. But if C is constrained to remain in the straight line AB the 
conditions are vitally altered. The necessary supporting force Rc 
is readily found by equations (8) and (16), substituting for W the 
downward force Rc which gives a deflection at C equal and opposite 
to that produced by p. From such an equation 

Rc=(t^//)(2«-l)/n(l-«) .... (21) 

This downward force will be balanced by vertically upward 
forces (1 — n)Rc at A and /iRc at B. If these be added to the 
supporting forces p// (downward at A and upward at B), shown in 
Fig. 115 ib), then for the modified arrangement 

Mca=u( 1— «) and Mcb = 1J^ .... (22) 

Thus the moment p is divided inversely as lengths a and b (or 
inversely as n and 1— w). This is in accordance with the general 
rule (4), (5), and (6) of Art. 21, for with C remaining in AB the 
common distortion of the elements AC and CB is solely the rotation 
I’c at C. Hence the moment p is divided between AC and CB in 
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the ratio BC to AC. It will be noticed from (19) that the distortion 
(angular) j'c is proportional to //I, or the elastic resistance is pro- 
portional to I//. Hence if AC and CB were of different sections, 
having second moments of cross-section of Ia and Ib respectively, 
the distribution of would be inversely as w/Ia and (1 — /i)/Ib or 
directly proportional to Ia/« and Ib/(1 — n) respectively as in (22). 
Thus Mca/Mcb=(Ia/«)"^{Ib/( 1 “«)}• We shall find the same 
distribution when the ends A and B are both fixed in the direction 
AB (Art. 89). (When C is not constrained to remain in the line 
AB the common elastic distortion at C is partly angular and partly 
linear and not simply proportional to //I. 

Example. A beam of 20-ft. span is freely supported at the ends, 
and is propped 9 ft. from the left-hand end to the same level as the 
supports, thus forming 
two spans of 9 and 1 1 ft. 3 Tom 

The beam carries a load 
of 3 tons 5 ft. from the 
left-hand support, and 
one of 7 tons 4 ft. from 
the right-hand end. Find 
the reactions at the prop 
and at the end supports. 

If the beam were not 
propped, the deflection at 
C(Fig. 11 6), 9 ft. from A, 
would be, for the 3-ton 
load, taking a =5, 6 = 15, 

W=3andJC=9 in (6), 



3 (15x9(400-225-81)^,.) 

^‘==6Eii 20 +“r 


349-25 

El 


And for the 7-ton load, taking a=16, 6=4, W=7, x=9 in (6) 


Jc 


_ 7 [4x9(400-16-81)) _636-3 
~6Elt 20 J El 


Adding these, the downward deflection of the beam would be, if it 
were not propped 

985-55 

El 

If R : is the reaction of the prop at C, the upward deflection is, by 
(8) above 

RcX81xl21_163-35Rc 
3E1X20 El 
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Equating this to the above deflection at C 

=6031 tons 

1o3'3j 

The reactions at A and B follow by taking moments about the 
free ends. 

R,-O>Sa± gx'6)-(603 .x9)^3,^3^ ,om 


R^ = 10-6 031 -3-635 =0-334 ton, 

82. Deflection and Slope from Bending-moment Diagrams. 

Slopes. The change of slope between any two points on a beam 
lay be found from the relation shown in (3), Art. 78 


I or 


dx J dx^ J hi ElJ 


Mdx 



if E and I are constant. 

Between two points P 
and Q (Fig. 117, in which 
the slopes and deflections 
arc greatly exaggerated), 
on a beam of constant 
cross-section, the change 
of inclination which 

is the angle between the 
two tangents at P and Q, 
may be represented by 


« 2 -^]=pj| Mdx. (1) 

r*2 

The quantity Mdx represents the area ABCD of the bending- 

J 

moment diagram between P and Q. If the lower limit x^ be zero, 
from O, where the beam is horizontal, to Q, where the slope is ii, 
the actual slope is equal to the change of inclination, viz. 



Mdx (which is proportional to OECD) 


(2) 


Thus the change of slope between two points on a beam is pro- 
portional to the area of the bending-moment diagram between them, 
and from a point of zero slope to any other point the area under the 
bending-moment cilrve is proportional to the actual slope at the 
second point. Changes of sign in the bending-moment diagram 
must be taken into account if the curve passes through zero. One 
algebraic sign, generally positive, is attached to bending, which 
produces convexity upwards, and the opposite sign to a bending 
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moment, producing convexity downwards (see Art. 78), but the 
choice is of little importance in the present chapter. 

Scales, If in the bending-moment diagram 1 in. (horizontally) 
represents q in., and 1 in. (vertically) represents s Ib.-in., 1 sq. in. of 
bending-moment diagram area represents q . s lb.(in.)2 and also 


as 

represents - radians slope if b is in pounds per square inch and 
El 

I in (inch)^ units. 


Deflection, From the equation 

d^yjdx^ = Mm ((2), Art. 78) 
xd^yldx^=Mxj^\ 

Integrating between x=X 2 and x—x^, using the method of 
integration by parts for the left-hand side 

•Xj 

(if El is constant) . (3) 



or 


1 r'2 


(4) 


If the limits of integration between which the deflection is required 
are such that xdyjcix is zero (from either of the factors x or dyjdx 
being zero) at each limit, the expression 


‘ becomes ... (5) 

\ dx 


and 



Mat/a gives the change in level of the beam between the 


two points. 

The quantity 



Mxdx 


represents the moment about the origin of the area of the bending- 
moment diagram between a * 2 and X|. If A is this area and x is the 

f*2 

distance of its centre of gravity or centroid from the origin, J Mxdx 


may be represented by A . 

This quantity only represents the change in level when xdy/dx 
vanishes at both limits. The product xdyjdx or x . ij, denotes the 
vertical projection of the tangent at x, the horizontal projection of 
which is X. If the lower limit is zero, and y is zero at the origin, 
the quantity 

/ dv V 
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represents the difference between the vertical projection of the 
tangent at x, over a horizontal length x, and the deflection at jc; in 
other words, the vertical deflection of the beam from its tangent. 
Hence, in this case, the deflection at a distance x from the origin is 

equal to the difference between jc . and x (moment of bending- 

HI 

moment diagram area), or 

■ 

where \ Mxdx may be either positive or negative. 

J 0 

Scales. If in the bending-moment diagram 1 in. (horizontally) 
represents q in., and 1 in. (vertically) represents s Ib.-in., A being 
measured in square inches and x in inches, the product A . x repre- 

Cf^S 

sents the deflection on a scale ^ in. to 1 in. 

Applications : {a) Cantilever with Load W at the Free End (see 
Fig. 43). If the origin be taken at the free end before or after 
deflection 

for jc=0 xdyldx=0 

and at the fixed end x = / and dyjdx^O, hence 

(x . dyldx—yYa 

gives the difference of level of the two ends which is equal to 

A . X 

where A=i . W/. / and x = \l. 

So that the deflection is 


iW/2 X ^/-rEI=W/V(3EI) 


which agrees with (2), Art. 80. 

Similarly, if the load is at a distance nl from the fixed end, A = 
iW(/i/)2, x=/— ^/, and the deflection of the free end is 


W(«/)^ 

2E1 



6EI 


(3 -/I) 


which agrees with (5), Art. 80, and might be applied to the case of 
any number of isolated loads. 

The deflection of a cantilever carrying a uniformly distributed 
load might similarly be found from the diagram of bending moment 
(Fig. 45) if the distance of the centroid of the parabolic spandril of 
Fig. 45 from the free end is known. Otherwise the moment of that 
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area may be found by integration. 
45) 





Taking the origin at A (Fig. 


^ wl 

JC-Vx = i; 

0 


^EI 


4 


which agrees with (7J, Art. 80. 

(6) Irregularly Loaded Cantilever. For any irregular loading of 
a cantilever the same method can be applied after the bending- 
moment diagram ABFEDA has been drawn (Fig. 118). The 

deflection of the free end is given by ' as before, the scales 

tl 

being suitably chosen. The method in such a case is a purely 
graphical one, consisting 
in drawing the bending- 
moment diagram to scale, 
measuring A and finding 
u: by any of the various 
graphical methods, or 
finding the product 
by a derived area, as in 
Art. 35; the derived area 
corresponding to the pole 
B would represent the 
area under a curve M . x 
with origin at B, 

If the irregular loading 
consists of a number of 
concentrated loads, the 
whole area A may be looked upon as the sum of the areas of a 
number of triangles, and the product A . Jc as the sum of the products 
of the areas of the several triangles and the distances of their cen- 
troids from the free end. 

Pt opped Cantilever. // regular Load. If the cantilever is propped 
at the end, let P be the upw ard reaction of the prop at B (Fig. 118). 
The bending-moment diagram for the irregular loading is ABFED, 
and that for the prop is the triangle ABC, the ordinates being of 
opposite sign. The moments of these two areas about B are together 
zero, for the quantity (xdy ’:dx—y) between limits 0 and / is zero, 
every term being zero, hence 



A . . P/x/x^/ 

P = 3A . liP 

a general formula applicable to regular or irregular loads, the latter 
problem being worked graphically. 

The resultant bending-moment diagram is shown shaded in 
H 
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Fig, 118, E giving the point of inflection. The parts DCE and 
EFB are of opposite sign. The reader should apply this method to 
the various cases given in Art. SO. 

The deflection of any point X between A and B may be found by 
taking the moment about X of so much of this diagram as lies 
between verticals through X and A, taking account of the signs of 
the areas. Since the areas reckoned from A represent the slopes, 
the slope is zero, and the deflection a maximum at some point to 
the right of E where the area to the right of E is equal to DCE. 

If the cantilever is propped somewhere between A and B the 
above formula holds good, provided the area A and the length x 
refer to the portion of the diagram ABEED between A and the prop, 
^ being measured from the prop, and / refers to the distance of the 
prop from A. 

(c) Beam supported at two Points on die same Level. Taking the 
origin at one end A (Figs. 1 15 and 1 19) 





Ax 

El 


where A is the area of the bending-moment diagram, and x is the 
distance of its centroid from A, or A . x rcpresenis the moment of 
the area about the origin A, hence 




A . X 

u.i ’ • * 


( 6 ) 


and similarly from the moment about B 

A(/--r) 


(7) 


and is of opposite sign to in. With the convention of signs given in 
Art. 78, A is negative for a beant carr>ing downward loads which 
produce convexity downwards; hence is positive and /b is nega- 
tive. 

Thus (in magnitude) the slopes at the supports arc proportional 
to the area of the bending-moment diagram between them, and the 
ratio of one to the other is inversely proportional to the ratio of 
the distances of the supports from the centroid of that area — ^just 
the same kind of relation, it may be noted, that the reactions at 
the supports have to the total load. 

If the area of the bending-moment diagram from A to a point X, 
distance x to the right of A, be A^^, which is negative for convexity 
dow'nwards, and the s!oi')e at .v is 

4 = /A + f-, f or + 

tIJ 0 tl 


. . ( 8 ) 
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which is zero at the section where maximum deflection occurs. A* 
being negative. 

Again, since 

1 P 

>’*=jc.4-- Mxdx . . , (8a) 

tlj 0 

and substituting for from (8) 

xA 1 

=x/A-f -7^ — (moment of A;, about A) . (9) 

hi hi 

or the deflection at X is 

3’^ = (.TX slope at A) + (moment of A,, about X)/EI . (10) 

which gives the deflection anywhere along the beam, the second 
term being negative. And from (8 a) w’e may write 

r,, = (A'X slope at X) —(moment of A^^ about A)/EI . (11) 

remembering that A^^ is a negative quantity. 

Probably the form (10) is more convenient than (1 1), being a 
constant. As indicated by (8), the slope at X will be negative if X 
is beyond the point of maximum detlection. Note that the second 
term in (10) is negative, and represents the vertical displacement of 
the beam at X from the tangent at A, and the second term in (11) 
represents the vertical displacement of the beam at A from the 
tangent at X. In the case of convexity upwards the signs of these 
second terms would be changed. The reader should illustrate the 
geometrical meaning of the various terms on sketches of beams 
under various conditions. 

Oycriuin^in^ Ends, The deflection at any point on an over- 
hanging end, such as in Figs. 51, 52, 60, or 61, may be determined 
as for a cantilever, provided the deflection due to the slope at the 
support be added (algebraically). For points between the supports 
of an overhanging beam the above relations hold, provided that the 
signs of the areas and moments of areas, etc., be taken into account. 
For irregular loading these processes may be earned out graphically, 
and the moments of areas (A . .r) may be found by a " derived 
area,” as in Art. 35 without finding the centres of gravity of the 
areas. 

When the above expressions for slopes and deflections, which are 
applicable to any kind of loading, are written down symbolically in 
terms of dimensions of the bending-moment diagram, they give 
algebraic expressions, such as have already been obtained in other 
ways for various cases of loading, e,g. the deflection and slope 
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anywhere for a beam carrying a single concentrated load may be 
found in this way as an alternative to the methods in Art. 81. 

Non-central Load. The bending-moment diagram is shown in 
Fig. 115 (a). It is perhaps simplest to consider the ordinates and 
areas and moments of areas as those of the triangle ADB, minus 
those of the triangle EDB. And this will illustrate the principles of 
Macaulay’s method adopted in Art. 81. Thus the bending moment 
is the algebraic sum of the moments of and W about X, viz. 
— FG-f-FH or — W6j://-t-W(A:— n) the term W(a — o) only appear- 
ing when X is greater than a, i.e. to the right of C. From (7) 


/a=^, (moment of ADB about B— moment of EDB about B) 
hil 


= ~ (+W6/ X i/-- 1W6 X 6 X \h) 
El/ 


or 


W/)(/2 - *2) \V/2;7( 1 - 70(2 - ,i) 

■ 6EI/ ' 6E1 


(as in Art. 81). And from (8) within the range C to B. 

4 = ;a — (area AFG— area F.FH) 

El 


( 12 ) 


1 fW/7.V^.Y_W/> (.V-£02 

6EI7^^ ^ E(\ / 2 2 1) 

. W r/7(/2-62-.Tv2) ] 

''=6-Eli ^-•--+3(.v-n)-j . . 


(13) 


which agrees with the value of dyjdx from (7) of Art. 81. And 
evidently from Fig. 115 (r/), when xda, i.e. for the range A to C, 
the area EFH and consequently the term in (13) will be 

omitted. 

In this range A to C 

^;=0 when x2 = (/2_A2)/3=//(2-a7)/2/3 


x=v{(/— 62)/3} or /vW2-/7)/3} 


From (10) 

^{moment of AFG about x— moment of EFH about X} 
x| x|-W(x-«)i(x-«)KA:-c/)| 


W \{V-b'^-x^)bx . , ..I .... 

^=6EiV -I 

and in the range A to C the term {x—a)^ will disappear. This 
agrees with (6) of Art. 81 . 
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At C, under the load, x=a and 
'WahiF-h^-a^) 

>'c= ^~7F77 ^--TcTT O*" 

6EI/ 3 EI/ 


WP«2(1 -77)2 

3E1 


(15) 




/ _P 3 _P 4 ^^ 





And the maximum deilection may be found by substituting the 
foregoing value of x for ix =0 in ( 14 ). 

Several Loads, Jf there arc several vertical loads Wi, W2, W3, 
and W4, at Pj, P2, P3, 

and P4 (Fig. 119 ), distant Wi W2 ^ Wa W4 

and a^ from A, ^ 
the bending-moment dia- a 
gram may be drawn as in 
Art. 41 , or calculated as in 
Art. 39 . Let the bending 
moments at Pi, P2, P3, 
etc., be Ml, M2, M3, etc., 
respectively. Let the total 
area of the bending-mo- 
ment diagram be A, and 
let it be divided by verti- 
cals through Pi, P2, P3, and P4 (Fig. 119 ), into five parts, Aj, A2, 
A3, A 4, and A5, as shown, so that 


llG. 119 


Ai = 


^/jMi 


Mi-f M2 


(a2-cii) A3 = 


_M2 + M 3 


{a 3 -a 2 ) 


and so on, all the areas being negative for downward loads. 


Then 


1 A(i-x) 


where x is the distance of the centroid of the area A from the origin 
A, and l—x is its distance from B, 

T he quantity A(/— .r), or the moment of the area A about B, 
may be found by the sum of the moments of the triangular areas of 
the bending-moment diagrams, which might be drawn for the 
several weights separately, i.e. the quantity /'a is the sum of four such 
terms as (12) above. 

The slopes at Pi, P2, P3, etc., are then 


. , Ai 


t2 — ^A"f 


A I + A2 
El 


/ 3 =/a 4 


A] + A2 + A3 
El 


and so on, the second term in each case being negative. 

The segment in which the slope passes through zero is easily 
found from the slope, or total area from point A to successive loads. 
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If the zero slope occurs between, say, P 2 and P 3 , the slopes at P 2 
and P 3 are of opposite sign 


— (A1+A2) is less than 


Ml-£) 

I 


— (A1+A2+A3) is greater than 

If the zero slope is at X, distant x from A, the bending moment 
(here is M 2 + - - -- (M 3 — M 2 ), and the slope being zero, the area 

from point A to the point X of zero slope is equal to A . , or \ 


Ai+A2 + 4m2 + -^-^ . (M3-M2)W-«2) = A . 

I ^'2 J / 

from which quadratic equation x may be found. 

The magnitude of the maximum deflection is then easily found 
from ( 11 ) above, viz. 

(moment about point A of the bending-moment diagram 
El 

over AX) 

an expression which may conveniently be written down after divid- 
ing the area over AX into triangles, say, by diagonals from Po- 
The deflection elsewhere may be found from equation (10). With 
numerical data this method w'ill appear much shorter than in the 
above symbolic form. Other purely graphical metliods for the 
same problem are given in the next article. 

Other Cases. Beams carrying uniformly distributed loads over 
part of the span might conveniently be dealt with by these methods, 
the summation of moments of the bending-moment diagram area 
being split up into separate parts with proper limits of integration 
at sudden changes or discontinuities in the rate of loading. 

Example 1. The example at the end of Art. 81 may be solved 
from the bending-moment diagram as follows: 

Let the bending-moment diagram be drawn by the funicular 
polygon (see Art. 41), or by calculation (see Art. 40). It is shown 
in Fig. 116, AEDB being the diagram for the two loads on the 
unsupported span AB. Then from (7) 

/‘a— ( moment of area AEDB about B)-hAB 

El 

Divide the negative area AEDB into four triangles by joining DF 
for convenience in calculating the above moment. Using ton and 
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'“20EiL\ 


254x4 


254 X 1 1 
2 " 


ri8-25xlE 


(4 + ^ + {(lSfii=)(i5+i)} 


And from (10), dividing EHCF by a diagonal FH 


155-2 

^ El ^ 


„ 1 |■/20•85x4 , /18-25X4 b\ 

mU 2~ • 2 ~-‘) 


1,397-411-5 985-5 


(downward) 


For an upward load Re at C, by (15) 

RcX81xl21 163-35Rf 


3EIX20 


— ' (upward) 


Equating this to the downward deflection at C 
985-5 

Ri> = i0-0 334-6*03 =6-636 tons 

Tlic above mctliods might now be applied to the resultant bending- 
moment diagram, shown shaded in Fig. 1 16, to determine the deflec- 
tion anywhere between A and C, or between C and B, and the posi- 
tion of the maximum deflection, etc. 

Example 2. Find the deflection of the free ends of the beam in 
Fig. 52. From (6) and (7) above, slopes downward towards the 
right 

1 li I n-\wlr -tJ / 

"EI ■ 2 • /-J 0 (-2- 


1 /h'/,2/2 


X5X/ 


\ _ ii7i 

7~“WE 




which is negative if 1 2 is less than /i-v/b. 
Downward deflection at the free end is 
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Upward deflection at the centre consists of 

(upward deflection due to end loads)— (downward deflection due to 
load between supports) 

which, using (11) for the first term, is 

^ 'A- 

EI\ 2 ■ 2 ■ 4/ El 16Er 

which is positive if I 2 is less than \/(4‘80- 

Example 3. Find the deflection at B and midway between A and 
C in Example 2 of Art. 42 (see Fig. 60), 

Taking the origin at A, being 10 tons, by (6), downwards 


5 _ tv/22 5 

—24 '2 ) 


towards B 


\ 


'c = — L ;r>+J-T'’.y-845J 

2/ l6Elt’ 8;, 16E1 

E being in tons per square foot, and 1 in (feet)'* 


Deflection at B 




32x8x8x8 8x8x8x8 
^ ^3 “e1 8EI 


1 _ 6 , 8 % 

Ei 


ft. 


(If E and I are in inch units, deflection atB = 1,728x 


16,896 . 


EI 


in.). 


Taking an origin midway between A and C and x positive towards C 


M = 10(8 4-x) + i(8 +x)2=-^- + 1 Sx + 1 1 2 tons-ft. 


and using (4a) over the range from the origin to C, the deflection 
upward at the origin (or downward at C relative to the origin) is 


8x 


2],845-3 
16EI ‘ EI 


rj:(^ 


“h 1 + 11 2 a' \ dx 


=+10,922-7,168) ft. 

EI hi 

3 754 

or, 1,728 X — in. if E is in tons per square inch and 1 in (inches)^. 
El 


83. Other Graphical Methods. 

First Method. The five equations of Art. 78 immediately suggest 
a possible graphical method of finding deflections, slopes, etc., from 
the curve showing the distribution of toad on the beam. If the five 
quantities w, F, M, /, and y (see Art. 78) be plotted successively on 
the length of the beam as a base-line, each curve will represent the 
integral of the one preceding it, i.e. the dillerence between any two 
ordinates of any curve will be proportional to the area included 
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between the two corresponding ordinates of the preceding curve. 
Hence, if the first be given, the others can be deduced by measuring 
areas, i.e. by graphical integration. Five such curves for a beam 
simply supported at each end are shown in Fig. 120. At the ends 
the shearing forces and slopes are not zero, but the methods of 
finding their values have already been explained, and are shown in 
Fig. 120, G and G' being the centroids of the loading- and bending- 




SLOPE 


;! 


(C) 



deflection 


I IG. 120 


moment diagrams respectively. The reader should study the exact 
analogies between the various curves. In carrying into practice 
this graphical method the various scales arc of primary importance; 
the calculation of these is indicated below. 

In the case of a cantilever, the F and M curves corresponding to 
(b) and (c), Fig. 120, must start from zero at the free end (unless there 
is a concentrated cna load), and the / and y curves corresponding to 
id) and (c). Fig. 120, must start from zero at the fixed end. 

Scales for F/g. 120. Linear scale along the span, q in. to 1 in., 
E in pounds per square inch; 1 in (inches)L 
ia) Ordinates, p lb. per inch run = l in. 

Therefore 1 sq. in. area represents p . q\h. load. 

H* 



202 


THEORY OF STRUCTURES 


[Ch. VII 


(b) Ordinates, n sq. in. from (fl) = l in.=n .p.qVo. 

Areas 1 sq. in. represent n . p . lb. -in. 

(c) Ordinates, m sq. in. from (6) = 1 m.=mnpq^ Ib.-in. 

Areas 1 sq. in. represent mnpq^ lb.-(in.)2. 

id) Ordinates, n' sq. in. from (t') = l in. = — radians. 

Areas 1 sq. in. represent in. 

tl 

{e) Ordinates, m' sq. in. from {d) = \ in.=^^— — in. 

El 

If instead of p lb. per inch run to 1 in. the force scale is p lb. to 1 in., 
the deflection scale would be — - in. to 1 in. 

Second Method. This is probably the best method for irregular 
types of loading. The equations 

J2; /rfjc2==M/El and dmidx^ = w 

or the diagrams in Fig. 120 show that the same kind of relation 
exists between bending moment (M) and deflection O’) as between 
the load per unit of span (w) and the bending moment. Hence, 
the curve showing y on the span as a base-line can be derived from 
the bending-moment diagram in the same way that the bending- 
moment diagram is derived from the diagram of loading, viz. by the 
funicular polygon (see Art. 41). If the bending-moment diagram 
be treated as a diagram of loading, the funicular polygon deiived 
from it will give the polygon, the sides of which the curve of deflec- 
tion touches internally, and w^hich approximates to the curve of 
deflection with any desired degree of nearness. 

With a distributed load it was necessary (Art. 41) to divide the 
loading diagram into parts (preferably vertical strips), and take each 
part of the load as acting separately at the centroid of these parts. 
Similarly, the bending-moment diagram, whether derived from a dis- 
tributed load or from concentrated loads, must be divided into parts 
(sec Fig. 121), and each part of the area treated as a force at its centre 
of gravity or centroid. A second pole O' is chosen, and the dis- 
tances ab, be, cd, de, etc., set off proportional to the areas of bending- 
moment diagram, having their centroids on the lines AB, BC, CD, 
DE, etc. The second funicular polygon, with sides parallel to lines 
radiating from O', gives approximately the curve of deflection; the 
true curve is that inscribed within this polygon, for the tangents 
to the deflection curve at any tw^o cross-sections must intersect 
vertically below the centroid of that part of the bending-moment 
diagram lying between those two sections. 
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To show the form of the beam when deflected the deflection curve 
must be drawn on a base parallel to the beam, i.e. horizontal. This 
can be done by drawing the second vector polygon again with a pole 
on the same level as r\ and drawing another funicular polygon 
corresponding to it, or by setting off the ordinates of the second 
funicular polygon from a horizontal base-line. 



This method is applicable to other cases than that of the simply 
supported beam here illustrated, provided the bending-moment 
diagram has been determined. When diflerent parts of a beam have 
opposite curvature, i.e. when the curvature changes sign, e.g. in a 
overhanging or in a built-in beam (see Chapter viii), the propel 
sign must be attached to the verticeil vectors in the vector polygon. 
If bending-moment diagram areas of one kind are represented by 
downward vectors, those of opposite kind (or sign) must be repre- 
sented by upward vectors. 
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Scales. If the linear horizontal scale is q in. to 1 in. and the 
force scale is p lb. to 1 in., the horizontal polar distance of the first 
vector polygon being h in., the scale of the bending-moment 
diagram ordinates is p . q . h Ib.-in. to 1 in., as in Art. 41, One 
sq. in. area of the bending-moment diagram represents p . q'^ .h 
lb.-(in.)2; and if the (horizontal) polar distance of the second vector 
polygon is li in., and the vector scale used for it is m sq. in. of bend- 
ing-moment diagram to 1 in., the deflection curve represents El . y 
on a scale m .p .q^ . h . h' lb.-(in.)-^ to 1 in., and therefore represents 
on a scale 


m .p . q^ .h .K 
El 


in. to 1 in. 


E being in pounds per square inch, and I in (inches)^ 

If instead of a force p lb. to 1 in. a scale of p lb. per inch run to 
1 in. be used on a diagram of continuous loading, as shown in 

Fig. 91, the final scale would be — in. to 1 in. If the forces 

El 

are in tons, E should be expressed in tons, and the other modifica- 
tions in the above are obvious. 

Corresponding Analytical Method. The foregoing graphical 
method is particularly applicable to irregularly distributed loads. 
For simple loadings it may be easier to use algebra or arithmetic 
than actually to draw out to scale the bending-moment diagram and 
deflection curve. The algebraic method may be illustrated by the 
case of a single concentrated load for which solutions have been 
found in Arts. 81 and 82. 

Referring to Fig. 115 {a) regard the bending-moment diagram 
AEB as an imaginary load on the beam AB (so that the load per 
unit length = M). By taking moments about A, and about B, the 
corresponding reactions or supporting forces at B and A are 


_Wr/6(2/-/>) _ WV/M2/-fl) 

Rb Ra— — — 


Then finding the “ imaginary ” bending moment and dividing 
by El gives the deflection y. Thus for the range A to C, at x from A. 

axai-a)-x^ } = \Vbx(l^ - 62 - a-2)/(6EI/) 

6EI/ 


which agrees with (6), Art. 81, and (14), Art. 82. 

(We have here ignored the negative sign of the first and second 
(or imaginary) bending moments, as the repetition of the process 
produces a positive deflection.) 
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This and the corresponding graphical method are particularly 
suitable for the beam simply supported at its two ends. The con- 
ditions of support of the imaginary load by simple reactions Ra 
and Rij are only justified by the fact that the deflections at the ends 
(corresponding to the second or imaginary bending moment) are 
zero. In other cases the form of support or constraint of the 
imaginary loading must be determined by the known statical con- 
ditions of equilibrium. Thus points of zero deflection in the actual 
beam must be points of zero, B.M. for the second or imaginary 
loading. And points of zero slope must be points of zero shearing 
force for the second or imaginary loading. This may be illustrated 
by the case of a cantilever with a concentrated load at the free end. 
Thus with the notation of Fig. 121 (/?), at the free end A the B.M. is 
zero but neither the slope nor the deflection is zero, hence, for the 
second loading given by the bending-moment diagram Ma and 
Ra neither the B.M. nor the reaction at A is zero. And at B, 
Mb= 0 and Fb= 0. By moments about A for the imaginary 
loading 


W/x/ 


xy=iWP 


And since Fn=0, Rn=0, and R;=iW/x /= iW/2. 

And by taking the moment about X of the B.M. diagram to the 
left of X 


Ely = Ml^ = \\Wlx X + JW(/— A') Xx x^a'=Wx 2(4/— ix) 

in agreement with Art. 80, and for a=/, >’a = W/-^/(3EI). 

84- Beams of Variable Cross-Section. The slopes and deflections 
so far investigated have been those for beams of constant section, so 
that the relation (3) of Art. 78 

has become ^ 

If, however, I is not constant, but E is constant, this becomes 


and the equation (1), Art. 82, becomes 


. . 1 


and the equation (3), Art. 82, becomes 


/ dy 1 
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The methods of finding the slopes and deflections employed in 
Arts. 79, 80, 82, and 83 may therefore be applied to beams of variable 

M 

section, provided that the quantity y is used instead of M through- 
out. 

Where I and M are both expressed as simple algebraic functions of 
X (distance along the beam), analytical methods can usually be 
employed (sec Example 1 below), but when cither or both vary in an 
irregular manner, the graphical methods should be used. Thus 
equation (3) of Art. 82 may be written 


where A or 



A.r 

e“ 


'M 


^/.v = area under the cur\e 




M 

and X is the distance 

I 


of its centroid from the origin. The moment A . x may of course 
be found conveniently by a derived area (see Art. 35). When the 
quantity I varies suddenly at some section of the beam, but is a 
simply expressed quantity over two or more ranges, neglecting the 
elfects of a discontinuity in the cross-section, ordinary integration 
may be employed if the integrals arc split up into ranges with 
suitable limits (sec Example 2 below). The solution of problems on 
propped beams of all kinds by equating the upward deflection at the 
prop caused by the reaction of the prop to the downward deflection 
of an unpropped beam caused by the load, is still valid, the deflec- 
tions being calculated for the varying section as above. For 
example, the equation giving the load carried by a prop at the end 
of a cantilever, with any loading, as in Fig. 118, may be stated as 
follows. If M is the bending moment in terms of the distance from 
the free end B 


and 


jxdx = 


p= 


Px 


xdx = V 


dx 


Mx 


dx-h- 


A'2 

jdx 


0 


For a graphical solution, let A be the area enclosed by the curve 

and X the distance of its centroid from B. Assume any load p 

on the prop, and let P=a/7. Draw the bending-moment diagram (a 
straight line) for the end load p; divide each ordinate (p . x) by I, 

giving a curve - Let A^ be the area enclosed by this curve, and 
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x' the distance of its centroid from B. Then the above equation in 
graphical form becomes 

A . . A' . 

a=Aa;~A'x*' and V=oip 

The moments A . x and A' . x’ may be most conveniently found 
graphically by the derived area method of Art. 35, with B as pole; 
the bases (/) being the same for each diagram, the equation A . x = 
ah' X becomes 


first derived area of A=a (first derived area of A') 

The scales are not important, a being a mere ratio; it is only 
necessary to set off' the ordinate pi in the bending-moment diagram 
for the assumed reaction /?, on the same scale as the bending- 
moment diagram for the loading. A more general application of 
these methods to other cases is referred to in Arts. 88 and 93. 

Example 1. A cantilever of circular section tapers in diameter 
uniformly with the length from the fixed end to the free end, where 
the diameter is half that at the fixed end. Find the slope and 
deflection of the free end due to a weight W hung there. 

Let D be the diameter at the fixed end at O, which is taken as 
origin (Fig. 110). Then diameter at a distance x from O is 

D(1 -x/2/) or iD(2/-x)// 

At O about the neutral axis, Io=TrDV64 (see Arts. 34 and 49); 
hence at a distance x from O 


and M=W(/-a-) (sec Fig. 43). 


dy . 1 

Then — or i=- 
ax t 

or in partial fractions 


M , 16 W/^ 

,r'"— ti. 


l—x , 


^16W/-*|_ .4 1 1 1 

Hlo \ {2l-xy ^iJl-xY 12/‘-J 
the constant term — 1 /( 12 / 2 ) being such that /=0 for a -= 0 . 
Then, for x=l 
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16W/''f 
^ EIo 1 


-i 


I 


1 


and for x=l 


(2l-xY 2(2l-x) 
W/3 


yA=i ■ 


EIo 


^ 5 1 

12/2 24/J 


If the deflection only were required, it might be obtained by a 
single integration by modifying (3), Art. 82, taking the origin at the 
free end A, Fig. 110 


/ dv 

1 


)o=^'^ = E 


Mjf , 
— ax 


>’ a = 


lew/-* 

' ^lo 






21 


1 




clx 


16W/4f , /2 , / 1 V ,W/\ ^ , 


Example 2. A cantilever of circular section is of constant 
diameter from the fixed end to the middle, and of half that diameter 
from the middle to the free end. Estimate the deflection at the free 
end due to a weight W there. 

If Io=moment of inertia of the thick end (fixed) 
iVlo= ,» ,, ,, thin „ (free). 

As in Art. 80, taking the origin at the fixed end O (Fig. 1 10), from 
O to C (the middle point) 

g',.w,;-.v)/Ei. 

/ or ^(^'=\V('/x-i.v2)/EIo+0 


andatjc = i/ /c=iW/2/Elo 

y=pcix=W(lx^ - 1a-3)/(2EIo) +0 
and at x = II >c = 5W/3/(48EIo) 

From C to A (free end) 

/=]6W(/x— J x2)/E1o+A 

at x=il /= JW/2/EI0 (above) hence A = - V-W/2/EI0 

jK=j/jA:=W{. . .}/Elo{ 8(/A-2-i;c2)-V/^A- + B}/El 
at x=\l >’=-/b-W//EIo (above) hence 8 = 4/2 

> = W( 8(/a2 - Ja2) - Y/^,v +-I /2 }/EI 0 
and at x=l >’a=I 4W/2 /EIo 
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To find the deflection only, the method of Art. 82 might be used, 
taking the origin at A, the free end (Fig. 110). Then M = Wx, and 
splitting the integration into two ranges, over which I is In and 

j_f 

IblO 



Mt 


cLx = - 


EIo 


WA:V.)r + 


j6 ^ 
EIo . 


Wx^dx 


W 

EIo 




23WP 

"^EIo 


Examples VTT 

1. A beam of I section, 14 in. deep, is simply supported at the ends of a 
20-ft. span. If the moment of inertia of the area ofeross-seetion is 440 (in.)'^, 
what load may be hung midw^ay between the supports without producing a 
deflection of more than | in., and w'hat is the intensity of bending stress pro- 
duced? What total uniformly distributed load would produce the same 
deflection, and what would then be the maximum intensity of bending stress? 
(L= 13,000 tons per sq. in.) 

2. A bciun IS simply supported at its ends and carries a uniformly dis- 
tributed load W. At what distance below the level of the end supports must 
a rigid central prop be placed if tt is to carry half the total load? If the 
prop so placed is clastic and requires a pressure e to depress it unit distance, 
what load would it carry, the end supports remaining rigid? 

3. A beam rests on supports 20 ft. apart and carries a distributed load 
which vanes uniformly from 1 ton per ft. at one support to 4 tons per ft. 
at the other. Eind the position ancl magnitude of the maximum deflection 
if the moment of inertia of lire area of cross-scction is 2,654 (in.)^ and E is 
13,000 tons per sq. in. 

4. A cantilever carries a load W at the free end and is supported in the 
middle to the level of the fixed end- Find the load on the prop and the 
dcllcction of the free end. 

5. A cantilever carries a load W at half its length from the fixed end. The 
free end is supported to the level of the fixed end. Find the load carried by 
this support, the bending moment under the load and at the fixed end, and the 
position and amount of the maximum dellcction. 

If this cantilever is of steel, the moment of inertia of cross-section being 
20 (in.)^ and the length 30 in., find what proportion of the load would be 
carried by an end support consisting of a vertical steel tic-rod 10 ft. long and 
i sq. in. in section, if the ficc end is just at the level of the fixed end bejore tlie 
load is placed on the beam. 

6. A cantilever carries a uniformly spread load W, and is propped to the 
level of the fixed end at a point three-quarters of its length from the fixed end. 
W'hat proportion of the whole load is carried on the prop? 

1. A cantilever carries a distributed load which varies uniformly from >v 
per unit length at the fixed end to zero at the free end. Find the deflection at 
tile free end. 

8. A girder of I section rests on two supports 16 ft. apart and carries a 
load of 6 tons, 5 ft. from one support. If the moment of inertia of the area of 
cross-scction is 375 (in.)**, find the deflection under the load and at the middle 
of the span, and the position and amount of the maximum deflection. (E= 
13,000 tons per sq. in.) 
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9. If the beam in the previous problem carries an additional load of 8 tons, 

8 ft. from the first one, and is propped at the centre to the level of the ends, 
find the load on the prop. By how much will it be lessened if the prop sinks 
01 in.? 

10. A girder of I6-ft. span carries loads of 7 and 6 tons, 4 and 6 ft. respec- 
tively from one end. Find the position of the maximum deflection and its 
amount if the moment of inertia of the cross-section is 345 (in.)^ and E= 
13,000 tons per sq. in. 

11. A steel beam 20 ft. long is suspended horizontally from a rigid support 

by three vertical rods each 10 ft. long, one at each end and one midway 
between the other two. The end rods have a cross-section of 1 sq. in. and 
the middle one has a section of 2 sq. in., and the moment of inertia of cros$- 
section of the beam is 480 (in.)^. If a uniform load of 1 ton per foot run is 
placed on the beam, find the pull in each rod. \ 

12. A cantilever carries a uniformly distributed load throughout its length 
and is propped at the free end. What fraction of the load should the prop 
carry if the intensity of bending stress in the cantilever is to be the least 
possible, and what proportion does this intensity of stress bear to that in a 
beam propped at the free end exactly to the level of the fixed end? 

13. At what fraction of its length from the free end should a uniformly 
loaded cantilever be propped to the level of the fixed end in order that the 
intensity of bending stress shall be as small as possible, and what proportion 
does this intensity of stress bear to that in a beam propped at the end to the 
same level? What proportion of the whole load is earned by the pi op? 

14. A cast-iron girder is simply supported at its ends and carries a uniformly 
distributed load. What proportion of the dcficction at mid-span may be 
removed by a central prop without causing tension in the compression 
flange? What proportion of the deflection at i span may be removed by a 
prop there under a similar rcsirietion ? 

15. A beam, AB, carries a uniform load of 1 ton per foot run and rests on 
two supports, C and D, so that AC=3 ft., CD=I0 ft., and DB = 7 ft. 
Find the deflections at A, B, and F from llic level of the supports, F being 
midway bctw'ccn C and D. 1 = 375 (in.)**. F=I3,(X)0 tons per sq. in. 
How far from A is the section at which maximum upward deflection occurs? 

16. If the beam in the previous problem carries loads of 5, 3, and 4 tons 
at A, F, and B respectively, and no other loads, find the deflections at A, F, 
and B, and the section at which maximum deflection oc-airs. 

17. A cantilever is rectangular in cross-section, being of constant breadth 
and depth, varying uniformly from d at the wall to \d at the free end. Find 
the deflection of the free end of the cantilever due to a load W placed there, 
the moment of inertia of section at the fixed end being Iq. 

18. A vertical steel post is of hollow circular section, the lower half of the 
length being 4 in. external and 3^ in. internal diameter, and the upper half 
3 in. external and 2\ in. internal diameter. The total length of the post is 
20 ft., the lower end being firmly fixed. Find the dcficction of the top of the 
post due to a horizontal pull of 125 lb., 4 ft. from the top. (E= 30,000,000 lb. 
per sq. in.) 

19. A beam rests on supports at its ends and carries a load W midway 
between them. The moment of inertia of its cross-sectional area is I© at 
mid-span, and varies uniformly along the beam to at each end. Find an 
expression for the deflection midway between the supports. 

20. Find the deflection midway between the supports of the beam in the 
previous problem if the load W is uniformly spread over the span. 
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CONSTRAINED BEAMS 

85. Encastr^ or Built-in Beams. By this term is understood a 
beam firmly fixed at each end so that the supports completely con- 
strain the inclination of the beam at the ends, as in the case of the 
“ fixed ” end of a cantilever. The two ends arc usually at the same 
level, and the slope of the beam is then usually zero at each end if 
the constraint is effectual. The effect of this kind of fastening on a 
beam of uniform section is to make it stronger and stiffer, i.e. to 
reduce the maximum intensity of stress and to reduce the deflection 
everywhere. When the beiun is loaded the bending moment is not 
zero at the ends as in the case of a simply supported beam, the end 
fastening imposing such “ fixing moments ” as make the beam 
convex upwards at the ends, while it is convex downwards about the 
middle portion, the bending moment passing through zero and 
changing sign at two points of contraflexure. 

If the slope is zero at the ends, the necessary fixing couples at the 
ends are, for distributed loads, the greatest bending moments any- 
where on the beam. Up to a certain degree, relaxation of this 
clamping, which always takes place in practice when a steel girder is 
built into masonry, tends to reduce the greatest bending moment by 
decreasing the fixing moments and increasing the moment of 
opposite sign about the middle of the span. In a condition between 
perfect fixture and perfect freedom of the ends, the beam may be 
subject to smaller bending stresses than in the usual ideal form of a 
built-in beam with rigidly fixed ends. The conditions of greatest 
strength will be realized when the two greatest convexities are each 
equal to the greatest concavity, the greatest bending moments of 
opposite sign being equal in magnitude. 

Simple cases of continuous loading of built-in beams where the 
rate of loading can be easily expressed algebraically may be solved 
by integration of the fundamental equation 

EWyjdx^^^w (Art. 78) 

Taking one end of the beam as origin, the conditions will usually 
be dyldx=0 for a:= 0 and for x=l, and t= 0 for a'= 0 and for jc=/. 

For example, suppose that the load is uniformly distributed, 
being w per unit length of span (Fig. 122), integrating the above 
equation 

Eld'yldx^ = >\x-i-AL ( 1 ) 
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Eld^y/dx^=iwx^+AiX+B . , . (2) 

Eldyidx = J wx^ + ^Ax^ + Bjc + 0 . (3) 

since dyldx=0 for ;c=0, and putting dyldx=0 for x=l 

0 = iwl^ + iAl+B and B= — Jw/- — JA/ 

E\dyldx = iwx^+iAx^’-iwPx—iAlx .... (4) 

El . y=^4wx'^+ lAx^—i\wl^x^—iAlx^ + 0 . . (5) 

since >'=0 for x=0^ and putting y=0 for x=l, and dividing by P 
0 = i A — i A 
hence A=—\wl and B=-^wP 

Substituting these values in the above equations, the values of tht 
shearing force, bending moment, slope, and deflection everywhere 
are found, viz. 

E = E\d^yldx^ = w{x — \l) (6) 

y[ = EhP} ldx- = Yj\\{bx'^ — (dx-yP) ... (7) 

which reaches a zero value for A' = /(i ±0-289), i.e. 0-289/, on cither 
side of mid-span. Also for x=0, or x — l, M = and for 

x = ll, M = — 

1 = dyidx^\v(2x^-‘3lx- + Px)ii\2El) ... ( 8 ) 

which reaches zero for a'=0, a' = /, x = U 

v=uw^(/-a')^7(24EI) (9) 

and at the centre, where x=\U the deflection is 

^IV fiv . wP 

”Ei • w ■ vy "^e7 ■ • • • <>« 

or \ of that for a freely supported beam (sec (12), Art. 79). 

The bending-moment diagram is shown in Fig. 122; it should be 

noticed that the bending 
moment varies in the 
same way as if the ends 
were free, varying froni 
± ■j “2 to — 2 V a 
change of {wP, as in 
the freely supported 
beam (see Fig. 49), but 
the greatest bending 
moment to which the 
beam is subjected is 
only instead of 

so that with the same cross-section the greatest intensity of 
direct bending stress will be reduced in the ratio 3 to 2. The greatest 
bending moment and greatest shearing force (iw/) here occur at the 
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same section. Evidently, to attain the greatest flexural strength 
the bending moment at the centre should be equal to that at the 
ends, each being half of iwP. In this case the equation to the 
bending-moment curve would be, from (7), Art. 79 

M=EIci^y/c/x^=in’x^~lwlx+-^wP . . . (II) 
the last or constant term alone differing from the equation used 
above. Integrating this twice and putting j’=0 for x=0 and for 
x = l, or integrating once and putting dyldx=0 for x=^l because 
of the symmetry, the necessary slope at the ends is found to be 
m'/^/( 96EI) or i of that in a beam freely supported at its ends (see 
(10), Art. 79). 

Other types of loading where w is a simple function of jc may be 
easily solved by this method. 

As another example, suppose that ^=0, but one end support 
sinks a distance 6, both ends remaining fixed horizontally. Taking 
the origin at the end A, say, which does not sink 


E\d‘'y/(fx^=0 (12) 

EhP)idx^=F (13) 


where F is the (constant) shearing force throughout the span, 

E\d-yldx2 = Ex+ni (14) 

where m is the bending moment for x=0 


Eldyldx^^Ex^+mx-EO . . . . 

and putting r/>7(/A=0 for jr=/ m=—\El 

and E\dy!dx=\T{x^—lx) 

EIr=iF(J.v3-i/A-2+0) . . . 

and putting .v=5 for x = l 

EI6 = -iVFP 

F = 12ni6/P m = 6EI5//2 . . 


(15) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 


and the bending moment anywhere is 

6EI.6 12FI.x:.5 

/2 /3 


( 21 ) 


a straight line reaching the value 

-6E15//2 atx=/ 

and 6E16/Fatx=0 (22) 

The equal and opposite vertical reactions at the supports arc each 
of magnitude F. 

Consistent units must be used and it is best to employ inches, 
giving a moment in Ib.-inches or ton-inches. 

86. Effect of Fixed Ends on the Bending-Moment Diagram. In 
a built-in beam the effect of the fixing moments applied at the walls 
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or piers when a load is applied, if acting alone, would be to make the 
beam convex upw^ards throughout. Suppose only these “ fixing 
couples ” act on the beam, the bending moment due to them at any 
point of the span may easily be found by looking on the beam as 
one simply supported, but overhanging the supports at each end 
and carrying such loads on the overhanging ends as would produce 
at the supports the actual fixing moments of the built-in beam. If 
these fixing moments are equal they produce a bending moment of 
the same magnitude throughout the span (see Fig. 51). If the 

fixing moments at the two 
ends are unequal, being 
Ma y say Ma at one end A (Fi^. 

O L: d 123) and Mq at the other 

/ J end B, the bending mo- 
ment throughout the span 
] varies from Ma to Mu as a 
^ I straight-line diagram, i.e. 
jr "" t, at a constant rate along 

Ma ^ I the span, as the reader will 

i J1 find by sketching the dia- 

Tig. 123,- -Eflcct of fixing couples gram of bending moments 

for a beam over-hanging 
its two supports and carrying end loads. At a distance x from A 
the bending moment due to fixing couples will be 

M'==Ma + (Mu-Ma)a// (sec Fig. 123) 

The actual bending moment at any section of a built-in beam will 
be the algebraic sum of the bending moment which would be 
produced by the load on a freely supported beam, and the above 
quantity M'. 

Without any supposition of the case of an overhanging beam, we 
may put the result as follows for any span of a beam not “ free ” at 
the ends. 

Let Fa (Fig. 123) be the shearing force just to the right of A, and 
Fb the shearing force just to the left of B, Ma and Mb being the 
moments imposed by the constraints at A and B respectively. Let 
IV be the load per unit length of span whether constant or variable. 
Then, as in Art. 78, with A as origin 

d^Mldx^ = w ( 1 ) 


or dMldx—\ wdx+Fj>, 


Fa being the value of F for x=0. 


‘-JT“ 


wdxdx + Ffi, . x + Ma 



CONSTRAINED BEAMS 


215 


Art. S6] 

Ma being the value of ElcPy/dx^ for x=0. Putting x=*l 


M 


H'f 

J oj 0 


wdxdx + Fa/+ Ma 


hence 


M„-Ma 


/ 


-o: 


wdxdx 


(4) 


Note that the term 




dxdx is the value of the reaction at A 


if Md = Ma, or if both arc zero as in the freely supported beam. 
Substituting the value of Fa in (3) 

El^orM=J J H^/AY/A-|-(Mn — Ma)“ +Ma — j* wdxdx (5) 
or re-arranging 

M = MA + (Mn — Ma)a//-|- [ f wdxdx — ixll){ f wdxdx . (6) 

J oJ 0 J 0 j 0 

With free ends Ma = Mb= 0, and 

M= f" rMY/AY/.V-AV/f‘ f wdxdx 

J oJ 0 J oJ 0 

and if the ends are not free there is the addilional bending moment, 
which may be written 

M ' = M ^ ( M a - M a) A'// (7) 

or M'-Ma(/-a')/7+Mb.a-// . . . .(7a) 

a form which will be used in Arts. 88 and 91. 

With this notation (5) may be written 

M = E 1 d^\ idx- = p + M ' = M + Ma + ( Mb - Ma ) a// . (8) 
where p is the bending moment at any section for a freely supported 
beam similarly loaded, and M' is the bending moment (Fig. 123) at 
that section due to the fixing 
moments Ma and Mb at the 
ends. Usually p and M' will 
be of opposite sign; if the 
magnitudes of p and M' are 
then plotted on the same side 
of the same base-line, the 
actual bending moment M at 
any section is represented by 
the ordinates giving tlic 

dificrence between the two curves (see Fig. 124). The conventional 
algebraic signs used in the above integrations (see Art. 78) make 
M negative for concavity upw'ards. The reactions Ra (= — Fa) and 
Rb may be found from equation (4). If Mb— Ma is positive, 
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the reaction at A is less (in magnitude) than it would be for a 
simply supported beam by (Mb—Ma)// and the reaction at B is 
greater than for a simply supported beam by the same moment. 

87. Built-in Beam with any Symmetrical Loading. For a sym- 
metrically loaded beam of constant cross-section the fixing couples 
at the supports are evidently equal, and Fig. 51 shows that equal 
couples at the ends of a span cause a bending moment of the same 
amount throughout. Or, from (7), Art. 86, if Mb = Ma, M' = Ma = 
Mb at every section. Hence, the resulting ordinates of the bending- 
moment diagram (see Art. 86) will consist of the difference in ordin- 
ates of a rectangle (the trapezoid APQB, Fig. 124, being a rectangle 
when Ma = Mb) and those of the curve of bending moments for Iht 
same span and loading with freely supported ends. And since 
between limits 

dyidx or /=J(M/EI)rfx (see (3), Art. 78) 
if E and 1 are constant, the change of slope J Mr/.v/EI between the 
two ends of the beam is 

lf(p+MV-v 

LlJ 0 

with the notation of the previous article, where / is the length of 
span and the origin is at one support. Now in a built-in beam, if 
both ends are fixed horizontally, the change of slope is zero, hence 
ri 

(^ + M')c/x=^0 


or 


or 


— J MVa'=J p^/a' (1) 


Hc/x 


This may also be written 

A+A'=0 (2) 

where A stands for the area of the p curve, and A' stands for the 
area of the trapezoid APQB or M' curve (Fig. 124), which in this 
special case is a rectangle, AA'BB' (Fig. 125). 

(p-bM')t/A represents the area of the bending-moment diagram 


j; 


for the whole length of span, and equation (1) shows that the total 
area is zero. Hence the rectangle of height (or M'), and the 
bending-moment diagram m for the simply supported beam have the 


same area —A, and the constant value (Ma) of M 




udx; 
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the ordinate representing it is —A//, A and \x being generally 
negative. 

Hence, to find the bending-moment diagram for a symmetrically 
loaded beam, first draw the bending-moment diagram as if the 
beam were simply supported (ACDC'B, Fig. 125), and then 
reduce all ordinates by the amount of the average ordinate, or, in 
other words, raise the base-line AB by an amount IVl^, which is 
represented by the mean ordinate of the diagram ACDC'B, or 
(area ACDC'B) (length AB). The points N and N' vertically 
under C and C' are points of contraflexure or zero bending moment, 
and the areas AA'C and 
BB'C' arc together equal to D 

the area CDC' and of oppo- 
site sign. With downward 7 
load, the downward slope 
from A to N increases and ^ 
is at N proportional to the i 
area AA'C. From N to- 
wards mid-span the slope 
decreases, becoming zero at 
mid-span when the net area of the bending-moment diagram from 
A is zero, i.e. as much area is positi\c as negative. 

The slopes and dellcctions may be obtained from the resulting 
bending-moment diagram by the methods of Art. 82, taking account 
of the sign of the areas. Or the methods of Art. 83 may be em- 
pkned, remembering the opposite signs ot the different parts of the 
bending-moment diagram area, and that the slope and deflection are 
zero at the ends. Another possible method is to treat the portion 
NN' between the points of contrallexure (or virtual hinges) as a 
separate beam supported at its ends on the ends of two canti- 
levers, AN and BN'. 

If the slopes at the ends A and B are not zero, but are fixed 
at equal magnitudes / and of opposite sign, both being down- 
wards towards the centre, slopes being reckoned positive dowm- 
wards to the right, equation ( 1 ) becomes 



f (ii + M')^/A = — 2/ . El 

' 0 

1*1 ri ^ r j 2/ . El 

and I MV^a-=-J n^/.v- 2 ;.r.r or — 

H being usually negative, and for minimum intensity of bending 
stress this value of should be equal in magnitude to half the 
maximum value of q. 

Example 1. Uniformly distributed load w per unit span on a 
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built-in beam. The area of the parabolic bending-moment diagram 
for a simply supported beam (see Fig. 49) is 

The mean bending moment is therefore -ijwF. By reducing all 
ordinates of Fig. 49 by the amount -^wP, we get exactly the same 
diagram as shown in Fig. 122. 

Example 2. Central load W on a built-in beam. 

The bending-moment diagram for the simply supported beam is 

. • . • , W/ W/ 

shown in Fig. 47. Its mean height is proportional to i . or -g--. 

Hence, for the built-in 
beam the bending-mo- 
ment diagram is as 
shown in Fig. 126. The 
points of contraflexure 
are evidently \l from 
each end, and the bend- 
ing moments at the 
Fig. 126 ends and centre are 

iVV/. 

Taking the origin at the centre or either end, using the method of 
Art. 82 (3) and taking account of the signs, dylclx vanishes at both 
limits and y at one limit, and the central deflection under the load is 




W/ A/, 
8 


88. Built-in Beams with any Loading. As in the 

article, and with the same notation, if I and E are constant 

or A-|-A'=oJ 


previous 


or substituting for M' its value from (7), Art. 86 

J* -^p-I-Ma+CMb — MA)-^|- r/x=0 . . . (2) 

The loading being not symmetrical, Mn is not necessarily equal to 
Ma, and the area A' is not a rectangle but a trapezoid (Fig. 127), and 
the equation of areas A and A' is insufficient to determine the two 
fixing couples Ma and Mb- We may, however, very conveniently 
proceed by the method used in Art. 82 to establish a second rela- 
tion. Thus, taking one end of the span, say A, Fig. 1 27, as origin 

d'^y + 

^2" El 
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and multiplying by jc and integrating (by parts), with limits I and 0 


or 




Ax+Ax* 


where x and are the re- 
spective distances of the 
centres of gravity or cen- 
troids of the areas A and 
A' from the origin. 
Further, the term M'a 

A 


{xdyjdx—y^ 



Fig. 127 


is obviously zero, since 
each part of it vanishes at both limits x = l and x=0; hence 


Ax + A'x'=0=[ \)adx+ \ M'xdx . . . 

Jo Jo 


(3) 


or the moments about either support of the areas A and A' are 
equal in magnitude, in addition to the areas themselves being equal, 
or, in other words, their centroids are in the same vertical line (see 
Fig. 127). 

Evidently, from Fig. 127, the area APQB or A'=KMa+Mb)/, 
hence from (1) 

i(MA + MB)/=~A (4) 

and, taking moments about the point A (Fig. 127), dividing the 
trapezoid into triangles by a diagonal PB 


A'x’ = 


= iP(MA+2MB) . 

(4a) 

or Irom (3) 


— A^ • • • • 

(5) 

or 

MA+2MB = -6A.f//2 




and from (4) 

Ma + Mb=-2A// 




from which 

,,, 2A 6Ax 
Mb= ^2 or 

tI 

(■-7) ■ • 

(6) 


,, ,A* .A 

Ma= 6— -4y or 


Pt-) ■ • 

(7) 


Thus the fixing moments are determined in terms of the area of the 
bending-moment diagram (A) and its moment (A.f) about one 
support, or the distance of its centroid from one support. The 
trapezoid APQB (Fig. 127) can then be drawn, and the difterence of 
ordinates between it and the bending-moment diagram for the 
simply supported beam gives the bending moments for the built-in 
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beam. The resultant diagram is shown shaded in Fig. 127. With 
the convention as to signs used in Art. 78, the area A must be 
reckoned negative for values of M producing concavity upwards. 
With loading which gives a bending moment the area of which and 
its moment are easily calculated, Mb and may be found alge- 
braically or arithmetically from (6) and (7), and then the bending 
moment elsewhere found from the equation (8) of Art. 86. With 
irregular loading the process may be carried out graphically; the 
quantity A . x may then conveniently be found by a “ derived area,” 
as in Art. 35, Fig. 38, using the origin A as a pole, without finding 
When the resultant bending-moment diagram has been deter- 
mined, either of the graphical methods of Art. 83 may be used ^o 
find the deflections or slopes at any point of the beam, taking proper 
account of the diflerence of sign of the areas and starting both slope 
and deflection curves from zero at the ends. Or the methods of 
Art. 82, (6) and (r), may be employed, taking account of the different 
signs in calculating slopes from the areas of the bending-moment 
diagram or deflections from the moments of such areas. When the 
bending moment has been determined, the problem of finding slopes, 
deflections, etc., for the built-in beam is generally simpler than for 
the merely supported beam, because the end slopes arc generally 
zero. The shcaring-forcc diagram for the built-in beam with an 
unsymmctrical load changes from point to point just as for the 
corresponding simply supported beam (since dVldx — w)^ but the 
reactions at the ends are diff'creni, as shown by (4), Art. 86, one 
(Rb) being greater in magnitude, and the other (R^) being less by 
the amount (Mb — Ma)//, which may be positive or negative. 

If the ends of the beam are built in so that the end slopes are not 
zero, equation (1) becomes 

A+A'=EI(/d-/a) (8) 

where /‘b ^nd are the fixed slopes at the enils B and A, and are 
reckoned positive if downward to the right (usually they will have 
opposite signs). Equation (3) then becomes 
A^r-fA X =E1 . / . /b 

and the values of Mb and Ma are 

2A 6A.f . 2(2 /b + /a)EI 

^ 

6 Ax 4A .,(;d+2/a)E1 


quantities which will be less in magnitude (the area A being nega- 
tive) than (6) and (7) when both ends slope downwards towards the 
centre, unless /'b and t\ are very unequal in magnitude. To secure 


. . ( 10 ) 

. . ( 11 ) 
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the greatest possible flexural strength from a given section it would 
be necessary to make the two fixing moments Mb and equal, and 
opposite to half the maximum bending moment for the freely sup- 
ported beam. The necessary end slopes could more easily be 
calculated than secured in practice. And in the case where 
A=0 

'A=-rc/“MA + Mi3), /i3=+^7(Ma+2Mb) . (12) 

6Eil 6E1 

while if A is not zero 

/a=-^-.^---^/2Ma + Mb), /n = ;^?+4-/MA+2MB) (13) 

/ El 6ET /El 6 El 

which reduces to (7) and (6), Art, 82, when Ma=0 = Mb. Also 

. . . .(13a) 

El 2E1 

another form of equation (8). 

Sinkiii^^ of Support. If the end B sinks a distance 5 relative to A 
but remains fixed in direction a term 6E15//'^ is added to the right- 
hand side of (11) and — 6E16//-^ to the right-hand side of (10), as 
shown by (21) of Art. 85. 

An Alternative Method 

A very simple method of dealing with a beam encastr^ at its ends 
is to look upon it as a cantilever fixed at one end, A, say (Fig. 128), 

i t 1 I 

Fig. 128 

the Otherwise free end, B, being propped by a force Rb (the reaction 
at B) and subject to a couple, Mb, that of the wall. Then principles, 
similar to those used in Art. 80, readily give Rb and Mb. Thus let 
the slope and deflection produced at B if free by the loads be i and 5 
respectively. Then using (1) and (11), Art. 80, and equating the 
resultant upward slope to the right at B to zero, say 

O'" iRn . /^-Mb . /-El . /=0 . (14) 

2E1 El 

And using (2) and (11), Art. 80, and equating the resultant deflection 
to zero 

O'" ^Ru/’-iMB/2-EI.5=0 . (15) 

3E1 
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And from (14) and (15) Rn=^(26-/0 (16) 

Mu=?^(35-2//) (17) 

Then Ra= whole load— R b (18) 


And MA=MB+nioment of whole load about A— Rb . / - (19) 

Given slopes /'a at A and /'n at B may easily be taken into account 
in equations (14) and (15), and any given difference in levels of the 
ends in equation (15). 

Also equations (14) and (15) might have been written in the 
notation of Art. 82, application (6), Ax/El replacing 6 and A/El 


w 



replacing /. The factor 1/El then disappears from the result, and 


(16) becomes 

RB=6A(2.f-/)/P (20) 

and (17) becomes MB=2A(3.f— 2/)/72 (21) 


A and x in (20) and (21) referring, of course, to the cantilever dia- 
gram, and differing from the A and x in equations (6) to (13 a). 

Values of F, M, z, and y anywhere may be found by methods and 
expressions used for the cantilever combining the effects of Rb, Mb, 
and the loads, or otherwise. 

Example. A built-in beam of span / carries a load W at a distance 
n, from one end. Find the bending-moment diagram, points of 
inflexion, maximum deflection and that at the load. 
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The bending-moment diagram AEB, Fig. 129, for the simply 
supported beam is drawn as in Fig. 115 (a) and 


U=-'W-^x+W(x-a) 


(22) 


the term W(x— a) being ignored when xCa (A to Q. In order to 
draw the line NP, and Mb are calculated from A, the area of 
AEB and its moment about the origin A or x the distance of the 
c.g. from A. 

From the mensuration of the triangles 


Wnh 

A = -iWW-1- i WA2 = - JWW- A) = - - 
Ax= -iWu/xi/-l-iWa2 X la= 

6 


From (6) 


2A 6Ax Wu 26 
6Ax 4A WaZ)2 




/ 


/2 


.. \\'uh(a-b) 

Mii-MA= 


, , a: V^ab(a-h) 

and M=- — -f-. 


n , x'Wabia—h) „,/> , . 

M=M -f-n = -- -I ^-W-x-l-W(x-fl) 

/" /** / 

b-{2a+b) , 

= p — • + 

the last term (x—a) being omitted when xda . (A to C). 
The point of inflexion (M =0) are, between A and C, 

a 


X = ; 


A 


haA-b 

and between C and B (where .v>a and (x—a) is included) 

a+2b 


a-{-3b 




(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 


These points arc readily found graphically where the line NP cuts 
the bending-moment diagram AEB, viz. at Q and T. Since the 
slope at A is zero that distant x from A is 

^ ^ab^x _x^ . bA3a+h) 


-rj;' 


.“■mT-— if— 

where the last term l(x—a)^ is omitted when x<a. 

'2.CI 

This slope is zero when x =- — This is, of course, twice the 

3a+D 
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value of X above at the point of inflexion. From the shaded 
bending-moment diagram in Fig. 129, it will be evident that since 
the slope is zero at A, it will reach a maximum at U and become 
zero again at V, where UV = AU for the negative area will then just 
equal the positive area ANQ. For higher values of x the negative 
slope will increase to its greatest value at Y and again reach zero 
at B. 

The second point of inflexion may be found by equating i to zero 
but including the term since x>a. This gives x = 

-^/.(=AY). 

The deflection anywhere is found by integrating again \ 

S3- -- 


where again the last term {x—ayjG is to be omitted when x<Zu. 
At the load, jc=a. 


Teip ■ ’ 


(33) 


And the maximum deflection is found by substituting the foicgoing 


value of x^ viz. 

/x2a/(3a+6) for zero slope which gives 





(34) 

By writing 

Mb- -W6-Ra(«+/0+ . . 

(35) 

we find 

R^ = Wfr2(3a + /;)//’ 1 

(36) 

and similarly 

R„=W«-(a+3/j)/P J 


Built-in Beams of Variable Section. Having considered in Art. 84 
how simple beam-dcflection problems arc allected by a variable 
section, and in the present chapter the case of built-in beams of 
constant section, it will be sufheient to say that the modification in 
the work w'hen the quantity I is not a constant consists in using 
M/I instead of M as a variable throughout. 

89, Single Load and Couple, fa) Sini^le Load. The problem 
of the single load W on an encastre beam has been solved at the end 
of the preceding article (Art. 88) as an example of the use of the 
general method, employing the area and moment oi' area of the 
bending-moment diagram. But it may also be solved easily by 
direct integration as in the case of the simply supported beam (Art. 
79), the end conditions being very simple. We shall again employ 
Nlacauley’s method of integration, ignoring where inapplicable in 
the equations for M . i and y terms which are only applicable beyond 
the values of x corresponding to the discontinuity at a single 
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concentrated load W. We can again use Fig. 129 but will write nl 
in place of a and (1 —n)l in place of b, n and 1 —n being fractions. 

Starting from the fundamental equation for the bending moment 
at a distance x from the origin at A (Fig. 1 29) 

EIc(2_i'/</a-^ = Ma— RaA'+W(jc— nO ... (1) 
where W(a— nO is to be ignored for xCjnl. 

EI<f>’/c/A: = MAA:— iRAJc^+iWCx— . . (2) 

the constant being zero since dyldx=0 for a:= 0 and the last term 
being ignored for x<.nl. Putting x=l for which dyldx=Q 

0=MA/-iRA/“+iW(l -nW 
hence, Ra=2Ma//+W( 1 -;i)2 

E\dyldx=-UfX.x-x^ll)-\\^{i-n)^x^ + \\^{x-niy . (3) 

the last term being ignored if x<.nl. Integrating again, 

Elv = MA(i.v2-A:3/3/)-W(l-«)2jcV6+W(A-«/)3/6+0 . (4) 
which is zero for x=l, hence 

Ma=W///(1-/i) 2 (or Wab'-ir-) (5) 

R^=W(l-«)2(2n+l); Rb = W«2(3-2/;) . . (6) 

and substituting in (4) 

E1v=W{K1 -«)2a 2/-(1 -n)2(l +2/7 )a-3/6+(a--«/)-V6} . (7) 

and at C, where x=nl 

Elyc = i'Wtd(i-nyn ( 8 ) 

in agreement with (33) of Art. 88. And differentiating twice 

E\dyldx=\V{nil-ti)-xl-i{l-ny-{l+2n)x^+i{x-nl)2} . (9) 

in agreement with (31) Art. 88. 

M = EkPv/r/jc = W{/7(l-A/)2/-(l-«)2(l+2/;).v+(.\--rt/)} . (10) 

in agreement with (28), Art. 88. And at x=nl 


Mc=-2W//F(1-/7)2 (II) 

AtA:=0 Ma=W//7( 1-/02 (12) 

Atx=l Mb=W(1-/0/72 (13) 


The values of x at the points of inflection (for which M=0) are 
found from (10) to be 

A' =////'( 1+2/0 and x = H2—n)j(3—2n) . . (14) 

as in (29) and (30), Art. 88. 

(6) Couple. Let u be the clockwise couple exerted at C, nl 
from A, Fig. 130. The unknown but equal reactions are R down- 
wards at A and R upwards at B. There will also be external 
couples Ma at A and Mb at B. At a point distant x from A 

M=EIt/2;’/JA2=MA+RA-p .... (15) 


1 
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where the last terra (u) is to be ignored for x<.nl 

Eldyldx=MAX+iRx^—\x{x—nl) . . . (16) 

the constant in the last terra being such as to make it zero dXx = nl 


and the term being ignored for x<Oil. M x=l 
0=MA/+iR/2-4/(l-«) 

R=2{(l-n)M-MA}// (17) 

And substituting this value in (16) 

EI<()'/i(x={(l — «)tJi— M a}x2//+MaX— p(jc— «/) . . . (18) 

EIj'=K(l-«)M-MA}x3//+iMAx2-iu(A:-/i/)2+0 (19) 

And putting >^=0 for j:=/ gives \ 

Ma=K1-«)(1-3/i) (20) 

R=6pii7(l — n)// (21) 



And substituting for Ma and R in (15) 

E\d^‘yldx^=\i.{,\-n){(,\-3n) + 6nxll)-M . . (22) 
And at x=nl the bending moment at C on the portion CA is 

McA=MA+R«/=M(l-//)(l-3rt+6n2) . . (23) 


McD = -Hn(4-9/i+6n2) (24) 

U^ = \yn(2-3n) (25) 

Note that the distribution of p into Mca and Mod is not very simple. 
In the range AC or x=0 to x=nl, M =0 if 

xll=i(3n-l)/n (26) 

which gives a point of inflexion provided «>'J. In the range CB 
or x=nl to x=l, M=0 if 

x[l=i4-3nW-n) (27) 

Substituting for Ma in (19) 


Ely=Ml-n){il-3n)l+2nx}xyi-^U{x-n[)^ . (28) 
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AndatA:=n/ — «)^(1 — 2«) .... (29) 

And differentiating (28) 

Eldyldx=i[x(l — m){2(1 —3n)x+6nx^ll } — \i{x—nl) . (30) 

which is zero for a maximum value of y at 
x/I=ii3n — l)ln or 1— 

(f) Couple with support. If the encastrd beam is vertically sup- 
ported at the point C (Fig. 130), which is the axis of the torque M, 
the distribution of the bending moment and deformation of the 
beam are modified and the results are useful in further analysis. 
Let Rc be the vertical downward force at C necessary to keep the 
point C in the straight line AB (or — Rc be the upward supporting 
force at C). From (8), writing Rc for W, 

EI>’c = iRc«^(l — n)^/^ (downwards) 

And from (29) 

E\yc=\V‘l-n\\ —ri)H.\ —2n) (downwards) 

If .Vc=0. equating the downward deflection at Cduc to p to the 
upward deflection due to Rc, whether the rumerical value be or — , 
-iRc«Xl-H)V^ = ip/2/j2(l-/02(l-2«) . . (31) 

Rc=— 21 • -7— A (downward) . . . (32) 

/ n{l—n) 

This will be downward if 
\nd from (11) and (23) 

McA=-2Rc/«Xl-")- + Pfl-/i)(l-3//-l-6«2) = M(l-/0 . (33) 

Mcu = Mca — M= — P« (34) 

At A-=0, from (20) and (12), taking Rc in place of W, 

Ma=m( 1 -n)(l -3/;)-3p(l -2«)(1 -n)/2 = -\\i(.l — «)] 

which is — iMcA J ^ 

From (25) and (13) 

Mb = Ph (2 — 3//)— 3|a(l — 2«)«/2=ipn 
which is — iMcB 

Variations in bending moment are linear and are shown in Fig. 131. 
Inflections are obviously at ^ of AC from A and ^ of CB from B. 

A comparison of Figs. 131 and 130 is instructive. They are 
similar but in Fig. 1 3 1 the rates of change of bending moment in the 
two parts AC and CB are not equal as in Fig. 1 30, where the support- 
ing forces (R) are numerically equal, one upward at B and the other 
downward at A. The downward restraining force Rc adds nRc 
to the upward force Rb and diminishes the downward force Ra by 
(1 — n)Rc, thus increasing the rate of change of M in the range CB 
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and decreasing it in the range CA. But in Fig, 131, as in Fig. 130, 
the total positive area is equal to the total negative area of the 
bending-moment diagram since the change of slope from A to B is 
zero. The curves have points of inflexion Ii above D and 1 2 



above E, and zero slopes above P and Q where DP = AD and 
QE=EB. 

Equations (35) and (36) should be noted as useful in later analysis 
(see Art. 94). Equations (33) and (34) show the distribution of a 
moment p between the two portions AC and CB of the beam. It is 



divided in proportion to the flexural stiffnesses of the two parts or 
inversely as their flexibilities, that is, inversely as their lengths. 
(This is an example of the general case of elastic distribution of 
loads in Art. 21. The common distortion is the rotation or 
inclination dy/dx or ic at C.) 

The values of Mqa arid Mcb for the beam subject to the couple p 
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are shown in Fig. 132 by the full lines for the case where C is free to 
deflect (see (23) and (24)) and by the broken line for the case where 
C is kept in the line AB by a prop or vertical supporting force Rc 
at C (see (33) and (34)). For the unpropped beam, maxima and 
minima occur at n=i and « = §, but in the central f of the length 
the moment is fairly equally divided between the two parts. 

The results (33) and (34) can be established by treating the parts 
AC and BC of the beam as cantilevers propped at their common 
point C and subject to such external moments there as give them a 
common rotation or inclination /'c at C. 

Thus from (15), Art. 80, allowing for a difference of symbols, the 
upward propping force on the cantilever AC at C, due to a moment 
Mca at C is 3Mca/(2h/), and using (3) and (8) of Art. 80 

ElAfc = McA'2/— i . 2McA”^=iMc\ . «/ . . (37) 

where Ia is the value of I for the part CA. 

Similarly, the downward vertical force at C for the cantilever CB is 
3Mcu/{2(1 -n)l} and 


-EIu/c=Mcu(l-/7)/-|McB(l-«)/=iMci,(l-fl)/ . (38) 
and equating the values of /'c in (37) and (38), 


Mcd 


\-n 1a 
n lu 


(39) 


If lA=In, this gives the result (33) and (34), for the moment u 
is distiibuicd so that Mt;A=(l— /7)u and Mi;u = — Also 

Ma= — iMcn/f/if) X///+lVli;.A= — iMcA • • (40) 


(as already shown at ( 1 (i) of Art. 80). 

Similarly, the bending moment at B will be of half the magnitude 
of Men at C and of opposite sign. 

If 1 a and In are not equal, the distribution of u is nevertheless (as 
shown at (39)) in the ratio of the flexural stilTnesses of the two parts 
of the beam so that 


M 


CA- 


Ia/« 


Ia//7 + 1i)'(1 —n) 


U and Mcn = - 


Id/(1 -ri) 


Ia/«+W(1-/0 


(41) 


90. “ Fixed-Free ” Beam with Couple. It is convenient here, for 
later reference, to investigate the beam (or cantilever) fixed at one 
end (A) and freely supported at the other end (B) and acted upon by 
a couple u at some intermediate point C which is free to deflect 
vertically. This is an extension of relations established in (14), 
(15), and (16) of Art. 80 for a couple u at a distance nl from the 
fixed end and we continue to use the symbols of Art. 89 and Fig. 
133. 


M=Eld\y!d.x^=V.-R(l-x)-'A . . . . (1) 

where the last term is ignored if x<nl. 
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Integrating twice and using the conditions dyldx=0 for j:= 0 
and ^=0 for x=0 and for x=l we find 


R/=3uw(2-«)/2 

MA=P—R/=iPi(2— 6/1+3/)’) 

McB=R(l-n)/=3u//(2-/))(l-/))/2 . . . 

McA=McD + M=iM(2— 6/j+9/)2— 3//^) . . 

M = Eld^yldx^ = M - 3 un{2 - /))(/- a)/( 2/) - p 


( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 




Fig. 134 


where the last term is ignored for xdnl. 

Eldyjdx = px— 3 p/2(2 —n){xl—\x'^)l{2l) — pfx — ///) (7) 

EIj=ipx2{ 1 —4/7(2— /j)(3—x//)} — ip(x—/)/)2 (8) 

EIjc=iM«2/2(l-/))(2-4/)+/72) (9) 

And between A and C, M =0 where Rx=R/— p, i.e. where 

x=/-p/R=-(3/72-6/7+2)//{ 3/7(2-//)} . . (10) 

The location of the points inflexion at 1 and C' will be evident 
from even a sketch of the bending-moment diagram, Fig. 133. 

Now suppose the beam at point C (Fig. 134) is supported by a 
vertical force Rc which keeps C in the line AB. We could proceed 
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to find what value of Rc will give a deflection equal and opposite to 
yc (see (9)) and then modify the foregoing results for the combined 
effects of M and Rc- But we will deduce the necessary results by 
determining the moment distribution by considering AC as a canti- 
lever propped at C and subject to a moment Mca C. And CB 
as a simply supported beam subject to a moment Mcb at C. The 
remaining conditions are that Mca — Men = P and dyjdx at C has the 
same magnitude for the parts AC and CB. 

As in (37) of Art. 89, for the cantilever AC, 

EIa • ^c=iMcA'^^ (II) 

And from (19) of Art. 81 

EIn.?c=-iMcB(l-//)/ . - - - (12) 


and equating (11) and (12) 


And 


lflA=lD 


Mca_ _4l X 
Mcb ^ n in 


Mca 

Mcb 


4Ta//i 



4lA/H + 3lD/(i-«) ' ' 


Mca 


4(1 -fO 

'4-/7 


Mcb 


3n 


4-/7 


U . 


. . (13) 

. . (14) 
. . (15) 

• . (16) 


This distribution of m docs not differ widely from that for the 
beam encastr^ at each end, viz. inversely as the lengths of the two 
parts as shown at (33) and (34), Art. 89. It involves a rather 
greater proportion in the part AC which is more constrained and 
therefore stiffer, e,g, for /7 = 0-4, i instead of 0-6. For /7=0-6, 
^ instead of 0-4. 

Equating the known value of Mcb to fhe moment of Rb about C, 

Mcb=-2^M=-RbX(1-«)/ 

4— n 


Rd 


3w 

(4-/i)(l-«) 


P 

/ 


. (17) 


And since Ma=— ^Mca. the total increase in bending moment 
from A to C is Mca“Ma= 2 Mca and the rate of change is the 
downward force Ra or 

RAXn/=-|- . Mca=I 

4— n 

R _ 6(1— w) m 
'' rt(4— n) / 


. ( 18 ) 
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And if we take Rc positive downward it must balance Rb— Ra, or, 
using (17) and (18), 


Rc=Rb-Ra= 

® n(4-n) 

which is positive if /i>(2 — V2), i.e. /i>0-586. 
And since 

MA=-iMcA=-?^^V . 

4— /I 


. . (19) 

. . ( 20 ) 


we can easily draw the bending-moment diagram as shown iri 
Fig. 134. The bending moment anywhere is \ 

M = VXd'^yjdx'^ = M a + Ra^ — M 


2p(l —n) l. _3a-\ 
A-n \ ill) 


-U 


. . ( 21 ) 


the last term being ignored if xCnl. M is zero for xll=nl3 and for 

JC = /. 

91. Continuous Beams. Theorem of Three Moments. A beam 
resting on more than two supports and covering more than one span 
is called a continuous beam. Beams supported at the ends and 
propped at some intermediate point have already been noticed 
(Arts. 79, 81 , 89, and 90), and form simple special cases of continuous 
beams. 

Considering first a simple case of a continuous beam, let AB and 
BC, Fig. 135, be two consecutive spans of length /i and 1 2 of a con- 


A 


A 


A B C 

^ ^ -- 




A 


tinuous beam, the uniformly spread loads on li and I 2 being wi and 
W 2 per unit length respectively. Then for either span, as in Art. 86, 
the bending moment is the algebraic sum of p, the bending moment 
for a freely supported beam of the same span and that caused by 
the fixing moments at the supports, or, as in Art. 86 (8), 

M=E1^=M+M' 

dx^ 
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M' being generally of opposite sign to p. First apply this to the 
span BC, taking B as origin and x positive to the right, p being equal 
to —^WzOix—x^), being reckoned negative when producing con- 
cavity upwards, by (7) and (8), Art. 86, 

Eld^yidx^=—iw2l2X + iw2X^ + Mii + {Mc — Ma)xll2 ■ ( 1 ) 
and integrating 

Eldy/dx = —iw 2 l 2 X^ + iw 2 X^ + Mji . x 

-|-(Mc-Mb).v2/(2/2)+EI./d. . (2) 

where /'b is the value of dyjdx at B, where Ji:=0. 

Integrating again, y being 0 for j:=0 


El>’. 




12 


24 


-|-(Mc-MDl^-kEr./B.^+0 . . (3) 

til 


and when JC=/2, >^=0, hence dividing by Ij 

El . /b = >v2/2V24-M^/2/2-(Mc-Mb)/ 2/6 
or 6EI , /b = hs/ 2V4'-2 Mb/ 2 -Mc /2 .... (4) 

Now, taking B as origin, and dealing in the same way with the 
span BA, .v being positive to the left, we get similarly (changing the 
sign of /b) 

-6 EI./b = h’i/iV4-2Mb/i-Ma./i . . . (5) 
and adding (4) and (5) 

Ma/j +2Mb(/i 4-/2) +Mc . /2”i(Wl/i^ + H^2^2^) , (6) 

This is Clapeyron's Theorem of Three Moments for the simple 
loading considered. If there are n supports and ti—\ spans, or 
// — 2 pairs of consecutive spans, such as ABC, n—2 equations, such 
as (6), may be written down. Two more will be required to find the 
bending moments at n supports, and these are supplied by the end 
conditions of the beam, if the ends are freely supported, the 
bending moment at each end is zero. 

If an end, say at A, were fixed horizontally, /a= 0 ^tnd an equation 
similar to (5) for the end span would be 

2MA + MB->ri/r/4=0 (7J 

When the bending moment at each support is known, the reac- 
tions at the supports may be found by taking the moments of 
internal and externa), forces about the various supports, or from Art. 
86 (4), the shearing force on a section just to the right of Ai, 

^ Mb-Ma wI 

— / — 2 


The shearing force immediately to each side of a support being 
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found, the pressure on that support is the algebraic difference of the 
shearing forces on ihe two sides. As the shearing force generally 
changes sign at a support, the magnitude of the reaction is generally 
the sum of the magnitudes of the shearing forces on either side of the 
support without regard to algebraic sign. 

Example 1. A beam rests on five supports, covering four equal 
spans, and carries a uniformly spread load. Find the bending 
moments, reactions, etc., at the supports. 

Since the ends are free (Fig. 136), Ma= 0, and Me=0. 



ABODE 



Fig. 136 


And from the symmetry evidently M^ — Mu. 

Applying the equation of three moments (6) to the portions ABC 
and BCD 

0 + 2Mu . 2/+Mc . /-4vvP=0 
and Mb . /+2Mc . 2/+ MB/- iH7' = 0 

hence 4 Mb/ + M c/ — i ^7-^ = 0 

and 4 Mb/ + 8M vvP =-0 

7Mc . Mc=iVw72 Mb = 2\i‘7^" = Md 

Taking moments about B 

-Ra . l+~-- RA=f;H/ = RE 

Taking moments about C 

i-|W2 + RB . /-2vfP= - «h’/ = Rd 
R =4h7- { i h/= J I m/ 

The shearing-force diagram for Fig. 136 may easily be drawn by 
setting up ^wl at A, and decreasing the ordinates uniformly by an 
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amount wl to at B, increasing there hy ^wl, and so on, chang- 

ing at a uniform rate over each span, and by I he amount of the 
reactions at the various supports. 

The bending-moment diagram (Fig. 136) may conveniently be 
drawn by drawing parabolas of maximum ordinate \wl'^ on each 
span, and erecting ordinates Mb, Me, . M^, and joining by straight 
lines. The algebraic sum of p and M' is given by vertical ordinates 
across the shaded area in Fig. 136. An algebraic expression for the 
bending moment in any span may be written from (8), Art. 86, as 
follows: 

Span AB, origin A, 

M= — x2)-1-2-8U7a'= — ^VVA'di/ — a) 

Span BC, origin B, 

M = — i M t /a ~ A'2) + wl- — - 2 ^wlx = — i w(\llx — — a2) 

Example 2. A continuous girder ABCD covers three spans, AB 
60 ft., BC 100 ft., CD 40 ft. The uniformly spread loads are 
1 ton, 2 tons, and 3 tons per foot run on AB, BC, CD respectively. 
If the girder is of the same cross-section throughout, find the bending 
moments at the supports B and C, and the pressures on each 
support. Solve the problem also if the end A is fixed in the line 
ABCD. 

I^or the spans ABC, 

0 + 320Mb + 1 OOMc: = i X 1 ,000(2 1 6 + 2,000) = 554,000 (a) 

hence 16 Mb + 5Mc = 27,700 ton-ft. 

For the spans BCD, 

100Mu-f280Mc+0=j X 1,000(2,000 + 192) = 548, 000 (6) 

hence 5 Mb + l4Mc =27,400 ton-ft. 

From which Mb = 1, 260*3 ton-ft. Me = 1 ,507 0 ton-ft. 

Taking moments about B, Ra x 60 — 60 x 30= — 1,260*3 

Ra= 9 tons 

„ „ C, 9 X 1 60 + 1 OORb - 60 X 1 30 - 200 x 50 

= -1,507 Rb = 148-5 tons 

„ „ C, 40R,. = 120x20= -1,507 

Rd= 22*3 tons 

„ „ B, 22*3 x 140+ lOORc- 120x120-200x50 

= -1,260 Re = 200*1 tons 

If the beam is fixed at A the first equation of three moments (a) has 
60 Ma added to the left side. The second equation (b) is unchanged, 
and a third equation is found in (7) of Art. 91, namely 

2M A + Mb = I X 60-/4 = 900 ton-ft. (c) 
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Solving the three equations we find 

Ma= — 201-4 ton-ft.; Mb = 1,302-8 ton-ft.; Me = 1,492 ton-ft. 
Hence, by moments about B, C, and D, 

Ra=4-93 tons; Rb = 15318 tons; Rc = 19919 tons; Rd = 22-7 tons. 

92. Continuous Beams ; any Loading^ Let the diagrams of 
bending moment APB and BQC be drawn for any two consecutive 
spans AB or /i, and BC or I 2 (Fig. 137), of a continuous beam as if 
each span were bridged by independent beams freely supported at 
their ends. Let the area APB be A], and tlie distance of its centroid 
from the point A be i'l, so that AiX'i is the moment of the area^ 



about the point A. Let the area under BQC be A 2 , and the distance 
of its centroid from C be X: 2 , the moment about C being A 2 ‘^' 2 - 
(In accordance with the signs adopted in Art. 78, and used subse- 
quently, the areas Ai and A 2 will be negative quantities for down- 
ward loading, bending moments which produce upwards convexity 
being reckoned positive.) Draw the trapezoids ARSB and BSTC 
as in Art. 86, to represent M', the bending moments due to the 
fixing couples. Let A/ and A 2 ' be the areas of ARSB and BSTC 
respectively, and and X 2 the distances of their centroids from 
A and C respectively. 

From A as origin, x being measured positive towards B, using the 
method of Art. 82 equation (3) between limits a' = /i and x — 0, the 
supports at A and B being at the same level 

ia being the slope at B. 

1 For moving loads see papers on Influence Lines by R. C. Coates in Engineering, 
Aug. 22nd, 1952 and by E. Mark land in Engineering, Aug. 20lh, 1954. 
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From C as origin, x being measured positive toward B, C and B 
being at the same level, 

= ... ( 2 ) 

Equating the slope at B from (1) and (2) with sign reversed on 
account of the reversed direction of x 

(Ai^l +Ai'i’l')//l = — (A2^’2 + A2'i^20//2 • • (3) 

And as in Art. 88 (4a), by joining AS and taking moments about A 

and similarly A 2 ^2 —h\^c.+2W[^)16 

hence (3) becomes 

A +A2-^'2//2+ JMa • /i + + ^ 2 ) + iMc/2=0 

or 6A j X’|//j +6A 2 ^' 2 // 2 “I"^a • /i “i"2Mj3(/i 4 -/ 2 ) + Mc/2=0 , (4) 

This is a general form of the Equation of Three Moments, of 
which equation (6) of the previous article is a particular case easily 

y^L2 / 

derived by wiiting Ai = — § • — ^ . /j, and a:i = -~, etc., the areas 

8 2 

A] and A 2 being negative for bending producing concavity upwards. 
For a beam on n supports this relation (4) provides /z— 2 equations, 
and the other necessary two follow from the manner of support at 
the ends. Ifcithcr end is fixed horizontally, an equation of moments 
for the adjacent span follows from the method of Art. 88. If A is 
an end lixed horizontally, and AB the first span, from area moments 
about B, an equation similar to (5), Art. 88, is 

2Ma + Mu + ^--— (A 1 being generally negative) . (4a) 

If both ends arc fixed horizontally, a similar equation holds for the 
other end. If, sa>, the end A is fixed at a downward slope /a 
towards B, the right-hand side of this equation would be — 6EI/a//i 
instead of zero. If either end overhangs an extreme support the 
bending moment at the support is found as for a cantilever. 

If some or all the supports sink, the support B falling below A 
and §2 below C, a term corresponding to y appears in (1) and (2), 
so that (3) becomes 

(AiXy +Ai'a'i' + EI5i)//x= — (A2^2+A2'if2'+E152)//2 . (3 a) 
and (4) becomes 

6Aiu;i//| +6A2‘*^*2;V2 + Ma . /i+2Mb(/i 4 -/ 2 ) 

+Mc./2+6El^^i+~2j=0 . . (5) 
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Wilson's Method, A simple and ingenious method of solving 
general problems on continuous beams, published by G. Wilson, ^ 
consists of finding the reactions at the supports by equating the 
upward deflections caused at every support by all the supporting 
forces, to the downward deflections which the load would cause at 
those various points if the beam were supported at the ends only. 
This provides sufficient equations to determine the reactions at all 
the supports except the end ones. The end reactions are then found 
by the usual method of taking moments of all upward and down- 
ward forces about one end, and in the case of free ends, equating 
the algebraic sum to zero. To take a definite case, suppose the 
beam to be supported at five points A, B, C, D, and E, Fig. 138, all^ 
at the same level. Let the distances of R, C, D, and E from A be, 
6, c, dy and e respectively. Let the deflections at A, B, C, D, and E 
due to the load on the beam if simply supported at A and E be 
Oi >^05 ttnd o respectively. These may be calculated by the 

methods of Arts. 79, 81, 82, 83, according to the manner in which 
the beam is loaded. 

Now let the upward deflection at B, C, and D, if the beam were 
ABC D E 


Re 

IiG. 138 

supported at the ends, due to 1 lb, or 1 ton or other unit force at 
B be 

b^iu and respectively 
and those at B, C, and D due to the unit force at C be 

and ,5 d respectively 
and due to unit force at D be 

and respectively. 

Then all the supports being at zero level, if Rb, Rc, and are the 
reactions at B, C, and D respectively, equating downward and 
upward deflections at B, C, and D for the beam supported at the 
ends A and E only 

>’d — (Ru ^ +(Rc ^c^d) + (Rn ^ d^a) • • • 

X fcSc) + (Rc X 6(j) + (Rb) X j6c) - - • (7) 

3^0 — (Rb X j,5b)) +(R c -l-(Rfj X d6£)) . . , (8) 

* Proc. Roy. Soc., vol. 62, Nov.. 1897. 
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Note that c^B=b^c^ d^ii=d^Ty, rSD=<i5c, which becomes apparent 
by changing b into x, a: into h and a into a + b—x in ( 6 ), Art. 81, 

From three simple simultaneous equations ( 6 ), (7), and ( 8 ), Rb, 
Rc, and Rd can be determined. Re may be found by an equation 
of moments about A. 

Re xef = (moment of whole load about A) — b Rb— cRq— rfRp 
and Ra = whole load — Rb — Rc — Rd — Re- 

The exercise at the end of Art. 81 is a simple example of this 
method, there being only one support, and therefore only one simple 
equation for solution. 

Wilson's method may be used for algebraic calculations when the 
loading is simple, so that the upward and downward deflections may 
be easily calculated, but it is equally applicable to irregular types 
of loading where downward deflections at several points are all 
determined in one operation graphically. 

When the reactions arc all known, the bending moment and shear- 
ing force anywhere can be obtained by direct calculation from the 
definitions (Art. 39). 

Sinking of any support can evidently be taken into account in this 
method very simply. If the support at B, for example, sinks a given 
amount, that amount of subsidence must be subtracted from the left- 
hand side of equation ( 6 ). 

If one end of the beam is fixed, the deflections must be calculated 
as for a propped cantilever (Arts. 80 and 82). If both ends, they 
must be calculated as indicated in Arts. 87 and 88 . 

Example 1. Find the reactions in Example 1 of Art. 91 by 
Wilson's Method. EJsing Fig. 136 the beam being supported at 
A and E only, and A being the origin, by (9) Art. 79. 

-8 + 64)=-2J from the symmetry. 

24hl hi 

And by (11), Art. 79 

^ 256/'»_io 

yc 384 ■ gj- r gj 


And using (7) and ( 8 ), Art. 81, the upward deflections due to the 
props arc, at B 

jRn X 9 X 1 Rc X I 1 __ 3\\ 

Eli 3 x 4 4 Co 6 3 ) 4(0 6 3 )| 


= since by symmetry Ru=Rd 

El 


And at C 




4 
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Equating upward and downward deflections at B and C 

24 w/ = f Rb + R C 

^W'/^-y^Rn+^Rc 

from which Rb=Rd = 7 W>/ and Rc=i 4 W'/. 

Ra = Re = i (4 iv/— 2 X f H'/— ^ H’/) = 2 -f ) v/ 

Mb = — ii w’/2 + h'/ 2/2 = ^ w/2 
Me =2W2 - \wV - l-lwl X 21=^wl^ 

The bending moment anywhere can be simply stated, the diagrams 
of bending moment and shearing being as shown in Fig. 136. ' 

Example 2. A continuous beam 30f t. long is carried on supports 
at its ends, and is propped to the same level at points 10 ft. and 
22 ft. from the left-hand end. It carries loads of 5 tons, 7 tons, and 
6 tons at distances of 7 ft., 14 ft., and 24 ft. respectively from the 
left-hand end. Find the bending moment at the props, the reac- 
tions at the four supports, and the points of contraflexure. 

Firstly, by the General Equation of Three Moments. For the spans 
ABC, Fig. 139, with the notation of Art. 92. 


5 Tons 7 Tons 6 Tons 




Moment of the bending-moment diagram area on AB about A 
Aixi = (i.7.y-. §.7)-f-(i .3.yi .8)=-'’t-" + 126=297-5ton-(ft.)3. 
Moment of the bending-moment diagram on BC about C 
A 2 « 2 =(i . 4 . Y)=H-+H~=746 ('i ton-(ft.)3. 
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This must be taken as negative in accordance with the signs 
adopted at the end of Art. 78. Then from (4) of Art. 92, since 
Ma=0 


“(6 X 29-75) - +0 + 2Mn X 22 + 1 2Mc =0 

or 44 Mb + 12Mc=551-83 (9) 

For the spans BCD 

About B, Aixi=(i . . i .4) + (i . 8 . . -Y) = 597a 

About D, A 2 -'r 2 = (i-2.9.-Y) + (i-f’.9.4) = 168 

Taking these as negative, from (4), being 0 

6x597-8 6x168 „ 

+ I2Mc+2Mi;X 20+0=0 


12 


8 


or ]2M„ + 40M(: =424-6 (10) 

And from the equations (9) and flO) 

Mr = 10-51 ton-ft. Mc=7-46 ton-ft. 

Taking moments to the left of B 

5x3-10Ra = 10-51 RA=0 449 ton 

Taking moments to left of C 

5xl5 + 7x8-22x045-12Ru=7-46 R, 3=9 471 tons 


Taking moments to right of C 

6x2-8R„ = 7-46 R„=0-567 ton 

R 3 , = 5 + 7 + 6-0 45-9-47-0-57 = 7-51 tons 
Inflexions. Taking A as origin and taking convexity upward as 
positive bending. Fioni 5-ton load to B 

bending moment = 5(.v— 7)— 0-449a-=4-551.y — 35, which vanishes, 
for A =7-9 ft. 


From B to 7-ton load, bending moment is 

4-551a — 35— 9-471(a — 10)=59-71 — 4-92.r, which vanishes, for x 
= 12-14 ft. 

From 7-lon load to C the bending moment is 

59-71 —4-92.v + 7(a — 14) =2-08.y— 38-29, which vanishes, for a 
= 18-5 ft. 

From C to 6-ton load the bending moment is 
2-08.Y— 38-29— 7-5I(a—22) = 126-9—5-43a', which vanishes, for a 
=23-4 ft. 

Secondly, by Wilson's Method. With end supports only, the down- 
ward deflections by (7) and (8) of Art. 81 are, at B 

—--rri! 5 X 7 X 20(529 + 322-400) } 

6rJ X 30 

+ {7 X 16 X 10(196 + 448-100)}+{6x6x 10(576 + 288-100)}] 
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1 1 700 070 

+{ 7 X 1 4 X 1 8(256 + 448 - 64) }+{ 6 X 6 X 22(576 +288 -484) }] 

vc = ^*^,(220,360 + 501.760+300,960) = *-^?^^** 
loOhl 180EI 

With end supports only, the upward deflections due to the props 
at B and C are ’ 

At B, -—*— -[{2 RbX 100 x 400 }+{RcX8x 10(484 +352 -100)}] ^ 
6EI X 30 

= i^Ei(80.000RB + 58,880Rc) 

At C, — * U Rb X 1 0 X 8(400 + 400 - 64) } + { 2Rc x 64 x 484 }] 

oEl . 30 

lg*g^(58,880RD + 61.952Rc:) 

Equating the upward and downward deflections at B and C 

80,000Rb+58,880Rc = 1,200, 020 . . . (11) 
58,880R„ + 61, 952Rc = 1,023, 080 . . . (12) 
which equations give the values 

Rb=9-47 tons Rc=7-51 tons 


confirming the previous results. The reactions at the ends, bending 
moments at the supports, and position of the points of inflexion 
follow by direct calculation very simply (see Fig. 139). 

Example 3. If the cross-section of the continuous beam in 
Example 2 above has a moment of inertia of 300 inch units, and the 
support B sinks ^ in. and the support C sinks -j-\ in., find the 
bending moments and reactions at the supports, E being 13,000 tons 
per sq. in. 

Firstly, by Wilson's Method. The downward deflection at B due 
to the load would be 


1 / 1 , 200 , 020 \ _ 

El\ 180 / ■ 

if E and I are in foot and ton units, 
deflection at B would be 


ton-(ft.)^ 

ton-(ft.)2 

If E and I are in inch units the 


1,728 1,200,020 

El ^ 180 


in., the dimensions being 


ton-(in.)^ 

ton-(in.)2 


The upward deflection at B due to the props has to balance 
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0 05 in. less than this amount, hence 

^j(80,000Rb + 58,880Rc) = ^^^(1 ,200,020) -0-5 

or corresponding to (11), putting 1 = 300 and E=13,000 

80,000Rb + 58,880Rc = 1,200, 020-20, 312 = 1,179,708 . (13) 

and corresponding to (12) with 01 in. subsidence at C 

58,880Rb+61,952Rc = 1,023,080-40, 625=982,455 . (14) 

From the simple equations (13) and (14) 

Rc=613 tons Rb = 10-23 tons 
And by an equation of moments about A, Rd = 1-33 tons, 

and by an equation of moments about D, Ra=0-31 ton. 


Secondly, by the General Equation of Three. Moments. From 
equation (5), Art. 92, an equation corresponding to equation (9), 
the units of which are ton-(feet)^, may be formed. Using such units, 
this becomes 


1 44(44Mu + 1 2 Me) +6x13 ,000 x 300 H 


/0 05 0 05\ _ 
'“120 144 j 


or 44 Mb + I2Mc=551-83-11-3 

And corresponding to (10) 


551-83x144 
. . (15) 


12Mb+40Mc=424-0- 


6 X 13,000x300/0-05 ,0-1 


or 


144 Vl4‘4 

12Mb+40Mc = 199. . . . 


+ 


OJX 

96/ 


(16) 


And from (15) and (16) 

Ml, = 1 1 -87 ton-ft. Me = 1 ‘404 ton-ft. 

From an equation of moments to the left of B, = 0-3 1 ton 
„ „ „ „ right of C, Rd= 1-33 tons 

„ „ „ „ right of B, Rc= 613 „ 

„ „ „ „ left of C, Rb = 10-23 „ 

confirming the previous results. 

The diagram of bending moments is shown in the lower part of 
Fig 139. The serious changes in the magnitude of the bending 
moments at B, C, and under the 6-ton load may be noted; also the 
change in position of the points of inflexion to the right and left 
of C, involving change in signs of the bending moment over some 
length of the beam: all these changes arise from the slight subsi- 
dence of the two supports at B and C. 

93. Continuous Beams of Varying Section. The methods of the 
previous article may be applied to cases where the moment of inertia 
of cross-section (I) varies along the length of span. The modifica- 
tions in the first method will consist in dividing all bending-moment 
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terms by the variable 1 before making the summation of the various 
terms in Mxdx and writing E in place of El. The complete 

J 0 

method is more fully explained in the author’s “ Strength of 
Materials.” 

Fixing the girder ends at any inclination may also be taken into 
account as indicated in Arts. 88 and 92. 

Wilson s Method of solving problems in continuous beams by 
equating the downward dcllcctions produced by the load to the 
upward deflections produced by the supporting forces, supposing 
the beam to be supported at the ends only, may be applied in cases 
where the value of I varies, provided the deflections lor the nccessaiy 
equations are determined in accordance with the principles in Art. 
84. Generally, a graphical method will be the simplest for deter- 
mining the deflections. Full details of a numerical example will be 
found in Wilson’s paper already referred to, where the dellections 
are found by a novel graphical method. 

Example. Example 2 (first part) of Art. 91 may be modified by 
taking I for the span BC as tw'ice I for the spans AB and CD. (In 
practice such variation is far commoner than continiu^us variation 
along the length of a beam.) 

Let I be the second moment of the area of section in AB and CD; 
then 21 will be the second moment in BC. 

The Theorem of Three Moments, Art. 91 (6), becomes 

/,/! +I 2 / 2 I } + Mc 72;21 =i(M ,/, I + K V2I ) ( 1 ) 

M^/i +2Mi3(/i + 4 / 2 ) + iMc/2 2 ^^' zl 2 ^) ‘ • (2) 

Similarly 

+ 2 Mc(i/ 2 “l"^ 3 ) “b Mij /3 =i(ia’ 2 / 2 '^ + ^^3^) ■ • (3) 
and since Ma = Mjj= 0, (2) and (3) give 

0 + 220M„ + 50Mc = i X 1 ,000(21 6 + 1 ,000) - 304,000 
50Mii+2Mc x90+0 = i x 1,000(1,000+192) 

From which Mb = 1,073 ton-ft. and Mc= 1,358 ton-ft. 

Taking moments to the left of B and to the left of C 

60 tons x 30 ft. —60 ft. x = Mii = 1 ,073 ton-ft. 

1212 tons 

60 tons X 130 ft. +200 tons x 50 ft. — 12- 12 tons x 160 ft. — Rii x 100 ft. 
= 1,358 ton-ft. 

Rh= 45 03 tons. 

To the right of C 

120 tons X 20 ft.— 40 Rd = Mc = 1,358 ton-ft. 

Rd= 26 05 tons. 
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To the right of B 
200 tons X 50 ft. + 120 tons x 120 ft. — 26 05 tons x 140 ft. — RqX 
100 ft. = 1,073 ton-ft. 

Rc: = 196-8 tons. 

(The sum of the four supporting forces is equal to the total load.) 

94. Moment Distribution Method. The bending moment at the 
supports of a continuous beam may be found by an ingenious 
method of successive approximation introduced by Prof. Hardy 
Cross ^ about 1929. It has a wider application than only to straight 
beams. Applied to a beam it is similar in principle to the elegant 
and far-reaching method of relaxation ” developed by Southwell. ^ 
The distribution method is direct and does not involve the solution 
of a number of simultaneous equations. The approximation can 
be carried as far as desired and approaches exact results more closely 
the further the process is carried. 

We lirst imagine the continuous beam to consist of separate spans 
but the successive lengths which bridge the gaps between the sup- 
ports to be not simply supported but clamped or fixed in direction 
at their ends, ix\ at the supports. Then if die loads are applied the 
clamps which keep the ends fixed in direction will be subject to 
torques or moments and will themselves exert equal and opposite 
moments on the ends of the successive lengths of the beam. The 
magnitude of such moments is kiKwn from the study of the beam 
encastre at its ends (Arts. 85 to 89). Actually the continuous beam 
may be free from such constraints but the initial supposition of them 
simplifies the problem. Having noted the two supposed external 
moments on cither side of a particular support we should find that 
liic two are not normally in equilibrium though they may be of 
opposite sign. We then (in imagination) proceed to unlock, or 
Ircc from the constraint of the clamps, the beam above one selected 
support by the application of a moment equal and opposite to the 
unbalanced moment on die two sides of the supports. (It may 
facilitate the conception to imagine the two contiguous lengths of 
beam as connected by a “joint to which the clamping and releas- 
ing moments arc applied.) The disti ibution of this external balanc- 
ing moment between the two lengths of beam on either side of the 
“joint” at the selected support will be in accordance with that 
found in (33) and (34) of Art. 89 or with (41) ol Art. 89. 

1 “ The Method of Disti ihiilion of I i\cd End Moments ” in Journl. Am. Concrete 

Jnst., Dec., 1929. “ Analysis of Coniiruious Erames by i:)istnbiJiing Fixed End 

Moments,’’ Proc Am. Soc. Civ. Bn; , 1930, and Inws. Am. Soc. C E., 1932, vol. 96 
(Paper 1793). Some instruelive numerical examples may be found in Cassie’s 
Sfruefura/ Anah'sLSy 

2 Relaxation Methods m Lni^^inecrin^ Science, Oxford Press; and Proc. Roy. Soc.^ 
A. No. 872, vo). 151 (l‘)35); also No. 878, vol. 153(1935). 
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And the application of this external moment not only balances 
the external moments on the joint selected for relaxation from con- 
straint but induces moments on the “joints ” at the far ends of the 
two lengths of the beam which meet at the selected joint. Such 
induced moments are in accordance with (35) and (36) or (40) of 
Art. 89. 

This modifies the total external moment on these two next joints. 
We then proceed to lock the released joint again and to release or 
unlock one of these next joints or some other one in a similar way 
and thereby to induce moments in other “ next joints.” But these 
induced moments will be of diminishing magnitude as the process of 
release progresses until finally all freely supported joints are ip 
equilibrium as nearly as may be necessary, neglecting any insigni- 
ficant degree of unbalance. The imaginary constraints are no 
longer necessary. By adding algebraically the moments originally 
allocated for complete fixture of direction and those added for 
subsequent Felaxation of joints we obtain the moments finally 
operative when each joint is either freely supported or “ direction- 
fixed ” according as is specified in the conditions of any particular 
problem. 

The process will best be understood by considering in detail a 
definite case. Let all the external moments applied to the beam or 
its parts be taken as positive when clockwise. (We can later say 
whether the bending moment on the beam is positive or negative 
according to any convention we adopt, such as that in Arts. 42 
and 78.) 

Example 1. Determine the bending moments at the support in 
Example 2 of Art. 91, Fig. 140. 


A 7 fofi per ft 





2 ton^ prr ft 


lOo' 


C It/ ft D 

_J 

4U' -> 


Fig. 140 


If we imagine the beam fixed horizontally at A and D and on 
both sides of B and C we can use (7) of Art. 85 to write down the 
end bending moments of each span which are all of the form 
Using ton-feet units, 

= 1 X 60^/12 =300 ton-ft.; MBc—Mcn~2x 100^/12 = 
1,667 ton-ft.; Mcd = Mdc = 3 x 40^/12 =400 ton-ft. 

The necessary external end moments are entered with their appro- 
priate signs in the third line of Table I. 
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Table I 


Joint balanced 
and moment 
required 

A 

B 

c 

D 

Distribution 
fractions . J 

i 


4 



-300 

-1-300 

-1,667 

-1-1,667 

-400 

+400 

B 

+ 1367 

-1-427 

+ 854 

+ 512 

+256 





D 

-400 

— 

— 

— 

— 

1 -200 

-400 

C 

-1,323 

— 

— 

-189 

-378 

-945 

-472 

A 

-127 

-127 

-63 

— 

— 

— 

— 

D 

+472 

— 

— 

— 

— 

+ 236 

+472 

C 

-236 

— 

— 

-33 

-67 

-169 

-84 

B 

-^285 

+ 89 

+ 178 

+ 107 

+ 53 

— 

— 

D 

+ 84 

— 

— 

— 

__ 

+42 

+ 84 

C 

^95 

— 

— 

-13 

-27 

-68 

-34 

A 

-89 

-89 

-44 

— 

— 

— 



B 

+ 57 

+ 18 

+ 36 

+ 21 

+ 10 

— 



D 

+ 34 

— 

— 

— 

— 

+ 17 

+ 34 

C 

-27 

— 

— 

-4 

-8 

-)9 

-9 

A 

-18 

-18 

-9 

— 

— 

— 

— 

B 

+ 13 

+4 

+ 8 

+ 5 

+2 

— 



D 

+9 

— 

— 

— 

■— 

+4 

+9 

C 

-6 

— 

— 

-1 

2 

-4 

-2 

A 

-4 

zf 

-2 

— 

— 

— 

— 

B 

+ 3 

+ 1 

+2 

+ 1 

0 

— 

— 

D 

+2 

— 


— 


+ 1 

±2 

A 

-1 

-1 

0 

— 

— 

— 


Totals . 

0 

-H.260 

-1,261 

-H,506| -1,505 

0 


All these initial bending moments are positive ( + h 7‘/12) and will 
require clockwise fixing moments at the right-hand end of spans and 
counter-clockwise moments at the left-hand ends. Accordingly, 
as we are regarding clockwise external moments as positive we have 
positive signs at the right-hand {e.g. -1-1,667, etc.) and negative 
signs at the left-hand ends (— 3(X), —1,667 and —400). 

The order in which the joints are relaxed is not important. Let us 
first release B. It has upon it a net moment -1-300 — 1667 = — 1,367 
(i.e. 1,367 counter-clockwise). In order to balance this and put 
the joint in equilibrium we impose, in imagination, a clockwise or 
+ moment of 1,367 units. This will be distributed as shown at 
(33) and (34) of Art. 89. (For B is a point in the encastrd beam AC 
and is supported to the level AC.) And as 1 is constant the distri- 
bution is inversely as the lengths AB and CB. Thus to the left of 
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B the fraction of the moment is 100/(100 + 60) or {- and to the 
right or i. These fractions are entered in the second line 
of Table I. The allocation of + moment to the nearest whole 
number is | of 1,367 = +854 to the left and i of 1,367 or + 512 to the 
right and this leaves the joint B in equilibrium. These moments 
are entered in the fourth line, and a horizontal line, indicating balance, 
is drawn underneath them. But imposing these moments on either 
side of B induces moments of half the magnitudes at the opposite 
ends of AB and BC as was noted at (35) and (36) of Art. 89. The 
inducing of hcmling juonicjits of opposite sign implies the action of 
an external couple of like sign. Hence we carry over to joint ^ 
and enter in the fourth line a moment of \ of 854=427 units an^ 
to joint C a moment of ^ of +512 = 256 units. 

Secondly, let us release joint D by the imposition of a moment 
—400 which puts D in equilibrium but induces a moment of 
\ of —400=— 200 units at C. (At this stage C and A are un- 
balanced.) Thirdly we balance C. The unbalanced moment is 
+ 1,667 + 256-400 — 200= + l, 323 and requires a moment of 
— 1,323 units. The distribution fraction to the left is 
and to the right is f. To the right, 4 of —1,323 = — 945 units. To 
the left -f of —1,323 = — 378 units. The induced moments are 
^ of —945 = — 472 units on D and 4 of —378 = — 189 units on B. 
Fourthly, having locked C, wc relax (or balance) A. The un- 
balanced moment there is — 300 + 427 = + 127 units, which require 
a torque of —127 units on A and this induces a moment of half this 
magnitude or —63 units at B. With A again locked the joint D is 
next balanced by imposing +472 units of torque upon it, thus induc- 
ing a moment of +236 units to the right of C' w'hich is in turn 
balanced by 7 of —236 = —67 to the left of CJ and 7 of —236 = — 1 69 
to the right of C, giving induced moments of —33 on the right of 
B and —84 at D. The remainder of the process can be lollowcd 
from Table I, which has been carried further than necessary for 
practical purposes in order to demonstrate the process and the 
approach to an exact solution of the problem. Tiie moments are 
stated to the nearest whole number. Comparison with the solution 
of Example 2 of Art. 91 shows that there is close agreement, any 
slight dilTcrcncc arising from the fact that the moments have not 
been calculated to an accuracy beyond the nearest whole nuniber. 
The supporting forces can be calculated as in Art. 91 from the 
moments at A, B, C, and D. After the balancing of moments on 
each selected joint, horizontal lines drawn as in Table I below the 
moment numbers to indicate balance up to that stage in the process 
may prove helpful to the beginner. And a dash or a zero in other- 
wise vacant spaces in the Table may help to avoid confusion or 
error. 



Art. 94\ CONSTRAINED BEAMS 249 

If the beam is fixed at A we proceed as before except that we do 
not release the beam at A. The figures for this case are entered in 
Table II. For the first three steps they are the same as for Table I 
and in all subsequent steps the balancing of A is omitted. The 
results agree very closely with those given in Example 2 of Art. 91 
(where the value of the supporting forces are given). 

Taiiie II 


Joint balanced 
and moment 

Jcq Lined 

A 

B 

C 


D 

Distribution 
fractions . J 

I 

3 

7 

?_ 

7 

— 



-3CX) 

+ 300 

-1,667 

+ 1,667 

-400 

+ 400 

B 

+ 1.367 

+427 

+ 854 

+ 512 

+ 256 

0 

0 

D 

-400 

0 

0 

0 

0 

-200 

-400 

C 

-1,323 

0 

0 

-189 

-378 

-945 

-472 

D 

+472 

0 

0 

0 

0 

+236 

+ 472 

C 

-230 

0 

0 

-33 

-67 

-169 

-84 

B 

+ 222 

+ 69 

+ 139 

+83 

+41 

0 

0 

D 

+ 84 

0 

0 

0 

0 

+42 

+ 84 

C 

-83 

0 

0 

-12 

-24 

-59 

-29 

D 

+ 29 

0 

0 

0 

0 

+ 14 

+29 

C 

-14 

0 

0 

-2 

-4 I 

-10 

-5 

B 

+ 14 

+ 4 

4-9 

+ 5 

+ 2 j 

0 

0 

D 

+ 5 

0 

0 

, 

0 

+2 

+ 5 

C 

-4 

: 0 

0 

i 0 

-1 

-3 

-1 

D 

+ 1 

i 0 

1 

0 

i 0 

0 

0 

+2 

Totals . 

4 200 

+ 1,302 

i -1,303 

1 

+ 1,492 

j -1,492 

0 


Change in Section, When a continuous beam is of different sec- 
tion in different spans but of constant section throughout each span, 
we can easily find the bending moments by the method of moment 
distribution. The only alteration to be made from the previous 
examples is in the distribution fractions due to the modification of 
the relative flexural stiffness (I//) of contiguous lengths of beam. 
The formulae for these fractions have been established in (39) 
and (41), Art. 89. 

Example 2. The example of Art. 93 based on Example I of the 
present article with a modified (doubled) value of I on the span BC 
will illustrate the procedure. The solution differs from Table 1 in 
the distribution fractions. At B the imposed moments are dis- 
tributed between the lengths AB and BC in the ratio of their flexural 
stiflhesses 1//, that is, in (he ratio of 1/60 to 21/100 or 5 to 6. Thus 
iV goes to stress AB and to BC. At C the ratio is 21/100 to 
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1/40 or 4 to 5, that is f on CB and f on CD. These fractions are 
entered on the second line of Table IH. The work is then as in 
Table I, but space is saved by entering the releases of two joints 
(not next to one another) in a single line. 

Table III 


Joints balanced 1 ^ 


and moments 
required 

Distnbulion 
fractions . 

\ 1 

4 

y 

5 



-300 

+300 

-1,667 

+ 1 ,667 

-400 

+4O0 

o\ 

B 

+ 1,367 

4 3IC 

+ 621 

+ 746 

+ 373 

0 

C 

-1,(')40 

0 

0 

-364 

-729 

-911 

-455 

B 

+ 364 

+ S2 

+ 165 

+ 199 

+99 

0 

0 

A, 

-92; D, +55 

-92 

-46 

0 

0 

+27 

+ 55 

C 

-126 

0 

0 

-28 

-56 

-70 

— 35 

D, 

+ 74; D, +35 

+ 17 

+ 34 

+ 40 

+20 

+ 17 

-1-35 

A, 

-17; C, -37 

-17 

-8 

! -8 

-16 

-21 

- 10 

B, +16, D, +10 

+ 3 

+ 7 

1 +9 

' +4 

1 

+ 10 

A. 

-3; C, -9 


-1 

1 

-4 

1 -5 

2 


+3; D, +2 

0 

+ 1 

' -V2 

+ I 

+ 1 

+ 2 

C 

-2 




-1 

-1 










Totals . . 

0 

+ 1,073 

j -1,073 

+ ),358 

1 -1,358 

i 

0 


The results agree with the example of Art. 93, solved by the 
Theorem of Three Moments. 

Example 3. To illustrate the application to discontinuous 
loading, solve Example 2 of Art. 92, Fig. 139. 

The initial moments with all the lengths of beam encastre at both 
ends (at supports) are calculated as in (25) and (26) of Art. 88 or 
(12) and (13) of Art. 89 as follows; 

Mab = (5x7x9)/100 = 3-15; Mi,a=(5 x49 x 3)/100 = 7-35; Mbc = 
(7x4x64)/144=:124; Mcd = (7 X 8 x 16)/144 = 6-i; Mcd = 
(6x2x36)/64 = 6-75; Md=( 6 x6 x4)/64=2-25. 

These are entered on the third line of Table iV. The ratio 
distribution at B is inversely as AB to BC or 12 to 10 = 5 to 6. 
That is jV 'is allocated to BC and -jt lo AB, and at C, ^0=0-4 to 
CB and 0-6 to CD as entered on the second line of Table IV. 
(Underlining indicates release and balance.) 

The result agrees with that of Example 2 of Art. 92. 
Abbreviation for Free Ends. The procedure can be shortened if 
one or both ends of the continuous beam are freely supported. The 
bending moment at such an end is zero and at the other end of the 
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outer span the beam can be initially regarded as fixed so that the 
span is bridged by a cantilever. The general case of distribution is 
shown at (13), (14), and (15) of Art. 90 and the case of the beam of 
uniform section at (16) of Art. 90. A solution of Example 3 above 
by this shortened procedure will illustrate it. 


Table IV 


Joints released 
and nioinents 
required 

A 

B 

c 


D 

Distribution 
tractions . ^ 

iV 

0-4 

06 


-3-15 

+7-35 

-12-44 

+ 6-22 j 

-6 75 

+2-25 

B , +5 09; D , -2-25 

+ 1-39 

+ 2 78 

4-2 31 

+ 1-15 

- M 2 

-2-25 

A , +1 76; C , +0-5 

+ 1 76 

+0 88 

+0 10 

+0 20 

+0 30 

+0-15 

13, ->-0-98, D , -015 

-0 26 

-0 53 

-0 45 

-0-22 1 

-007 

-0-15 

A , +0 26; C , +0-29 

1 +026 

+013 

04- -Of) 

+0 12 

4 0 17 

+0-08 

B , -019; D , -008* 

1 

c 

6 

-0 10 

-0 09 

-0 04 

-0 04 

-008 

A , +005 ; C , +008 

+ 0 05 

+ 0 02 

+0-01 

+ 0 03 

+ 0 05 

+0 02 

B . -0 03; D , -0 02 

! -0-01 

-0 02 

-001 

0 

-0 01 

-002 

A , +0 01; C , +001 

1 4-0 01 




+0 01 


Totals . 

1 ^ 

+ 10-51 

-10 51 

+ 7-46 

-7-46 

0 


If B and C (Fig. 139) are locked, by equating the downward 
deflections caused by the loads to the upward deflections at A and 
D caused by the end supporting forces Ra and Rd, we can find these 
forces. Using equation (5) of Art. 80 (omitting El on both sides), 

Ra10’/3 = 5 X 33 / 3 +5 X 3^ X 7/2 
Ra =0-6075 ton 
Ru X 8 -73 = 6 X 2-73 +6 X 2-72 
Rd =33/64 ton 

Mua = —0-6075 X 10 + 5 x3 = +8-93 ton-ft. 

= - (33/64) X 8 + 6 X2 = - 7-875 ton-ft. 

involving a clockwise external moment on AB at B and a counter- 
clockwise external moment on CD at D. 

The distribution fractions are, for ABC n=-}^=-^ (which is 
the fraction BC/AC). And from (16) of Art. 90 the fraction of 
the moment at B which is taken by BCis 4(1 — «)/(4— «)=(4 x 5 x 11)/ 
(1 1 X 38) = 1 ^. The fraction taken by BA is — 3/j/(4— n) = — 1 ^. 

For BCD = l or 0-6. 

Fraction of moment at C taken by CB=4(I— «)/(4— «)= / 7 . 
Fraction „ „ „ CD= — x7. 
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The initial moments Mbc and Mcb are as before when joints 
B and C are locked. Having now some familiarity with the process 
we can unlock and unbalance B and C simultaneously provided we 
carry over the induced moments. Thus we reduce the amount of 
unbalance more quickly as shown in Table V. 


Table V 


Joints released ^ 
and moments 
required 

A B C D 

Distribution 
fi actions . 

10 H 

1 y 1 7' 

1 

9 1 

if 

B, +3-5J4; C. 

-f- 1-653 

B, ■-0-389; C, 

-0-925 

B. +0-217; C, 

+0 102 

B, -0 034; C, 

-0-056 

0 +S-930 

+ 1-6C4 1 

-0 184 

+0 103 1 

-0 011 

-12-444 +6-222 

+ 1850 +0 778 
+0 389 +0 925 
-0-205 -0-435 

-0-217 -0-102 

+0-114 +0-048 

+0 024 +0 057 

-0-013 -0-027 

-7-875 \) 

+0 875 

-0 495 

+0-054 

-0030 

Totals . 

0 +10 502 

-10-502 +7-466 1 

-7 466 0 


The results are as before. The proviso of unlocking only one 
joint at a time is only an aid to the imagination. More can be 
unlocked simultaneously if the induced moments are properly 
distributed. These induced moments in turn require balancing but 
with quickly diminishing values the table is shortened. It is a 
matter of individual choice how many joints are released simul- 
taneously in a long beam with many supports. 

Though the method of moment distribution has been developed 
for unsymmetrical practical cases it can give simple and exact 
solutions to the simple standard cases. Thus for Fig. 136 (Example 
1, Art. 91) omitting the factor wF, if B, C, and D are locked, we 
should have clockwise moments of and — 1^2 to right 

of B respectively, -hyV and — V 2 lo the left and right of C respec- 
tively. Releasing B by a moment — (^ — = — tV divided between 
AB and BC in the ratio 3 to 4 ((16), Art. 90) gives a moment 
to the left of B and — iV — = “ 2 ^ Ihc right of B and 
an induced moment of — at C, which, added to -^2 gives iV to the 
left of C and from the symmetry there is a moment of — 1 ^- to the 
right of C. Thus all the “ joints ” are balanced and the moments 
are as found in Example 1 of Art. 91. 

In other cases of symmetrical supports, lengths, loading and 
release of joints the final moments are approached by series with 
terms, which may be in geometrical progression which when 
summed to infinity give exactly the same values as those obtained 
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by the theorem of three moments. For example, take a continuous 
beam of three equal spans /=AB=BC=CD with only BC loaded 
(uniformly), A and D fixed horizontally. Considering all the joints 
locked we have clockwise moments of +-i 2 ^vl^ at C and — 
at B. Balancing these by moments of and equally 

divided at B and C we get induced moments +4*8^’^^ at A and C and 
at B and D. Balancing these at B and C we get at A a 

moment 

iPeH’Pfl +-i+7\-+ etc.) 

which has a total value 3 =3Vvr/2 clockwise, which is 

there a negative bending moment. 

To the left of B a moment 

+i+-ro‘+ elc.)=f X ^HV2=-/8Vi72 

clockwise which is a positive bending moment. These values are 
exact. 

95, Advantages and Disadvantages of Continuous Beams. An 

examination of Figs. 136 and 139 and other diagrams of bending 
moment for continuous girders which the reader may sketch, shows 
that generally (1) the greatest bending moment to which the beam 
is subjected is less than that for the same spans if the beam were cut 
at the supports into separate pieces; (2) disregarding algebraic sign, 
the average bending moment throughout is smaller for the contin- 
uous beam, and less material to resist bending is therefore required; 
(3) in the continuous beam the bending moment due to external load 
is not greatest at points remote from the supports, but at the sup- 
ports; hence, in girders of variable cross-section, the heavy sections 
are not placed in positions where their cflcct in producing bending 
stress is greatest. 

On the other hand, a small subsidence of one or more supports 
may cause serious changes in the bending moment and bending 
stresses at particular sections, as well as changes of sign in bending 
moment and bending stresses over considerable lengths, with change 
in position of the points of contraflexure. These changes, resulting 
from very small changes in level of a support, form serious objec- 
tions to the use of continuous girders. Another practical objection 
in the case of built-up girders is the difficulty in attaining the 
conditions of continuity during construction or renewal, or of deter- 
mining to what degree the conditions arc attained. In a loaded 
continuous girder two points of contraflexure usually occur between 
two consecutive supports; if at these two points the girder is hinged 
instead of being continuous, the bending moment there remains zero, 
and changes in load or subsidence of a support do not produce 
changes in sign of the bending moment and bending stresses. This 
is the principle of the cantilever bridge (see Art. 139), although the 
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girder is not solid, but of the braced type dealt with in later chapters: 
the portions between the hinges arc under the conditions of a beam 
simply supported at its ends, and the portions adjoining the piers 
are practically cantilevers which carry the simply supported beams 
at their ends. The points of zero bending moment being fixed, the 
bending-moment diagrams become very simple. For cantilever 
bridges and continuous braced girders, sec Chapter xiv. 


Examples Vlll 

1. A beam is firmly built in at each end and carries a load of 12 tons 
uniformly distributed over a span of 20 ft. If the moment of inertia of th\: 
section is 220 inch units and the depth 12 in., find the maximum intensity of 
bending stress and the deflection. (E= 13,000 tons per sq. in.) 

2. A built-in beam carries a distributed load which varies uniformly from 
nothing at one end to a maximum h* per unit length at the other. Find the 
bending moment and supporting forces at each end and the position where 
maximum deflection occurs. 

3. A built-in beam of span / carries two loads each W units placed \l from 
either support. Find the bending moment at the supports and centre, the 
deflection at the centre and under the loads, and find the points of contra- 
flex uie. 

4. A built-in beam of span / carries a load W at a distance \,l from one end. 
Find the bending moment and reactions at the supports, the deflection at the 
centre and under the load, the position and amount of the maximum deflec- 
tion, and the position of the points of contrary flexure. 

5. A built-in beam of‘ 20-ft. span carries two loads, each 5 tons, placed 
5 ft. and 13 ft, from the left-hand support. Find the bending moments at 
the supports. 

6. A built-in beam of span I carries a uniformly distributed load w per 
unit of length over half the span. Find the bending moment at each support, 
the points of inflexion, the position and magnitude of the maximum deflec- 
tion. 

7. The moment of inertia of cross-section of a beam built in at the ends 
varies uniformly from Iq at the centre to JIo at each end. Find the bending 
moment at the end and middle, and the central deflection when a load W is 
supported at the middle of the span. 

8. Solve the previous problem when the load W is uniformly distributed 
over the span. 

9. A continuous beam rests on supports at its ends and two other supports 
on the same level as the ends. The supports divide the length into three equal 
spans each of length /. If the beam carries a uniformly spread load w per 
unit length, tind the bending moments and reactions at the supports. 

10. A continuous beam covers three consecutive spans of 30 ft., 40 ft., 
and 20 ft., and carries loads of 2, 1, and 3 tons per foot run respectively on 
the three spans. Find the bending moment and pressure at each support. 
Sketch the diagrams of bending moment and shearing force. 

11. A continuous beam ABCD 20 ft. long rests on supports A, B, C, and 
D, all on the same level, AB=8 ft,, BC=7 ft., CD = 5 ft. It carries loads of 
7, 6, and 8 tons at distances 3, 1 1, and 18 ft. respectively from A. Find the 
bending moment at B and C, and the reactions at A, B, C, and D. Sketch 
the bending-moment diagram. (The results should be checked by using 
both methods given in Art. 92 and that in Art. 94.) 



Ex. VIII] CONSTRAINED BEAMS 255 

IZ Solve Problem No. 9, (c) if one end of the beam is firmly built in, 
(b) if both ends are built in. 

13. Solve Problem No. 11, the end A being fixed horizontally. 

14. Solve Problem No. 11, if the support B sinks in., I being 90 (in.)'* 
and E= 13,000 tons per sq. in. 



CHAPTER IX 


FLEXURAL STRAIN ENERGY 

96. Elastic Strain Energy. Calculations of elastic distortion and 
stress in a loaded structure or structural clement, whether solid or 
framed, can often be made from expressions for elastic sttain 
energy stored in the body as a result of loading (see Art. 28). '^e 
need only consider cases in which the stresses are within the lin^iits 
of Hooke's Law (Art. 5), i.e. the strains are proportional to the 
stresses and to the loads and in w'hich the work done in transferring 
energy to the material is done by the loads and not in part by the 
supporting forces. In the present chapter we indicate some applica- 
tions of strain energy methods to problems on beams. The alter- 
native methods are generally less obvious than those employed in 
the preceding chapters and are not necessarily to be preferred, but 
in some cases they are neat and short and some acquaintance with 
them is desirable. 

Strain Energy of Beams. When a beam is bent within the 
elastic limits, the material is subjected to varying degrees of tensile 
and compressive bending stress, and therefore posscs.scs elastic 
strain energy (Art. 28), i.e. it is a spring, although it may be a stilf 
one. The total Ilexural strain energy may be calculated in various 
ways; it may conveniently be expressed in the form 

cx — X volume of the material of the beam . . (1) 

E 

where p is the maximum intensity of direct stress to which the beam 
is subjected anywhere, and c is a coellicient depending upon the 
manner in which the beam is loaded and supported, but which is 
always less than the value j, which is the constant for uniformly 
distributed stress (see Art. 28). If / is the intensity of stress at the 
elastic limit of the material, then 

f2 

cx - X volume 
E 

is the proof resilience of the beam. Note that capacity to absorb 
energy depends not only upon the safe limit of elastic stress / but 
also inversely upon the value of Young’s Modulus. In this respect 
combined with lightness, wood and other materials may compare 
favourably with metals. 
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For a beam of any kind supporting only a concentrated load W, 
the resilience is evidently 

i . W X (deflection at the load) .... (2) 
e.g. a cantilever carrying an end load W has a deflection 

(see (2), Art. 80) 

3bl 


hence the strain energy is 


W2/3 


rx^ X voliime=i . 

E 3EI 

For any symmetrical shape of cross-section if d is the depth, from 
Art. 46 

p=V^l-^{2\jd) and area of section=I//:2 
where k is the radius of gyration about the neutral axis. Substi- 
tuting, this value of p 

V/2/2J2 


cx 


Strain energy = § X volume. 
d^ E 

For a rectangular section k^ld '^^^2 ^^nd 

strain energy =i^ — x volume . . . 

h 

^3r per unit volume. For a circular section and 

E 

the strain energy is ^ per unit volume. For I sections the value 
E 

of kid is usually about 0-4. 

The same coefficients, etc., as those above for a cantilever will 
evidently hold for a beam simply supported at its ends, and carrying 
a load midway between them. 

II all the dimensions are in inches and the loads in tons, the strain 
energy will be in inch-tons. 

Strain Energy from Bending Moment. If with the notation of 
Art. 78, in a short length of beam dx, over which the bending moment 
is M, the change of slope is di, the elastic strain energy of that por- 
tion is 

\ .di . . (4) 

and over a finite length the strain energy U is 

( 5 ) 


4E12 


X volume = 


W2/3 
' 6Ef 


^ ^ d^ 


(3) 
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which may also be written 

... ( 6 ) 

or, if El is constant 

U=^JmVx 

ijM^dx as the moment of the area of the bending-moment 
diagram about its base is often easily calculable. 

From these forms the strain energy of any beam may be foUnd 
when the bending-moment diagram is known. \ 

For a beam of uniform section and length /, subjected to “ simple 
bending ” (see Arts. 46 and 77), for which the bending moment arid 
curvature are constant, the strain energy, from (4) or (7), is 

M-/ 

iM X change in inclination of extreme tangents=i - . (8) 

FI 

If such a beam is rectangular in section, the breadth being b and 
the depth ci, p=M — ^bd^, and in the form (1), the strain energy, 
from (7), is 

, 36M2 , M2/X12 

c X X vol ume or c x ^7-5 xb(ll=i . -757-7^ - 
E cb^cl^ EM-’ 

hence c=^, and the strain energy ^ . bdl 

The same coefficient (,*,) will hold for any of the rectangular beams 
of uniform bending strength, in which the same maximum intensity 
of skin stress p is reached at every cross-section, and which bend in 
circular arcs. For circular sections the corresponding coefficient 
is i. 

For a bending moment varying uniformly from a maximum to 
zero the coefficient c = has already been obtained at (3) from (2) 
but it is readily found alternatively by writing M=Wx: in (7) and 
integrating. 

In the case of a distributed load w per unit length of span, the 
strain energy corresponding to (2) may be written 

\^wydx (9) 

where y is the deflection at a distance x from the origin. 

Beam Deflections calculated from Strain Energy. In equation (2) 
the deflection has been used to calculate the clastic strain energy. 
Similarly, if the strain energy is calculated from the bending moments 
by (5) or (7), the deflections may be obtained from the strain energy. 
For example, in the case given in Art. 81, of a non-central load W on 
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a simply supported beam, using the notation of Art. 81 and Fig. 
115 {a), integrating over the whole span, using (7) 
n 


U=i .yc 


r 


dx 


\ 

2EI 


=_i 




+W(;c-o)^ . (10) 


I 


dx 


~ 6EI/ 


( 11 ) 

( 12 ) 


which agrees with (8), Art. 81. 

Taking as a second example the case (6), Art. 79, and Fig. 109, of 
a uniformly spread load iv per unit span on a beam simply supported 
at each end, at a distance x from either support, 

M = — “(/.V— a 2) (see Fig. 49) 

To find the deflection at a distance a from an origin at the left-hand 
end, wc introduce an important principle by considering the effect 
of a very small load W placed at that section. Over the length a 
from the origin it would cause an additional bending moment 

^.,dh' ^,di f— 

El - or El— -~Wx 

dx dx I 


and over this portion 


l-aWx. 


and for the remaining range (l—a) the additional bending moment 
would be 


and 


di= -^-^{l-x)dx 
EJ/ 


Hence from (5) the total increase of strain energy in the whole beam, 
due to W would be 

u= ^ v2(/-jr)r/x-f nj -v(/-x)2i/.v|. (13) 

Why^/— n)(/2-En /— fi^) 

48E1 ' 
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And equating to the energy . y we find 

^ 24EI ^ ^ 

which agrees with (9), Art. 79, when x is written instead of a. 

Note that this deflection is independent of the small load W, the 
effect of which was considered on the supposition that its effect on y 
may be neglected. 

General Formula for Deflection. Generalising this method of 
adding an imaginary small load, take W = 1 and let ni be the bendfng 
moment at any section due to unit load at the particular section the 
deflection at which is y, then cli=m . dx/El \ 

^XlXy=ijMdi=ij~dx or y=j^Ydx . (16) 

the integration being over the whole length of the beam and if 
necessary divided into separate ranges with convenient origins or 
effected graphically in suitable cases. In the particular case of the 
deflection under a load W, M=WAn, and 

(17) 

For example, in the case of a cantilever with a load W at the free 
end, M ='Wx and m=x if the origin be taken at the free end and the 
deflection at the loaded free end is 


Wf W/3 


(18) 


But formula (17) applies to beams with any type of support and with 
varying section. 

Clerk Maxwell's Reciprocal Deflect ion Theorem.^ For a single 
load W, 

M=Wot' 


where m' is the bending moment due to unit load at C (Fig. 1 1 5 (a)). 
Hence (16) becomes 


-=Wj-& 


(19) 


the summation being over the whole length of the beam, and from 
the nature of the product mm' (viz. the product of ordinates of two 
triangular bending-moment diagrams) it is evident that the deflection 
at X due to Vsl at C is equal to the deflection at C due to W at X. 
And this is true for any form of beam, e.g. the cantilever and built-in 


' Phil. Mag., Vol. 27, 1864. The theorem was extended by Rayleigh, Scientific 
Papers^ Vol. 1, or London Math. Soc., 1873. 
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beam. Even so it is only a particular case of a theorem applicable 
to any elastic system. It frequently simplifies beam deflection 
problems, e.g. this theorem shows that (5), of Art. 80, would give 
the deflection at C in Fig. Ill due to W at A, as well as the deflec- 
tion at A due to W at C. We have already noticed from algebraic 
results that it holds for the beam supported freely at its ends in 
Art. 92 (see equations (6), (7), and (8) and the note below them). 

Castigliano's First Theorem. This is applicable and may be used 
to obtain beam deflections. Limiting its application to a beam, it 
may be stated as follows. The partial difl'erential coefficient of the 
total strain energy with respect to a load (W) is equal to the move- 
ment of the load in its line of action. Or if the total strain energy 
be U 


y 


d\J 

tw 


( 20 ) 


For example, if U be calculated from (7) then deflection may be 
found from (20). Thus an alternative procedure to that in Art. 80, 
section (a), is, since M=W(/— x) for the cantilever in Fig. 110, 
from (7) 


U 


_W2 /•' 

“2EiJ o' 


u-xy=l 


W2/3 

El 


and hence from (20) 


P <i(W2)_2WP_WP 
6EI bW ~ 6EI 3EI 


as in (2), Art. 80. 

Or, for a beam supported at its ends, from equation (1 1) we might 
have written 

0U _a~b^ _T^aW- 
^“aw“6Ei/^W ^1/““ 3EI/ 


There is no apparent advantage in using Castigliano’s theorem 
instead of the energy equation (10); both these methods are applic- 
able particularly to deflections at a load. 

Castigliano’s theorem is applicable also to couples and rotations. 
Thus the partial difl'erential coefficient of the total strain energy U, 
with respect to a couple Mj exerted upon the beam is equal to the 
rotation of the beam axis at the axis of the couple Mi, or if /i is the 
rotation of the beam at the axis of Mi 




au 

dMx 


(21) 


For example, if a bending couple Mi be applied to a cantilever at 
its free end in addition to a load W, using Fig. 110 but taking the 
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origin now at the free end for greater convenience, M=Wj:+Mi 

+2W;cMi + Mi2)r/jc=;^,(W2/V3 +WMi/+Mi2) 
2E1 


h 


dU 

dMi 


1 

2E1 


(W/i2+2Mi/) 


or 


WP Ml/ 

2El'^ El 


the slope at the free end; the two terms of which agree with (1) and 
(9) of Art. 80. If Mi=0, W/2/2EI gives the rotation of the free ($nd 
due to W, \ 


And 


>^1 = 


dU 

ciW 


1 /2WP 
2E1\ 3 



WP Mi^2 

3HI ^ 2E1 


the deflection at the free end. The two terms agree with (2) and 
(11) of Art. 80. If W=0, MjP/2El gives the deflection due to Mi. 

Note that if Mi is zero we should nevertheless need to introduce 
this term in order to find the partial differential coefficient d\J/ dM 
and then make Mi=0 in order to find the rotation \V/2/2ET due to 
W. Similarly if W is zero we must introduce the term W in order 
to find the partial differential coefficient f'U/fW and then make 
W=0 in order to find the deflection M 1 / 2 / 2 EI due to Mj. 

This illustrates that in using Castigliano's theorem, unless actually 
part of the load system, a force must be introduced corresponding 
in position and direction to the required defleclion, and subse- 
quently made equal to zero. And if it is not part of the load system, 
a couple, with its axis at the point at which an inclination or rotation 
is required, must be introduced and subsequently made equal to 
zero. 

Thus by the device of introducing temporarily a fictitious force or 
couple the deflection or rotation at any unloaded point may be 
determined. 

Minimum Strain Energy. An important case of equation (20) 
occurs when a beam is resting on a prop which reduces the deflection 
to zero. For then 


au 

ap 


=0 


( 22 ) 


where P is the force exerted by the prop. The equation (22) may 
then be solved for the unknown value of P. This is exemplified in 
Art. 98. 

The statement aU/ ap=0 implies that of all possible values of P 
for equilibrium, the actual is one that which gives the minimum 
value of U, i.e. the least flexural strain energy in the beam under the 
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forces of loads and support. It applies also to any constraining 
moment, say. Mi in the form 

au/aMi=o (23) 

97. Elastic Energy in Shear Strain. When material suffers shear 
strain within the elastic limit, elastic strain energy is stored just as 
in the case of direct stress and strain. For simple distributions of 
shear stress the elastic strain energy is easily calculated. Let 
Fig. 9 represent a piece of material of length / perpendicular to the 
plane of the diagram, having uniform shear stress of intensity q on 
the face BC, causing shear strain 9 and deflection BB". 

Then the strain energy evidently is 

\ X (force) X (distance) = i: x(BC . / . ^) xBB" = i . BC .l.q. ABcp 

=i.BC./. AB.^^ 

N 



X volume or 


q_ 

N 


per unit of volume 


where N is the modulus of rigidity. 

Note the similarity to the expression per unit volume, which is 


the strain energy for uniformly distributed direct stress (Art. 28). 

Deflection oj a Beam due to Shearing. In addition to the ordinary 
deflections due to the bending moment calculated in Chapter vi, 
there is in any given case other than “ simple bending ” (Art. 44) 
a further deflection due to the vertical shear stress on transverse 
sections of a horizontal beam. This was not taken into account in 
the calculations of Chapter vi, and the magnitude of it in a few 
simple cases may now be estimated. 

In the case of a cantilever of length I carrying an end load W 
(Fig. 43), if the shearing force F(=W) were uniformly distributed 
over vertical sections, the deflections due to shear at the free end 
would be 

/x (angle of shear strain) 


or 




or 


Wl 

AN 


where A is the area of cross-section. If the section were rectangular, 
of breadth h and depth d, the deflection with uniform distribution 
W/ 

would be . 

hd.N 

But we have seen (Art. 53) that the shear stress is not uniformly 
distributed over the section, but varies from a maximum at the 
neutral surface to zero at the extreme upper and lower edges of the 
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section. The consequence is that the deflection will be rather more 
W/ 

than . We can get some idea of its amount in particular cases 
AN 

from the distribution of shear stress calculated in Art. 53. But it 
should be remembered that such calculations are based on the simple 
theory of bending (see Art. 47), and are approximate only. While 
the simple (or Bernoulli-Euler) theory gives the deflections due to 
the bending moment with sufficient accuracy, the portion of the 
total deflection which is due to shearing cannot generally be estimated 
with equal accuracy from the distribution of shear stress deduced in 
Art. 53. In a great number of practical cases, however, the deflec- 
tion due to shearing is negligible in comparison with that caused^by 
the bending moment. Assuming the distribution of shear stress to 
be as calculated in Art. 53, and constant over a narrow strip of the 
cross-section parallel to the neutral axis of the section, a few deflec- 
tions due to shear will now be calculated for cases where the shearing 
force is uniform, and for which the simple theory of bending is 
approximately correct (see Art. 44). 

Cantilever of Rectangular Section with End Load. The breadth 
being b and the depth d, a longitudinal strip of length /, width A, 
and thickness dy, parallel to the neutral surface and distant y from 
it, will store strain energy 

due to shear strain. And from (4), Art. 53 



where F=W, the end load. 


Hence 


q2 = 


36W2/^/'' . 
b^d*‘ 


/4_ 


T) 


The total shearing resilience in the cantilever is 


N 

2N 


, . (d^ dh'^, A , 


(1) 


36W2/r^4^^3rf2 vS-li _3 W2/ 

NMH16 6 “^5 Jo 5'Nbd 

If 5 be the deflection at the free end due to shearing, the shear 

W2/ 

strain energy is i . W . 5=|-— hence 

Nbd 

c_6 W/ _6 _ /mean value of q\ 
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than it would be with uniformly 


which is 20 per cent, greater 
distributed shear stress. 

Similarly, for a beam simply supported at its ends and of length /, 
carrying a central load W, putting //2 for /, and W/2 for W, the 
shearing deflection is 

W/ 

Nbd 

or the total deflection due to bending and shearing is 


3 

1 0 


48EK ^ “NM“4EW-' 


I 0 ^ 


or if E/N =1 , this becomes 


y/n 
AEbd^l 


li 


+3 


(d\ 

[I 


J 


or for the cantilever 

fi+ji 

The second term is negligible if (l/d) is large, which is generally 
the case in practice. This expression for the shearing deflection is in 
fair agreement with the more exact expression deduced by St. 
Venant ^ provided the breadth is not great compared with the 
depth. 

Distributed Loads. With a distributed load the simple theory of 
bending docs not hold with the same accuracy as when the vertical 
shearing Ibrcc on the cross-sections is constant throughout the 
length (see Art. 47). Neglecting this, however, for a beam of 
rectangular section, the deflection due to shear strain of an element 
of length dx would be 

^ ^ dx 
^ Nhd^ 

In the case of a uniformly distributed load w per unit length at a 
distance x from the free end F = Ha', hence the total deflection is 

. 3 hV 
^Nbd ^Nbd 

the effect of a distributed load being half that of the same load con- 
centrated at the end. The same coefficient will evidently hold good 
for a beam freely supported at its ends, and uniformly loaded, com- 
pared to similar beam carrying the same load concentrated midway 
between the supports. 

1-Section Girders. The cases in which the shearing deflections 
are of more importance are the various built-up sections of which 


NbdJ ^Nbd 


^ See Todhunter and Pearson’s “ History of Elasticity," vol. ii, Arts. 91 and 96. 
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girders are made, particularly when the depth is great in proportion 
to the length. In an I-girder section, for example, the intensity of 
shear stress in the web is (see Art. 53) much greater than the mean 
intensity of shear stress over the section. A common method of 
roughly estimating the total deflection of large built-up girders is to 
calculate for ordinary bending dellection, using a value of E about 
25 per cent, below the usual value to allow for shearing, etc. 

Any Section. For any solid section instead of (1) the elastic 
energy ^W6 would be 




'q^zcly 


( 2 ) 

\ 


where z is the breadth of the section at a depth y, as in Art. 53, and 




yzdy^ as in Art. 53,* hence the strain energy 


i . W . 6 = — 


-{Sd;-’'""-’')]'''" ... (3) 


or for the cantilever symmetrical about the neutral axes of the 
sections with end load W, where F = W 


W‘7 




For a simply supported beam of span / and central load W, the 
deflection w^ould be f of the above expression. 

For sections the width (c) of which cannot be simply expressed as 
a function of the distance (i) from the neutral surface, a graphical 
method wall be most convenient. The values of q may be found as 
in Art. 53 and Fig. 75. A diagram, somewhat similar to Fig. 75, 
may then be plotted, the ordinates of which arc prc'^portional to 
q^Xz, by squaring the ordinates of Fig. 75 and multiplying each by 
the corresponding width of the section. The total area of this 


diagram would represent 


nd 

*> 

Q^zdy, and the deflection of, say, a 

d 

“2 


cantilever may be found from it by multiplying by //N and dividing 
by W. If the diagram of q is not required it is rather more con- 


^ In the case of a varyinR section, for g subslitiUc the value given in the first foot- 
note to Art. 53, and for dfl write jj, which is not a constant but the extreme value 

of y for any section, and for the right-hand side of (2) write q^zdy^dx. 

This may be found if I and r, are known as functions of x, the length of beam. A 
different method of obtaining a rather more general result is given by Prof. S. E. 
Slocum in the Journal oj the Franklin Institute^ April, 1911. 
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venicnt to proceed as follows (see Fig. 141). Draw the ordinary 
modulus figure for the section as shown at (a), and plot a diagram 
(b) showing q . z instead of q, on the depth of the beam as a base- 
line. Equation (3), Art. 53, shows that at any height y from the 
neutral axis 

W / a 

qz=-jX (area of modulus figure between y and - 


from which equation the ordinates of (6) may be found by measuring 
areas on Fig. (a). Square the ordinates of this diagram (6), and 



divide each by the width z and plot tlie results as ordinates of the 
diagram (r) on the depth c/ as a base. The area of the resulting 


figure (c) represents 


q^zdy as before, and the deflection (see (2) 

d 


above) is found by multiplying^ by //N and dividing by W for a 
cantilever with an end load, and is i: of this for a beam of length / 
supported at its ends and carrying a central load W, provided W is 
used as above in finding qz, or i this if W/2, the actual shearing 
force, is used in finding cfz. 

It is, of course, not necessary actually to plot the diagram (h). 

Occdcs. Fig. 141 (a) being drawn full size, the width of the 
modulus figure represents lyzjd. If p sq. in. of modulus figure 
area at (cj) are represented by 1-in. ordinates on (b), the ordinates 


represent Tyzi/j on a scale of 1 in.=px"^ (in.)^. If the ordinates 
J Y 

’ In the case of a beam, the section of which varies along its length, we might 

divide the whole into a number of short lengths 6/, and find graphically ^ 

J 'Vl ' 

for each; then by multiplying each value by 6/, and dividing the sum by NW, we 
could find the deflection (see preceding footnote). 
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of (b) in inches are squared and divided by nz, say, for convenience, 
and then plotted in inches, on Fig. (c), the area of Fig. (c) represents 




dy on a scale of 1 sq. in 


-Hr- 


the units 


being (inches)*. 

To obtain, say, the cantilever deflection, it is only necessary to 

W/ 

multiply the result in(inches)* by the unitof which are (inches)-*, 

when inch units are used for /, I, and N, to obtain the deflection in 

W/ 

inches. For the centrally loaded beam the factor would be 


Fig. 141, when draw'n full size, represents the British Standard 
Beam section. No. 10, for which d=6 in., I =43-61 (in.)-*, and 
the web is 0-41 in. thick : the area of the diagram (r) represents 
761 (in.)*, and the shearing deflection of a cantilever would be 
0-416W//N in. 

The deflection due to shearing of an I beam with square comers 
such as Fig. 75 may be found by integration in two ranges over 
which the breadth is constant (see example below), and this method 
might be used as an approximation for any I section by using mean 
values for the thickness of the flanges and web: an example is given 
below. 

Simple Approximation Jor I Sections. Owing to the limitations 
of the simple theory of bending, none of these calculations can be 
regarded as correct, and perhaps the simplest approximation may 
also be the best, viz. to calculate the deflection due to shear as if the 
web carried the whole shearing force with uniform distinction, so 
that for a cantilever 




1 


1 ' 



1 ,. i'- 
ll. 


a 



1 


1 


LJ 


6 = 


W/ 




and for 
ends 


AN 
beam simply 

^ W/ 


supported at its 


4AN 


where A is the area oj the web and I is the 
length of the beam, all the linear units being, 
say, inches. 

Fig. 142 Example. Find the ratio of the deflections 

due to shearing and bending in a cantilever 
of 1 section, 6 in. deep and 5 in. wide, the flanges and web each i in. 
thick, carrying an end load, E/N being taken as | . 1=43-125 (in.)** 
(see Fig. 142). In the flanges 
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wr^ , > 


'.(9-y2) 


7^=^2(81-18j^2x^4) 


In the web 


* • ■’’*) “T (■'“-?) =T ) 

Taking both sides of the neutral axis, the total shearing resilience 
is by (2) 

/ p / rsw^r^ 


2/W 632W/ W/ 

5== ^^^(1 •65 + 314-5) = ~,;~=0-340^^ 

Nl- PN N 

(This agrees closely with the result given for Fig. 141, being less 
in about the same proportion that the web thickness is greater, I 
being nearly the same in each.) 

^ r ^ n sheanng 632W/ 3EI 1896 E 1 

Ratio of deflections = - - — Xrr7,-, = — r- • ir, • 7-,. and 

bending FN W/^ 1 N 

taking 1=43-125 and N/E=|, this ratio is 1 10/7^ nearly. For a 
simply supported beam of span / the ratio would be 440//^, and if 
the span were 10 limes the depth, or 60 in., the ratio would be 
or over 12 per cent. 

98, Statically Indeterminate Beams. If a body has force exerted 
upon it in the form of known loads and is restrained from bodily 
motion by other supporting forces or reactions called into play by 
the loads, it is possible to find these reactive forces by the ordinary 
rules of statics provided the supporting forces are not too numerous. 
For example, if a table is supported on three legs, or a beam rests 
on two sharply defined supports, it is easy to find the supporting 
forces. Moreover, these do not depend much upon the way in 
which the body deforms so long as strains remain small. Thus, 
e,g, the upward reactions on the ends of a beam carrying a central 
load will each be equal to half the load whether the beam is of the 
same cross-section throughout or varies widely. But if the table 
has four legs or if the beam is propped at a third point, the ordinary 
rules of statics will no longer serve to determine the distribution of 
the load on the supports nor the magnitudes of the reactions. These 
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depend upon the proportions of the structure, the deformations 
produced by the combination of loading and reactive forces (includ- 
ing forces which constitute couples) and upon relative movements of 
supports. Thus a fourth leg can be added to a loaded three-legged 
table, or a prop to a loaded beam, so as just to touch the structure 
and fill a gap and take no load. A structure with more supports 
than are necessary for equilibrium is “ statically indeterminate ” 
so far as its supports or reactive constraints are concerned. If a 
support is raised it will take an increasing load until it may (like a 
screwjack) remove the structure from contact with another support, 
and make it statically determinate again on fewer supports. ^ 

Without noting the fact, we have already considered sev^al 
statically indeterminate problems in the propped cantilever (Art. 
80), the beam supported at its end and propped at an intermediate 
point (Art. 81), and built-in and continuous beams in Chapter viii. 
Such examples will now be used to show certain general principles 
applicable to statically indeterminate beams but we may here 
confine our attention to straight beams, merely noticing that 
statically indeterminate problems are of much wider scope, e,g. in 
arched beams and other metal structures. 

In the propped cantilever (Art. 80) we found the load on the 
prop by equating the downward deflection at the free end, if the 
cantilever were unpropped, to the upward deflection of the same 
point of the beam due to the upward thrust exerted by the supporting 
force of the prop. But, alternatively, we could have considered 
the beam as supported freely at both ends and then found the couple 
necessary at one end to produce a slope equal and opposite to that 
produced by the load in the simply supported condition of the beam 
and thus to produce zero slope when the load and the rotational 
constraint act together. 

The principle of this method is that of (1) removing from the 
actual system one or more constraints {i.e. reactive forces or 
moments) and finding the deformation caused by the load (under 
statically determinate conditions), and (2) reimposing the con- 
straints and finding their necessary magnitudes in order to reduce the 
deformation at one or more points to amounts (such as zero) 
prescribed by the conditions of the problem. Thus the removal of 
a single prop and its reimposition sufficiently to neutralise a deflec- 
tion at some fixed point, will give one equation to find the one 
unknown supporting force. 

In a built-in beam the removal of two constraining moments at 
the ends would allow the beam at its ends to rotate to a slope cal- 
culated for a beam with freely supported ends. The reimposition 
of moments Ma and Mb (Arts. 86, 87, 88) at the ends sufficient to 
reduce the slope to zero at two places gives two equations to find 
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the magnitudes of the two unknown moments Ma and Mb- The 
actual process in Arts. 85, 87, and 88 was not carried out in two 
stages but the unknown bending moments, Ma and Mb were found 
by inserting the two conditions /a= 0 and /b= 0 which has the same 
effect but does not so clearly suggest the principle of the super- 
positions of two systems of forces. Similarly, the problem of the 
propped cantilever, Art. 80, might be solved in one stage by inte- 
gration of the equation Eld^y/cIx^ = M where the contribution of the 
unknown force P at the prop is included in the expression for M. 

Again the continuous beam problem (Chapter vin) was solved in 
Art. 91 by making the slopes at the ends of a span equal to those in 
the adjoining spans at the junctions. But it was also solved in 
Art. 92 by Wilson’s method of equating the upward deflection due 



to the supporting forces of props to the downward deflections which 
would result from the load if the props were removed. 

All these cases illustrate the method of solving statically inde- 
termine problems by equating opposite deformations produced by 
component determinate systems of forces which when superposed 
give the actual statically indeterminate system. 

This is not the only method and we shall briefly indicate others by 
pointing out three ways of solving the problem of a cantilever of 
uniform section carrying a uniform load of w per unit length and 
propped at its otherwise free end to the level of the fixed end. See 
Fig. 143 for bending-moment diagram; \x stands for the bending 
moment for the beam without the prop P at the free end and M for 
that when the beam has the prop supplying the upwmd supporting 
force P; so that 

[x = hv{l~-x)^ ( 1 ) 

M = p-P(/-x)-i>K/-A:)2-P(/-x) .... (2) 
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Method A. (The most direct and obvious for a simple continuous 
loading.) i=0 and ^^=0 for jc=0 

j'y 

EI^=M=^(/2-2/x+a:2)-P(/-x) 
dx^ 2 

El^ = ^{Px - 1x2 + - P{lx - J,x2 ) + 0 
dx 2 

El . y = \^^i\Px2-\lx2+iix*)-P{\lx2-W)+Q 
And since v=0 for j£: = /, 

and substitution in the foregoing lines gives y, dyjdx and M cotn- 
pletely. 

Method B. If the downward deflection at A for the unpropped 
cantilever and the upward deflection caused by the upward thrust 
of the prop are expressed by means of Art. 80 (c) and {a) or by the 
slope and deflection method of Art. 82 by C'astigliano’s theorem of 
Art. 96, or in any other way, then an equation of the opposite 
deflections at A gives 

8E1 3EI 
P = |h/ 

And slopes and deflections can be found by the methods of Art. 82 
or of Art. 96 or by method A above. 

Method C. Using the minimum strain energy method of (22), 
Art. 96, the strain energy U is 


U 

au 

ap 


M2dx 


= --f 

2Ejj( 

^EiJo’^aP 


dx where M is given by (2), 


and since dM/ cP={l—x), 


dV 

dP 


-ill 

Eir 8 3 / 


|'(/-x)2-P(/-a:)|(/- 


And from (22), Art. 96, the condition of no deflection at A is 
aU/aP=0, hence w/‘'/8-P/^=0 or 

P=|h'/ 

The slopes and deflections following as in other methods. 

Finally, we could solve the problem by the method of moment 
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distribution (Art. 94). If we lock the beam at O and A (Fig. 143) 
the clockwise external moments at Oand A are — and + 
respectively. If we then release A by a moment and add 

to O the induced moment — >v/V24 we have Mo=ivv/^ and Ma= 0. 
Hence from moments about O, 

+lwl^ and P = |w/. 


Examples IX 

1. If the limits of safe bending stress for steel and ash are in the ratio 8 to 1, 
and Young’s moduli of elasticity for the two materials arc in the ratio 20 to 1, 
compare the proof resilience per cubic inch of steel with that for ash and where 
both are bent in a similar manner. If steel weighs 480 lb. per cu. ft. and 
ash 50 lb. per cu. ft., compare the proof resilience of steel with that of an 
equal weight of ash. 

2. A beam of I section is 20 in. deep and 7\ in. broad, the thickness of web 
and flanges being 0-6 in. and 1 in. respectively. If the beam carries a load at 
the centre of a 20-ft. span, find approximately what proportion of the total 
deflection is due to shearing if the ratio E/N = 2-5. 

3. Solve Problem No. 7, Examples VII, by Castigliano’s first theorem 
(Art. 9G). 
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DIRECT AND BENDING STRESSES 

99. Combined Bending and Direct Stress. It often happens that 
the cross-section of a pillar or a tie-rod mainly subjected to a 
longitudinal thrust or pull has, in addition bending stresses acros? it, 
the pillar or tie-rod suffering flexure in an axial plane; or that the 
cross-section of a beam resisting flexure has brought upon it further 
direct stress due to an end thrust or pull, the loads on the beam riot 
being all transverse ones, such as were supposed in Chapters iv and 
V, but such as make the beam also a strut or a tie. In either case 
the resultant longitudinal intensity of stress at any point in a cross- 
section will be the algebraic sura of the direct stress of tension or 
compression and the direct stresses due to bending. If p is the 
intensity of stress anywhere on a section subjected to an end load 

P=PQ+Ph (1) 

where po is the total end load divided by the area of cross-section, 
and Pi, is the intensity of bending stress as calculated from the bend- 
ing moments for purely transverse loading in Art. 46, and is of the 
same sign as po ir> part of the section and of opposite sign in another 
part. The stress intensity p will change sign somewhere in the 
section if the extreme values of Pt are of greater magnitude than 
Po, but the stress will not be zero at the centroid of the section as in 
the case of a beam bent only by transverse forces. The effect of 
the additional direct stress po is to change the position of the neutral 
surface or to remove it entirely. 

100. Eccentric Longitudinal Loads. If the line of action of the 
direct load on a prismatic bar is parallel to the axis of the bar, and 
intersects an axis of symmetry of the cross-section at a distance h 
from the centroid of the section, bending takes place in the plane of 
the axis of the bar and the line of action of the eccentric load. Thus, 
Fig. 144 represents the cross-section of a bar, the load P passing 
through the point C, and O is the centroid of the section. Let A 
be the area of cross-section, and yi distance OD from the centroid O 
to the extreme edge D in the direction OC, and let 1 be the moment 
of inertia of the area of section about the central axis FG per- 
pendicular to OC. Then, in addition to the direct tension or com- 
pression P/A or Po, there is a bending moment M=P . h on the 
section, the intensity of stress at any point distant y from FG being 

A P /i V 

P=Po+A= 9+^-^ (Art. 46) 
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or since 1= AA:^, where k is the radius of gyration about FG 


A AA2 



or 



( 1 ) 


y being positive for points on the same side of FG as C, and negative 
on the opposite side. The intensity varies uniformly with the 
dimension y, as shown in Figs. 144, 145. 



ViG. 144 Fig. 145 


The extreme stress intensities at the edges of the section will be 

/^o+/i PQ—fi 

where /i and /Y arc the opposite extreme values of Pa, or if yi and 
yY are the distances of the extreme edges from the centroid O, the 
extreme stress intensities of stress are 

on the extreme edges D and E, the former being on the same side of 
the centroid as C, and the latter on the opposite side. If the section 
is symmetrical about FG 

y\=yi=dl2 

Evidently p=0 for y = —k^lh if this distance is within the area of 
cross-section, i.e. if k'^jh is less than y/ the distance from the centroid 
to the edge E opposite to C. An axis parallel to FG and distant 
k'^jh from it on the side opposite to C might be called the neutral 
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axis of the section, for it is the intersection of the area of cross- 
section by a surface along which there is no direct longitudinal 
stress. The uniformly varying intensity of stress where h is greater 
than k^lyi is shown in Fig. 144. If is greater than y/, i.e. if 
h is less than k^jyi the stress throughout the section is of the same 
kind as this uniformly varying distribution of stress is shown in 
Fig. 145. With loads of considerable eccentricity, it should be 

noted, such metals as cast iron, 
which are strong in compression, 
may ultimately fail in tension 
under a compressive load. , 
Rectangular Section. In ^he 
rectangular section of breadth b 
and depth d, shown in Fig. 146, 
in order that the stress on the 
section shall be all of the same 
sign, the maximum deviation in 
the direction OE of the line of 
action of the resultant stress from 
the line GH through the centroid is 



From this result springs the well-known rule for masonry, in which 
no tension is allowed — that across a rectangular joint the resultant 
thrust across the joint must fall within i of the thickness from the 
centre line of the joint, or within the middle third. The limiting 
deviation in the direction OG under the same conditions is lb. 

Core or Kernel of a Section. If the line of action of the stress is 
on neither of the centre lines of the section, the bending is unsym- 
metrical, and may conveniently be resolved in the planes of the two 
principal axes as in Art. 52. If the line of action of P fall in the 
quarter GOEB say, at a point the co-ordinates of which, referred to 
OE and OG as axes, are x and y measured positive toward E and G 
respectively, the bending moment about OE is P . y, and about OG 
is P . jc, and the stress at any point in the section the co-ordinates of 
which are x\ y', is 


P P . y . y P . X . x ' 
bd iidb^ jhbd^ 


12P/, y./ 

TdV^^~b^ 



. ( 3 ) 


The least value of this is evidently always at D, where x' = —d/l and 
y = — A/2 when the least value of/? is 

6P 


y 
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This just reaches zero when 

^+- = i 
b d 


or 


b h 
^=- 5^+6 


the equation to the straight-line joining points g, bl6 from O along 
OG, and e, djb from O along OE. Similar limits will apply in other 
quarters of the rectangle, and the stress will be of the same sign in all 
parts of the section, provided the line of the resultant load falls 
within a rhombus egfh, the diagonals of which lie along EF and GH, 
and are of length dji and 6/3 respectively. This rhombus is called 
the core or kernel of the section. 

Circular Section. In the case of a circular section of radius R, 
the deviation which just produces zero stress at one point of the 
perimeter of the section and double the average intensity diametric- 
ally opposite is 

/i=Ar2.i-R=?l^H-R=iR 

4 

and for a hollow circular section of internal radius r and external 
radius R the deviation would be 


which approaches the limit ^R in the case of a thin tube. 
Other Sections. A more general form of (3) is evidently 


P 


A\ 


(4) 


where k^ and are the radii of gyration of the area of section about 
the axes of x and y respectively, and for zero stress at a point the 
co-ordinates of which are x\ y' 




= -l 


(5) 


For a symmetrical I section of breadth 6 in the direction of x, and 
depth d in the direction of y, the four corners will be limiting points 
of zero stress, and the limits of deviation of load from the centroid 
for no change in sign of the stress will be the bounding line 


_J b 

ky^ ’ d^ d 


and three others forming a rhombus having the principal axes as 
diagonals. Similar bounding lines will fix the deviation limits or 
cores for various other sections the boundaries of which can be 
circumscribed by polygons. 

For a symmetrical I section such as Fig. 36, if the axis OY is 
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taken as the vertical principal axis of the section, for a corner 


, b , , d 

X =- and y =- 


If X and y are the co-ordinates of the centre ol' the loading, the unit 
stress from (4) is 


/ yd 

xb 




+ 1 


or 


^-1 = 


yd xb 


■ ( 7 ) 


/?0 2k ^ 

For various values of pIpq equation (7) would represent a series of 
straight lines on which the load centre would lie; the inclination of 
the lines to the axis OX would be at an angle 6 such that ^ 

( 8 ) 


A' 2 A 


and equation (6) is the particular line for p=Q. The minimum 
eccentricity of loading to give any ratio p/po at the corner of the 
section would occur when a line joining the centroid to the load 
centre is perpendicular to the lines represented by (7), i.e, inclined 
to the axis OX at an angle the tangent of which is 

kj d 

k'^'b 




Common examples of eccentric loads occur in tie-bars “ cranked ” 
to avoid an obstacle, frames of machines, such as reciprocating 
engines, members of steel structures, and columns or pillars of all 
kinds; but it is to be remembered that, particularly in the case of 
pillars, the deviation h is a variable along the length if flexure takes 
place. Frequently, however, in columns which are short in propor- 
tion to their cross-sectional dimensions, and in which the deviation 
h of resultant thrust from the axis is considerable, this variation in 
h is negligible. 

Masonry Seating for Beam Ends. If we assume the forces exerted 
by the walls on a cantilever or a built-in beam to consist of a 
uniform upward pressure equal to the total vertical reaction R and 
equal upward and downward pressures varying in intensity uni- 
formly along the length from zero at the centre of the seating to 
maxima at the ends, giving a resultant couple or fixing moment, 
formula (1) may be applied to calculate the maximum intensity of 
pressure on the masonry. If b be the (constant) breadth of the 

beam and d the length of the seating, po= -, — The moment of 

b . a 

the seating pressures about the centroid of the seating is nearly the 
same as the bending moment at the entrance to the wall if the seating 
is short, exceeding it by R x djl. Taking the case of a cantilever of 
length / carrying an end load W (Fig. 43), the moment is W(/-l-£//2); 
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writing this for P . h, and b . d for A, and ^bd for Ak^lyi in (1) or 
(2), the extreme intensity of pressure at the entrance to the wall is 

{2+311 d) 

which serves to calculate the maximum pressure intensity if d is 
known, or to determine d for a specified value (say about 500 lb. per 
sq. in.) of the working intensity of crushing stress on the seating. 

Example 1. In a rectangular cross-section 2 in. wide and 1 in. 
thick the axis of a pull of 10 tons deviates from the centre of the 
section by in. in the direction of the thickness, and is in the centre 
of the width. Find the extreme stress intensities. 

The extreme bending stresses are 

l“^ tons per sq.m. 

tension and compression along the opposite long edges of the 
section. To these must be added algebraically a tension of 
^“ =5 tons per sq. in. 

hence, on the side on which the pull deviates from the centroid the 
extreme tension is 

5+3 = 8 tons per sq. in. 
and on the opposite side the tension is 

5—3=2 tons per sq. in. 

Here a deviation of the load a distance of f’o of the thickness from 
the centroid increases the maximum intensity of stress to 60 per cent, 
over the mean value. 

Example 2. A short cast-iron pillar is 8 in. external diameter, 
the metal being 1 in. thick, and carries a load of 20 tons. If the 
load deviates from the centre of the column by H in-, find the extreme 
intensities of stress. What deviation will just cause tension in the 
pillar? 

The area of section is 7(64 — 36) =22-0 sq. in. 


The moment of resistance to bending is equal to 
20 X 1^=35 ton-in. 

hence the extreme intensities of bending stress are 
/8‘*-6‘‘\ 35x8x32 


35 


■n- /8‘*-6‘‘\ 35x8x32 , . 

— . ( 1 = — =1-017 tons per sq. in, 

32 \ 8 / 11X2,800 


11X2,800 
The additional compressive stress is 

I ”-=0-909 ton per sq. in. 

hence the maximum compressive stress is 1-017 +0 909 = 1-926 tons 
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per sq. in., and the minimum compression is 0-909— 1-017 = 
—0-108, i.e. 0-108 ton per sq. in. tension. 

If there is just no stress on the side remote from the eccentric load 
the deviation would be 


, 0-909 , . 


Example 3. A short stanchion of symmetrical I section with- 
stands a thrust parallel to its axis such that the stress would be 
2 tons per sq. in. if the thrust were truly axial. Determine the 
eccentricity which would be sufficient to produce a stress of 10 tons 
per sq. in. if the section is 9 in. deep, 7 in. wide, 17 06 sq. in. at;ea, 
the principal moments of inertia being 229-5 (in.)^ and 46-3 (inl)^ 
the former being about an axis in the direction of the breadth. 


Taking k =??^ = 13.45 ^ 2 = =9*714 

laking/c, A 17-06 1706 ^ 

and in equation (7), this gives 

/^o 

'-'=““^5 + 2^4 >'=-3 »54.-.1-96 


as the locus of the centre of pressure to produce the extreme stress 
at one corner. The inclination of this locus to the horizontal 
principal axis is 

tan-H-3-854) = 180-75-55 = 104-45° 
and for a:=0, — 11’96 in. 

Hence the distance of the line from the centroid is 
11-96 cos 75-55°=3-00 in. 


in a direction inclined 14-45° to the horizontal axis. If the centre of 
pressure were on the horizontal axis of the I section, the deviation 
to produce the same extreme stress would be 


11-96 

3-854 


=3-1 in. 


Example 4. A cantilever 8 in. broad is at the wall subjected to 
a shearing force of 20 tons and a bending moment of 400 ton-in. 
Assuming a uniformly varying pressure between the beam and its 
seating, find what length of the beam must be built into the wall in 
order that the pressure shall not exceed i ton per sq. in. 

Taking the upward pressure to support the shearing force and the 
upward pressure constituting part of the fixing couple, if d is the 
length required 

20 400+i20xdl2) 

* ^d'^ ix8xrf2 
rf2-4(W- 1.200 =0 
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Hence rf=60 in., i.e, the beam must be built into the wall for a 
length of 5 ft. 

101. The S-Polygon. A useful method of dealing with the 
extreme stresses produced in unsymmetrical bending (whether 
produced by an eccentric longitudinal load, a transverse load, or by 
a pure moment or couple) may conveniently now be noticed. 

From equation (1) of Art. 52, with the notation of that article and 
Fig, 71, the bending stresses produced at any point (such as Q in 



Fig. 147) the co-ordinates of which are x\ y\ by a bending moment 
M in the plane OY' (Figs. 71 and 147) is 


or 


/ v' cos a 

X sin a' 

1 

Iv , 




.... 0 ) 
... ( 2 ) 


y\y cos <x—x'lx sin a 

or A = M/S, say (3) 

where S is the section modulus (of which Z in Art. 46 is the particular 
value for a=0), and 


S=- 






y'ly cosa— x'I;,sina //ry^cosa— x'/c^^^sina 
where A is the area of cross-section of the beam or colunm. 


( 4 ) 
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If the plane of the bending moment M makes an angle 0 with OX, 
we may write a = 0 — 90, and making this substitution in (4) and 
inverting both sides 

1 __ 1 /v' sin 0 , X cos 0\ 

^ 

This is the polar equation for a straight line, with a radius vector S, 
inclined 9 to the initial line OX ; the tangent of the angle which the 
straight line makes with OX is 

. or 

y ly y 

and the intercept on OY is 

. AA' 2 


and on OX is 


From which the line can easily be drawn and the value ofS measured 
for any inclination 0 of the plane of bending to OX. The line is 
defined by (7) or (6) and (7), and is, of course, dependent only on the 
position (x\ >*') of Q and the shape and size of the section, and is 
independent of the position 0 of the plane of bending OY'. It may 
conveniently be called the S-line for the point Q. To find the bend- 
ing stress produced at Q by a bending moment M in the plane OY' 
or OK, it is only necessary to measure the intercept or radius vector 
OH, which gives the value of S, and to substitute this in equation (3). 
The radius vector is of course of infinite length when parallel to the 
S-line for Q, i.e. from (6), when 

k '2- ir' T r' 

tan0=— 7 ^.- or — r . - . ... (8) 

k/ y ly y 

for then Q is on the neutral axis of the section, which is in agreement 
with (6), Art. 52. 

If any section be circumscribed by a polygon, without re-entrant 
angles, the apices of this polygon are points which might, for difT'er- 
ent directions of bending, form extreme points of the section, and 
hence be in fibres of maximum bending stress. The S-lines drawn 
for each apex in turn form a polygon which has been described and 
called by Prof. L. J. Johnson ^ the S-polygon. When the S-polygon 
has been drawn for any particular section, since for all extreme (and 
other) points by (3) the bending stress is inversely proportional to 
the radius vector S, it is easy to pick out (by nearness to O) the plane 
of bending which fora given bending moment causes the maximum 

> “ An Analysis of General Flexure in a Straight Bar of Uniform Cross Section,” 
Trang. Am. Soc. of Civil Engineers, vol. Ivi (1906), p. 169. 



Art. 707] DIRECT AND BENDING STRESSES 283 

stress Pi, at any point, and to calculate the value of pt (viz. M/S) by 
measuring S to scale. ^ 

And, similarly, it is easy to pick out the point on the section, and 
the plane of bending, which for a given value of M give the maxi- 
mum bending stress anywhere in the section. Both are determined 
by drawing from O the perpendicular on to the nearest side of the 
S-polygon. 

In the case of sections having partially curved boundaries con- 
taining points which are extreme ones for some planes of bending 
(c.g. the section shown in Fig. 72), the curved boundary may be 
looked upon as the limit of an inscribed (or of a circumscribed) 
polygon. Successive apices of such a polygon would have corre- 
sponding sides in the S-polygon, and if the successive apices of the 
inscribed polygon be taken close together, the successive S-lines will 
differ little in slope and position and in the limit they will define a 
curved side in the S-polygon. If necessary such a curved side could 
be drawn approximately, but in sections such as unequal angles, 
Z-bars, T-bars, it will generally be sufiiciently near to treat the 
outer corners as square instead of being rounded off'. 

It is evident from (4) that the dimensions of S are the cubes of 
lengths, say, (inches)^ It will often be convenient to draw a cross- 
section full size, and the S-polygon to a scale of one (in.)^ to 1 in., 
though any scales may be employed for either the cubic or linear 
quantities. 

A convenient way of drawing the polygon is to set off each S-line 
by means of its intercepts given by (7), and the S-lines may be 
denoted by small letters corresponding to a capital letter used to 
denote the points in the boundary of the section to which they 
correspond. The apices of the polygon are denoted by the two small 
letters on the pairs of S-lines meeting there. 

Another method of drawing the S-polygon for any section is to 
locate its apices or intersections of the successive S-lines for the suc- 
cessive apices of the polygon circumscribing the section. This 
may be done by the following formulae for the co-ordinates. Let 
-Vfl, be the co-ordinates of a point A, and a**,, v*,, be those of a 
pom: B, AB being a side of the polygon circumscribing the section. 

Then for the point A the S-line equation (5) may be written 

y=-'^ ■1 ‘x+A'^ (9) 

ky2 y. y. 

* ITic minimum value of S, of course, occurs when the radius vector is measured 
perpendicular to the S-linc, i,e. when 


This IS not necessarily in the direction joining O to Q, except when ky—kj^ i.£. in 
doubly symmetrical sections. 
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and its intersection with the corresponding line for B is given by the 
co-ordinate where 

or AkyHyi-yg) ^ ^ 


XaXh — Xbya ^'ayh “ 


( 11 ) 



Fig. 148 


The similarity of the S-line defined by (5) or 
(7) to the line (5) of Art. 100 will be noted. 
The two lines have the same slope as given at 
(6), but line (5) of Art. 100 makes intercepts 

on OY, and on OX . (12\ 

y X 

in place of those given in (7). Thus the lines 
forming the sides of the core are parallel to 
those of the S-polygon, but on opposite sides 
of the origin O. The core and the S-polygon 
are therefore similar figures, and the core 
might be used in place of the S-polygon, S 
being found by multiplying the radius vector 
of the core on the opposite side of O to the 
point concerned by A, the area of the section, 
or modifying the scale. 

Fig. 148 shows the S-polygon for a British 
Standard Beam Section (No. 8, 6x3 in.) 
ABCD (see Appendix), the side a corre- 
sponding to A, and so on. It is easily drawn 
from the intercepts (7) to which, in fact, the 
formulae (11) and (10) reduce when x^=— 
and ya=yb, etc. 

The intercepts are in such a case the 
principal moduli of the section denoted by Z, 
as in Art. 46, and given in steel section tables. 


The inner or smaller rhombus shows the core of the section. 


1 If OX and OY are not the principal axes of the section, for which 'l{xydydx)=Qy 
as here supposed, the values are 

_ +f ATfl —Xh) 7.{xydxdy) 

Xab 

x„yb—Xfjya 

Ix{xn—Xh) — ( Va —>’/,) 'lixydxdy) 

yah - 

Xayh—Xf,ya 


The product of inertia ^(xydydx) being not zero in this case. This may be pre- 
ferable for the information given in some tables; those relating to British Standard 
Sections, however, contain sufficient information to allow the use of the simpler 
formulae (10) and (11), which involve less arithmetic computation, but Xa, Va, etc., 
must sometimes be measured, whereas for one pair of axes (not necessarily principal 
axes) they may be obtained from the tables with or without simple subtraction. 
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A more useful example of the S-polygon is shown in Fig. 149 for 
a 6 x3Jx^ in. British Standard Angle (see Appendix). The 
corners D, F, and C have been taken for simplicity as square. This 
polygon was drawn by setting out the angle section ABCFDE, and 
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the axes OX' and OY' from the details in the tables, and then setting 
out the principal axes OX and OY at the inclination to OX' and OY' 
respectively of 19'’, or tan~i 0-344, given in the standard tables. 
The apices of the S-polygon were then calculated by the formulae 
(10) and (11) from the co-ordinates of A, B, C, D, and E with 
respect to OX and OY, measured from the drawing. The work 
was checked by calculation from (7) of intercepts on OX and OY. 
If desired, a more exact result could be obtained by putting in the 
curves at C and D as in Fig. 149, and drawing their common tangent 
and regarding it, instead of a line CD, as one of the live sides of a 

circumscribing polygon of the section; 
but for all practical purposes a circum- 
scribing polygon ABCDE is suflicienltly 
accurate. From the S-polygon (Fig. 
149) it is immediately apparent that 
the least resistance to bending (/?f,xS) 
is for a plane of bending between OX 
and OX', and the least value of S is 
evidently found by dropping a per- 
pendicular OHi from O on to the 
line c. 

The following examples illustrate the 
simplicity and usefulness of the S-poly- 
gon for certain problems. Other 
examples will be found in Prof. L. J. Johnson’s paper previously 
referred to, and in a paper by Prof. Cyril Batho.^ 

Example 1. Find for a beam the section of which is a rectangle 
of depth d and breadth h the position of the plane of bending in 
which the greatest bending stress will be produced by a given 
bending moment, and the bending moment necessary to produce a 
bending stress pi,. Also the maximum stress which may be produced 
by a longitudinal thrust P with an eccentricity h. Fig. 150 repre- 
sents a quarter of the rhombus, the whole of which forms the 
S-polygon for the rectangular section, the hypotenuse of the right- 
angled triangle being the S-line for one corner of the section. The 
minimum value of S is represented by OH, the perpendicular from 
O on to the hypotenuse. The required plane of bending is there- 
fore through the axis of the beam and OH, inclined to OX, the 
shorter principal axis at an angle 0, which from the simple geometry 
of the figure is evidently tan“^6/i/. Also OH, from the geometry of 
the right-angled triangle, represents a value 

" V(b^+d^) 

1 “ The Effect of End Connections on the Distribution of Stress in certain 
Tension Members,’* Journl. Franklin Inst., Aug,, 1915. 



Fig. 150 
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Hence the minimum bending moment to produce a bending stress of 
intensity pi, is 




6 V(62+(/2) 

(Note that the value required in a plane through the beam axis 
and the shorter axis of the section is x db^jb, which is ^{1 +(dlb)‘^'i 
times the minimum value.) 

Also if the eccentric thrust P acts in this most effective position, 
i.e. in the axial plane OH, its moment is P/?, and it produces a bend- 
ing stress l‘hlS=6Ph\''(b^+d^)l(,b^d^) in addition to the direct stress 
Pjbd. Hence the maximum stress intensity is 


P[ 6hV(b^+d^)] 
bd\ bd j 


E-xampJe 2. Find the bending moment which an angle section 
6 X 3 X i in. will resist in e\cry plane (perpendicular to the section) 
without the bending stress exceeding 6 tons per sq. in. 

From Fig. 149 the shortest perpendicular OFlj from O on the 
S-polygon measures 0-94 in. when drawn to a scale 1 in. =one (in.)^, 
hence the minimum value of S =0-94 (in.)^. and by (3) 


M = 6 X 0-94 =5-64 ton-in. 


(Compare the result in Example 1 of Art. 52 for a plane through 
O parallel to the long leg of the angle. OH 2 = 2-45 (in.)^, and 
indicates a moment of 6x2-45 = 14-7 ton-in. This moment is 
quite 15 ton-in. if the S-polygon i.s drawn for a polygon circum- 
scribing the angle with the corners D and C rounded as in Fig. 72.) 

Example 3. A structural member made of a 6 X 3^ X f in. angle 
carries a thrust of 10,000 lb. applied at a point K (Fig. 149) ^ in. 
from .\E at a level 3 ^ in. vertically below A. Find the maximum 
compressive and tensile unit stresses in the .section. 

OK is the plane of the bending moment produced by the eccentric 
thrust. This meets the c line at H3, and OH 3 scales 5-15 (in.)^, 
while OK = 1-68 in. Hence from (3) 


Pb 


M 

S 


10,000 X 1-68 

5T5 


=2,920 lb. per sq. in. 


which is a compressive stress, OH 3 being on the same side of O as 
K is. The mean direct stress is 


P 


area 


1^1:222=3,080 lb. per sq. in. 
3-422 


Hence from (1) Art. 99 (at E) 

max. compressive unit stress =p(,-Fp 0=3,2604-2.920 

= 6,180 lb. per sq. in. 
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The length OH 4 in KO produced scales 2-17 (in.)^ 

Hence (at B) 

(tensile) ^ =7,850 lb. per sq. in. 

Hence (at B) 

max. tensile unit stress =7,850— 2,920=4,930 lb. per sq. in. 

The position of K is about the probable centre of a thrust trans- 
mitted to the angle bar by a f-in. gusset plate. 

102 . Pillars, Columns, Stanchions, and Struts. These terms are 
usually applied to prismatic and similar-shaped pieces of material 
under compressive stress. The effects of uniformly distributed 
compressive stress are dealt with in Chapter 11 on the supposition 
that the length of the strut is not great. The uniformly varying 
stress resulting from combined bending and compression on a short 
prismatic piece of material is dealt with in Arts. 99 and 100. There 
remain the cases in which the strut is not short, in which the strut 
fails under bending or buckling due to a central or to an eccentric 
load. Theoretical calculation for such cases is of two kinds: 
first, exact calculation for ideal cases which cannot be even approxi- 
mately realised in practice, and secondly, empirical calculation, 
which cannot be rigidly based on rational theories, but which can 
be shown to be reasonable theoretically, as well as in a fair measure 
of agreement with experiments. Calculations of each kind will be 
dealt with in the following articles, and the objections and uncer- 
tainties attaching to each will be pointed out, but the stresses and 
strains produced in struts by known loads cannot be estimated by 
any method with the same degree of approximation as in the case of 
beams or tie-rods, for reasons which will be indicated. 

103 . Euler’s Theory : Long Pillars. This refers to pillars which 
are very long in proportion to their cross-sectional dimensions, 
which are perfectly straight and homogeneous in quality, and in 
which the compressive loads are perfectly axially applied. Under 
such ideal conditions it is shown that the pillar would buckle and 
collapse under a load much smaller than would produce failure by 
crushing in a short piece of the same cross-section, and that until 
this critical load is reached it would remain straight. This evidently 
could not apply to any pillar so short that the elastic limit is reached 
before the buckling load. 

The strength to resist buckling is greatly affected by the condition 
of the ends, whether fixed or free. A fixed end means one which is 
so supported or clamped as to constrain the direction of the strut at 
that point, as in the case of the ends of a built-in or €ncQsird beam, 
while a free end means one which by being rounded or pivoted or 
hinged is free to take up any angular position due to bending of the 
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Strut, If the collapsing load for a strut with one kind of end support 
is found, the corresponding loads for other conditions may be 
deduced from it. 

Case /, Fig. 151. Notation as in the figure. Let P be the load at 
which instability occurs and the column is in equilibrium in a curve 
under the action of P and its own flexural elastic resisting forces. 
One end O is fixed, and the other end, initially at R, is free to move 
laterally and to take up any angular position. 

The fixing will of course involve at O an external p 

moment (Mo=P Xa) and a longitudinal reaction P. ^ 

Taking the fixed end O as origin, measuring x p_i 

along the initial position of the strut OR, and "[ f 

bending deflections y perpendicular to OR, the i / 

bending moment at Q' is j) if the moment ly! 
is reckoned positi\e for convexity towards the q'JUq' 
initial position OR; then, neglecting any eflects of - 
direct compression and using the relations for » j 
ordinary transverse bending, the curvature [ I 

M P(a-y) c/iv , . ^ . • a I I 

=— (approximately, as m Art. 62) ] | ^ 

where 1 is the least moment of inertia of the cross- ^ [ j 
section, which is assumed to be the same through- i| 
out the length [I 

c/a’ HI El j 

The solution to this w'cll-known dilfercntial v J, / >r 
equation is^ : 

= + B cos V P/TI . A -f-C sin \ P/EI . a . (2) f ^ p | 

where B and C are constants of integration which V — 
may be found from the end conditions. When tic. 151 
jc=0, y=0, hence 

()=a + B + 0 or B=—a 

And when a = 0, dy/cIx — O, hence, dilTcrentiating (2) 

J;/V/a= VP/l^K-B sin \ P/LIa + Ccos v P/EIa) 
and 0= \ P/EU -O-j-C) hence C=0 

and (2) becomes 

y=a( 1 —cos .V v'P/El (2a) 

This represents the deflection to a curve of cosines or sines, and 


Hg. 151 


hence C=0 


Sec Lamb’s Infinitesimal Calculus. 
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holds for all values of x to x—L In particular, at the free end x = l 
and y=ay hence 

a=a—a cos /VP/EI 
or —iz cos /VP/E1=0 

From this it follows that either <3=0 or the cosine is zero. In the 
former case evidently no bending takes place; in the latter case, if 
bending takes place 

cos/\/p7EI=0 (3) 

and /\/p/EI='Tr/2 or 3Tr/2 or 5tt/2, etc. 


Taking the first value 71/2, which gives the least magnitude to P 


TT^ 


El 4 


or 


_Tr2El 
" 4/2 


(4) 


This gives a collapsing load, and for a long column is much within 
the elastic limit of compressive stress. Writing A . k'^ for where 
A is the constant area of cross-section and k is the least radius of 
gyration 


or Ihe average intensity of compressive stress is 


Po=- 


P Tr^IZ/A\2 


^(7) 


(5) 


Case //, Fig. 152. Both ends on pivots or frictionlcss hinges or 
otherwise free to take up any angular position. If half the length 
of the strut be considered, its ends and loading evidently satisfy the 
conditions of Case 1; hence the collapsing load 

P =Tr2EI/4a/)2 =Tr2El//2 (6) 

and /7 o=P/A='tt2E(A//)2 (7) 


This case of hinged ends in fixed positions is so often taken as the 
standard for reference that we may solve it independently, instead 
of Case I, briefly as follows. From Fig. 152 at X, 


y = A cos , . / . 

and since dyldx=^0 for x=0, B=0 


dx^ El ^ 

Vp/EIx+B sin v/P/EIx 


>'=A cos VP/EIx or a cos VP/EIjc 
where y^a for x:=0. 
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And since >-=0 for x^ljl 

a cos V^//2=0 

And unless a=0 the cosine is zero the lowest value of satisfying this 
is given by 

\/P/Fl//2=Tr/2 

or P=tt 2EI//^ as in (6). 

Case //a. The same evidently holds good if one end were fixed 
in direction and position as in Fig. 151 or 153 and the other end were 
guided in direction but not fixed in position, i.e. free to move side- 
ways, for the half length would again correspond to Case I. 

Case III, Fig, 153. Both ends rigidly fixed in position and 
direction. If the length of the strut be divided into four equal parts, 


M n m c n t 



Fia. 152 Fig. 153 


evidently each part is under the same end and loading conditions as 
in Case I, hence the collapsing load 

P=Tr2El/4(i/)2 = 4TT2EI//2 (8) 

Po=P/A=4tt2EW02 (9) 


and 
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Thus the ideal strut fixed at both ends is four times as strong as one 
freely hinged at both ends. These two are the most important 
cases. 

Case IV, Fig. 154. One end B rigidly fixed, and the other A 
hinged without friction, i.e. free to take any angular position, but 
not to move laterally. Evidently, if bending takes 
place, some horizontal force F at the hinge will be 
called into play, since lateral movement is pre- 
vented there ; also an equal and opposite hori- 
zontal balancing force F (not shown) at B. Take 
B as origin. The bending moment at Q', reckoning 
positive those moments which lend to produce 
convexity towards BR, is F(/— x) — P . y, hence 

(Fv 



or, 


d^y P 
^2"^ El 




the solution of which is 

y=Ii cos .vVP/LI +C sin a \ P/til + 

F(/— .y)/P .... 

Finding the constants as before 

=0 for A- =0 gives 0 = B + 0 + F7/P and B = - F//P 


( 10 ) 


dyjcix=0 for a '=0 gives 0=0 + Cv P/EI — 


Fig. 154 


P/P and C = FVFI/P/P 
and substituting these values in (10) 

>’=(F/P)(-/ cos A- v'P/iri + 

VFJ/P sin aVP/EI + Z-a') 


for all values of x. And putting > =0 for x=l 

0=(F/P)(-/cos IV^J + VeY/P sin IVWeI) 
hence, either F=0, in which case there is no bending, or 
tan IVpJe]=IVpJe\ 

an equation in /\/P/EI, which may be easily solved by a table giving 
the values of tangents and of angles in radians. The solution for 
which P is least (other than P=0) is approximately 

/VP/EI =4-5 radians 

from which P=20iEI//2 (11) 

and Po=P/A=20iE(A77)2 . . . (12) 

By substituting the known values of y in the original equation, 
and equating d^yfclx^ to zero, we find approximately 4-5 =tan 4-5x11, 
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which is satisfied by x = / or jc=0*30/, i.e. the point of inflexion I 
(Fig. 154) is 0-30/ from B and 0-70/ (approximately) from A, 0-35 
of the length being under conditions similar to Case I. 

The ultimate strength of the strut in each case is inversely propor- 
tional to the square of its length, and comparison between the four 
cases above shows that the strengths are inversely proportional in 
Figs. 151, 152, 153, and 154 to the square of the numbers 1, i, i, and 
0*35 (approximately), the fraction of the lengths between a point of 
inflexion and a point of maximum curvature. The strengths in the 
same order are therefore proportional to the numbers 1, 4, 16, and 
8 (approximately). 

104. Use of Euler’s Foriniilac. Since actual struts deviate from 
many of the conditions for the ideal cases of Art. 103, the use of the 
formulae there derived must be modified to take account of such 
deviations, beyond the ordinary margin of a factor of safety, the 
effect of very small deviations from the ideal conditions being very 
great (see Art, 107). 

“ Fixed ” and “ Free ” Ends. Most actual struts will not exactly 
fulfil the condition of being absolutely fixed or perfectly free at the 
ends, and, in applying Euler’s rules, allowance must be made for 
this. An end consisting of a broad flat flange bolted to a fairly 
rigid foundation ^^ill approximate to the condition of a perfectly 
“ fixed ” end, and an end wliich is attached to part of a structure by 
some form of pin-joint will approximate to the “ free ” condition; 
in other cases the ends may he so fastened as to make the strength 
conditions of the strut intermediate between two of the ideal cases 
of Art, 103, and sometimes to make the conditions different for 
different planes of bending. 

Elastic Failure. Euler's rules have evidently no application to 
struts so short that they fail by reaching the yield point of crushing or 
compressive stress before they reach the values given in Art. 103. 
For example, considering, say, a mild-steel strut freely hinged at 
both ends (Case II, Art. r03), and taking E = 13,000 tons per sq. in., 
and the yield point 21 Ions per sq. in., the shortest length to which 
formula (7) could possibly apply would be such that 

;7o=21=tt^. 13,000. (A'//)2 

/ being about 80 times A, which would be about 20 diameters for a 
solid circular section, and 28 diameters for a thin tube. Since these 
rules only contemplate very long struts, it is to be expected that they 
would not give very accurate values of the collapsing load until 
lengths considerably greater than those above mentioned have been 
reached. For shorter struts than these Euler’s rules are not applic- 
able, and will, if used, evidently give much too high a value of the 
collapsing load ; such shorter or medium-length struts are, however, 
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of very common occurrence in structures and machines. The 
values of po for columns of mild steel and cast iron with freely 
hinged ends, as calculated by (7), Art. 103, are shown in Fig. 155. 

105. Rankine's and Other Empirical Formulae. 

Rankine. For a strut so very short that buckling is practically 
impossible the ultimate compressive load is 


P.=/cXA (1) 

where A is the area of cross-section and is the ultimate intensity of 
compressive stress, a quantity difficult to find experimentally 
because in short specimens frictional resistance to lateral expansion 
augments longitudinal resistance to compression, and in longer\ 
specimens failure takes place by buckling; j\ may well be taken as ; 
the intensity of stress at the yield point in compression. 

The ultimate load for a very long strut is given fairly accurately 
by Euler’s rules (see Art. 103). Let this load be denoted by P^; 
then, taking the case of a strut hinged at both ends (Case II, Art. 
103) 


P. 


tt^EI 

/2 


=7r2EA 


kV 

n 


( 2 ) 


If P is the crippling load of a strut of any length / and cross-section 
A, the equation 


1 

P 



\ 

P. 


( 3 ) 


evidently gives a value of P which holds well for a very short strut, 
for 1/Pg then becomes negligible, or P = Pc very nearly, and also 
holds for a very long strut, for l/P^ then becomes negligible in com- 
parison with 1/Pf and P = P^ very nearly. Further, since the change 
in P is caused by increasing /, for a constant value of A must be a 
continuous change, it is reasonable to take (3) as giving the value 
of P for any length of strut. 

For a strut with both ends freely hinged, the equation (3) may be 
written 


P = 

where a=^, 
tt^E 


1 /A _ ,4 A 

1 p t p IP’’ 

/;.A -rr^EI ■rT2E^2 U;* 


a constant for a given material, or if po is the mean 


intensity of compressive stress on the cross-section 


Po 


P 

A 



(5) 


In the case of a strut “ fixed ” at both ends the constant is a/4, or 
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half the length may be used for / in (5), and for a strut fixed at one 
end with angular freedom at the other the constant is ajl ^ (approxi- 
mately), or II may be used for / in (5), and for a strut fixed at one 
end and free to move in direction and position at the other it is 4a 
(see Cases III, IV, and J, Art. 103). The above are Rankine’s rules 
for struts; they are really empirical, and give the closest agreement 
with experiments on a series of struts of different ratios Ijk when the 
constants are determined from such experiments rather than from 
the values of E and /, for a short length. The values fc and y^/'ir^E 
of the constants in (4) may be called the “ theoretical ” constants; 
the value of a would evidently be less than for ends with 

hinges which are not frictionless, and which consequently help to 
resist bending. 

Gorclon\s Rule. Rankine's rule is a modification of an older 
rule of Gordon’s, viz. 

P=f^A^{l+c{ljdy} (6) 

where d is the least breadth or diameter of the cross-section in the 
direction of the least radius of gyration, and c is a constant which 
will difler not only for different materials and end fixings, but with 
the shape of cross-section. 

Rankifie\s Constinits. The usually accepted values of 4 and a in 
Rankinc’s formula are about as follow; 


Material 

Mild steel 
Wroui^ht iron 
Cast iron. 


fc loilk pcT 

Q 

sq in. 


21 

1 5^0(1 

16 

1 

0 f) 0 

36 

1 

1 '6 n 0 


The above constants for wrought and cast iron are those given as 
average values by Rankinc, and widely adopted. The value of /j for 
mild steel taken as the yield point may be rather lower than that given 
above, and rather higher for many kinds of machinery steel, the 
value of a being altered in about the same proportion. The values 
of p obtained from Rankine’s formula (5) with the above constants 
will generally be rather above the values of Euler’s “ ideal ” strut, 
and therefore obviously too high for very long columns with abso- 
lutely free ends, because the values of a (generally deduced from 
experiments in which the ends are not absolutely free) are smaller 
than the “ theoretical ” value /j/TT^E. The average intensities of 
stress, or load per unit area of cross-section occurring at the ultimate 

• a/2 is simpler and more correct than the value 4a/9 often given (see Case FV, 
Art. 103). 
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load for mild steel and cast-iron struts of various strength with free 
ends, as calculated by Rankine’s formula, and the above constants, 
are shown in Fig. 155. 



Choice of a Formula^ If the ratio Ijk exceeds about 150, which it 
rarely if ever does, Euler’s values may be used to give the breaking 
loads, and factors of safety on the average intensity of stress of 5 for 
steel and wrought iron, 6 for cast iron, and 10 for timber may be 
used to give the working loads. For shorter struts Rankinc’s 
formula may be used with factors of safety of about 3 or 4 for steel. 

It may be noted that the specifications of the American Bridge Co. 
for dead loads give the permissible loads in pounds per square inch 
of cross-section, as 

p = 15,000 1 +(//A:)2/l 3,500 } (for soft steel) 
and = 1 7,000 -r{ 1 +(///c)2/ 11,000} (for medium steel) 

where / is the length of a structural strut centre to centre of the pins 
at its ends. 

1 Papers on Struts will be found in Proc. Inst. Afcch. Eng., 1905; in Trans. Am. 
Soc. C.E., vol. 76 (1913); and in Engineering, July 14th, 1905; Jan. 10th, 1908; 
July 2nd, 1909; Jan. 14th, 1910; and March 3Ist, 1911, by W. E. Lilly. Also in 
Engineering, July 26th and Aug. 2nd, 1912, by H. V. Hull; Aug. 22nd, 1912, by 
R. V. Southwell; Oct. 2nd, 1914, Sept. 21st and Nov. 30th, 1917, by the author. 
See also Jan. 24th and 31st, 1919, author and Bisacre. See also I.C.E. Selected 
Engineering Paper No. 28, “The Strength of Struts,” by A. Robertson (1925) and 
‘‘Multiply-loaded and Continuously-loaded Struts,” by W. J. Duncan in Engineering, 
Aug. 8th and 15th, 1952. 
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Various other values of the constants in Rankine’s formula are in 
use depending upon the quality of the material, the type of end con- 
nections and factor of safety used. 

Euler’s formula, for cases in which it may reasonably be used, has 
the advantage of directness; the necessary area of cross-section may 
be found for a given load from (4), (6), (8), or (11), Art. 103. 

Rankine’s formula, like all others except Euler’s, while quite con- 
venient for finding the working or the ultimate load for a given area 
and shape of cross-section, is not very direct for finding the dimen- 
sions of cross-section in order to carry a given load; it leads to a 
quadratic equation in the square of some dimension. For practical 
purposes, however, with standard forms of section the area required 
is easily found by trial. 

Johmon\s Parabolic Formula, Prof. J. B. Johnson adopted an 
empirical formula 

Po=A-W///c)2 (7) 

which, when plotted on a base-line giving values of //A , is a parabola, 
fc is the yield point in compression, and A is a constant determined 
so as to make the parabola meet the curve plotted with Euler’s 
values of po tangentially. For a strut absolutely freely hinged at 
the ends this condition makes fr=/£^/4Tr-F, and, owing to friction, 
Johnson adopted the smaller values of about /,2/64E for pin ends 
and QjlOOE for Hat ends. For values of Ijk beyond the point of 
tangency with Euler’s curve, Euler’s values of must be adopted, 
and to allow for the frictional resistance to bending offered by pin 
or flat ends (7) of Art. 103 is modified to 16E(A://)^ and 25E(A://)^ 
respectively, these values of being based on experimental results. 
The form of Johnson’s formula is a trille more convenient than that 
of Rankine’s. 

Straight Line Formula. A great many experimental determina- 
tions of the ultimate strength of struts have been made under various 
conditions,^ and various empirical formulae have been devised to 
suit the various results. The results have been most consistent, and 
in agreement with empirical algebraic formulae, as might be 
expected, w hen the conditions of loading and fixing have approached 
most nearly to the ideal, but, on the other hand, such conditions do 
not correspond to those for the practical strut, as used in machines 
and structures which deviate from the ideal in want of straightness 
and homogeneity of material, more or less eccentricity of the thrust, 
and in the conditions of freedom or fixture at the ends. The results 

1 See “ Experimental Researches on Cast Iron Pillars,” liodpkinson, Phil. Tram. 
Roy. Soc., 1840; “ lion Bridges,” by T. C. Clark, Proc. Inst. C.K, vol. liv; “ Experi- 
ments on Slrcnglh of Wrought lion Struts,” J. ClirisUe, Trans. Am. Soc. Civ. Eng.^ 
1884, vol. xni; also extract Proc. Inst. C.E., vol. Ixxvii, p. 396. 

H. FidJer’s Notes on Construction in Mild Steel (Longmans); and T. C. Fidler’s 
Treatise on Bridge Construction. 
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of tests obtained for struts under more or less working conditions 
show great variations, and no formula, empirical or otherwise, can 
more than roughly predict the load at which failure will take place 
in a given case. This being so, for design purposes one empirical 
formula is generally about as accurate as another, and the simplest 
is the best form to use, the constants in any case being deduced from 
a (short) range of values of //A% within limits for which experimental 
information is available; for example, straight-line formulae of the 
type 

/?o=/— (constant X //A) (8) 

where /?o is the load per unit area of cross-seclion and / is a constant, \ 
may be used to give the working or the breaking-stress intensities 
over short ranges of Ijk. 

For example, an American rule for the safe load on a built-up steel 
column with square (or flat) ends per square inch of section is 12,000 
lb. for values of Ijk less than 90 and above this length 

/?o = 17,100 — 57 Ijk lb. per sq. in (9) 

which is equivalent to about 

/?o=7-5— 0 025 Ijk (British) tons per sq. in. . , (10) 

these giving about J of the ultimate load per square inch. 

Consideration of the ideal strut would suggest doubling the coefli- 
cient (57 or 0*025) for struts freely hinged at both ends, but flat- 
ended struts fall short of absolute fixture, and round ends or hinges 
of struts ofler more resistance to turning than ideally freely hinged 
ends, and to apply an empirical experimental straight-line formula 
such as (9) to struts not fixed at the ends the coeflicicnt (or /) should 
be multiplied by about T25 only. The formula must not, of course, 
be used for values of Ijk below that stated, or it would give too high 
a working stress, 

Moncriejj's Formula. An extensive analysis of experimental 
results was made by J. M. Moncrieff ^ and his formulae adopted as 
the basis of working load po tons per sq. in. tables by Messrs. 
Redpath Browm in their Structural Steel Handbook are 
For round ends 

//A = 100v[{21-4/(53-5--4’4/7o)}{10-7//7o-l-6}] . (11) 

For both ends fixed for all values of Ijk and for both ends Hat for 
values of Ijk not exceeding 106*9 

///r=200v[{21-4/(53*5-4*4/7o)}{10*7//7o-l-6}] . (12) 
and for flat-ends and values of Ijk exceeding 106*9 

//A =200V(21*4xO*4-h5-6/>o) . . . . (13) 

British Standard Practice, British Standard Specification No. 

> Trans. Am. Soc. Civ. Eng., vol. xlv, and Engineering, June 6th, 1902, 
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449, relative to structural steel in building gives a series of values of 
allowable (axial loading) stress intensity po for difl'erent values of Ijk 
ranging from 7*2 down to 2 0 tons per sq. in. as Ijk rises from 20 to 
150. These are based on a formula, illustrated in Fig. 163, 


+ — V[i{Pi+(il + . (14) 

where p\ is the intensity of yield stress (taken as 18 tons per sq.in.) 
and Pe is the Eulerian load per square inch \ 3,000iT^I(tlk)'^ tons per 
sq. in., and A is a factor taken as 2-36 and r) is 0-003 Ijk. 

The foregoing is not an exhaustive account of all the various strut 
formulae in use, but the reader can compare any one with others by 
a diagram such as Fig. 155. A point of great uncertainty in the 
design of struts, and particularly of stanchions, is the condition of 
the ends. Whether a base and its foundation is so rigid as to be 
taken as “ fixed,” and whether a top end or cap is to be taken as 
fixed,” hinged,” or absolutely free, makes much difference in 
estimated strength, but must generally be a matter of individual 
judgment (see Art. 175). 

F^xperiments always show that flexure of struts intended to be 
axially loaded begins at loads much below the maximum ultimately 
borne, this being due to eccentricity and other variations from the 
premises upon which Euler's and Rankine's rules depend. This 
leads us to consider in Art. 107 the effect of eccentric loading on a 
long column where the flexure is not negligible (as it is in a very 
short one), and where the greatest bending moment may be mainly 
from the increased eccentricity which results from flexure. 

Example 1. A mild-steel strut hinged at both ends has a T section 
6x4x^ in. (see B.S.T. 21, Table VJ, Appendix), the area being 
3 634 sq. in., and the least moment of inertia is 4-70 (in.)*^. Find, 
by Rankinc's formula, the crippling load of the strut, which is 6 ft. 
long, if the ultimate crushing strength is taken at 21 tons per sq. in. 


The square of the least radius of gyration is 


4-7 


|Y 



i 

p* 


V 



(O' 


2 72 X 72 
1-293 


3 (134 
=4,000 


:l-293(in.)2 


Using the constant given in the text, viz. 
for this ca.se 

3-6.34x21 


P = ' 


X 3-634x21 =49-7 tons 


1 I 4000 
I I 7 500 

Example 2. A steel stanchion of the form 
shown in Fig. 156 has a cross-sectional area of 
39-88 sq. in., and its least radius of gyration is 
3'84 in. Both ends being fixed, and the length being 40 ft., find 
its crippling load, (1) by Euler's formula, (2) by Rankine’s 


lY 

Fro. 156 
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formula, (3) by the straight-line formula, 
sq. in.) 

By Euler’s formula 

p_4Tr2 X 13,000 X 39-88 X (3-84)2 
480x480 


(E = 13,000 tons per 


1,307 tons 


By Rankine's formula, and the constants given 
21 X 39-88 21 X 39-88 


P = - 


1 + 


480x480 


1-520 


= 551 tons 


3-84x3-84x30,000 


Formula (10) gives = — A x 480/3-84=4-38 tons per sq. in., 

which corresponds to a working load of 39-88 x 4-38 = 175 tons, and 
to a crippling load of 4 x 1 75 = 700 tons. 

Taking the equivalent length for hinged ends as 20 ft., //7v =240/3.84 
= 62-5, and formula (11) gives /?o=141875 tons per sq. in., or a 
crippling load of 14-1875x39-88 = 565 tons, agreeing closely with 
Rankine’s formula. 

Example 3. Find the necessary thickness of metal in a cast-iron 
column of hollow circular section, 20 ft. long, fixed at both ends, the 
outside diameter being 8 in., if the axial load is to be 80 Lons, and 
the crushing load is to be 6 times this amount. 

Let d be the necessary internal diameter in inches. 


The sectional area is ^(S^— 1 / 2 )^ and I=— hence /t2=: 
4 64 

The breaking load being 480 tons, Rankine's formula, with the 
constants given in Art, 105, becomes 


480 


240 X 240 X 1 6 
^ M00(8=-l-J^ 


9TTf8‘'-^/4) 

208+^/2 


560=0 


= 16-65 </=4-08 in. 


Thickness of metal = (8---4 08)/2= 1-96, or nearly 2 in. 

106. Forms of Section for Stanchions and Built-up Struts. The 
theory of bending or the theory of buckling of struts (see (7), Art. 
103, or (5), Art. 105) shows that for economy of material the section 
of a stanchion, strut, or column must have a radius of gyration 
large in proportion to its area. This involves a spread-out form of 
section, and for cast-iron columns hollow' circular sections with com- 
paratively thin walls are usual. For steel stanchions the commonest 
forms of cross-section are illustrated in Fig. 157; these consist of 
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sections built up of 1, angle, channel, Z, and plate sections, and for 
comparatively small members single I, T, channel, or angle bars are 
also used. (For caps and bases sec Art. 175.) The moments of 
inertia, etc., of the built-up stanchions may be found by the rules 
given in Chapter iii. In sections such as (c), (d), (f), (g) it is easy to 
so space the plates or channels that the moments of inertia about 
both principal axes of the compound section are equal. 


HHIT 

(‘^) (i) (c) 





(h) 



Fig. 157 


u 

id) 

"LJ“ 

J~~L 



II 


Latticed Stanchions and Struts, Built-up stanchions often con- 
sist partly of open lattice work, as shown in Figs. 158 and 159, and 
indicated by dotted lines in the sections (c) and (^r), Fig. 157. In 
estimating the moment of inertia of a latticed stanchion section the 
lattice bars are neglected. Thus in sectiori (r), I'ig. 157, if Ii is the 
moment of inertia of each of the channel sections about an axis 
parallel to its base, A its area, d llic distance apart of the centroids 
of the two cluinnels, the moment of inertia about a central axis 
parallel to the channel basis is by Theorem 1, Art. 34. 

2li-f2A(r//2)^=2li + A.tF/2 .... (1) 

And if I 2 is the moment of inertia of each channel section about 
an axis perpendicular to its base the moment ofinertia of the built-up 
section about the principal axis perpendicular to the channel 
bases is 

2I2 ( 2 ) 

The lattice bars arc usually designed to witlistand any shearing 
force to which the stanchion may he subjected. If F js the shearing 
force at any cross-section and 0 is the angle (Fig. 158) which the 
lattice bars make with the axis of the column, the pull or thrust in a 
lattice bar with single lacing on one side only is 

F coscc 6 

and the bars must be suflicient to withstand this as a tie or a strut. 
With single lacing on two sides the force will be halved, and with 
double lacing it will be again halved. With single lacing the angle 0 
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(Fig. 158) is usually not less than 60°, and with double lacing (Fig, 
159) not less than 45°. With regard to resistance of axial loads only 
it is evident that a single channel of length i between lattice bar 
ends must be capable of carrying at least half the total load as a 
strut. Let L be the equivalent length of a column hinged at both 
ends and of the full latticed section, and let K be its least radius of 
gyration; let k be the least radius of gyration of one channel or 




other component section, then it is evident from Euler’s rules that 
since one of the two channels carries at least half the load 

must be at least equal to \ . 

or that A//' must be at least equal to K/L 

that is /' must not exceed ^ . L (3) 

1C 

Proportions of Lattice Bars. The usual thickness of the lattice 
bars for single lacing is about 4 V of their length, and for double lacing 
about of their length, while their width usually varies from 2 i to 
1 J in. according to the size of channel used, being not less than three 
times the diameter of the rivet passing through them nor less than I 
of their length. 
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The use of lattice bars instead of solid plate renders all parts of a 
column accessible for painting. 

The above rules would make the lattice bar dimensions nearly the 
same for any size of channels, i.e. for any proportions of k to /, or 
would make a quite arbitrary connection between the cross-section 
of the column and the cross-section of lattice bars used. Actually 
the latticing should be heavier in short than in long columns to 
develop the full strength of the former. A better empirical rule 
might perhaps be framed as follows, although an entirely rational 
treatment of so complex a built-up structure is quite impracticable 
as the distribution of stress is indelinitcly known and depends upon 
the method of manufacture. Let /be the working unit stress for a 
very short column and be the working unit stress for the actual 
column. Then 

f-Po 

may be looked upon as the allowance for flexural stress in the chan- 
nels. The moment of resistance to bending may be taken as 

M ==(/-/? o)Z (4) 

in a plane parallel to the lattices where Z is the modulus of section 
about a central axis of the section perpendicular to the lattice planes. 
Then for equi\’alent shear due to transverse loading at the ends over 
a length L/2 from the centre to the end of a double-pinned column; 
since i/M/c/x=F=constant ^ 

F = M^L/2=2(/~po)Z/L .... (5) 

and the stress in a bar of a single lattice (with lacing on both sides 
of the stanchion) will be as before 

F(coscc 0)/2 = f/‘— /7o)Z(cosec 0)/L ... (6) 

For double lacing this must be halved, and for stanchions fixed at 
one end and entirely free to move at the other L must stand for twice 
the length, while for columns fixed at both ends it must stand for 
half the length of the column ; in any case for the length of the 
equivalent doubly pinned strut. 

For Z the product A xr/may be approximately substituted where 
d is the distance between the centroids of the two channels and A the 
area of one channel section, giving the stress in (6) as 

(/-po)A ■ d . cosec 6 

k/ L 

where / is the length of a lattice bar. 

The lattice bar should then be of such a section as to carry this 

J British Standard Specification No. 327 requires that apart from transverse loads 
a value of F not less than 2 5 per cent, of the axial thrust shall be allowed for in 
latticed strut members of derrick cranes. 
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amount of thrust as a strut with pin ends, and low unit stress as there 
may be considerable eccentricity of loading. 

Secondary Stress, Stresses in the lattice bars may arise due to 
the strain of the column. Thus if the column is shortened and the 
width remains unchanged the diagonal lattice bars are also shortened, 
inducing a secondary stress. Thus if r. Tig. 158, is shortened by an 

amount 5r, since a'^=b- + c^, differentiating, la~ =2r, and hence the 

dc 

Sa c^ Sc Sc 

proportional strain — =~ x— =cos2 0 . — , and if all parts are of 
a c c ' 

steel, J;Xsecondary stress =^- xcos^ 0 . cos^ 0, and \ 

E EE \ 

secondary stress in lattice bars= 7 ?oX cos- 0 . . (8) 

Since cos^ 60'’=;J^ = J cos^ 45^ both types of lattice would get an 
equal secondary unit stress. 

Comparatively little is known as to the real distribution of stress 
in a latticed stmt, but investigations made in America ^ on large 
latticed columns show (by means of strain measurements) great 
variations such as 40 to 50 per cent, of extreme stress from the aver- 
age over the section as well as great changes of stress for small axial 
changes of distances which would indicate local flexure. The 
experiments of Talbot and Moore show'cd small strains oftlic lattice 
bars, but quite irregular variations in different parts of the column 
length. The average stress on cross-sections of the lattice bars was 
such as would be produced by a transverse shear on the column of 
from 1 to 3 per cent, of the compression load. Individual compres- 
sion tests of lattice bars showed very low ultimate strengths, these 
being below half the yield point of the material. The tests of 
Howard and Buchanan showed marked elastic failure at loads 
below 9 tons per sq. in. of column section with complete failure 
below 14 tons per sq. in., on struts having a ratio //7c less than 50. 
Such results point to the desirability of a conservative allowance of 
unit stresses in built-up columns. It may be recalled that the 
Quebec bridge disaster resulted from the failure of a latticed member 
of a compression chord. 

Example 1. A stanchion consists of tw'O British standard 
channels 12 in.x3i in. x 32*88 lb. per ft. (see B.S.C. 25, Table II, 
Appendix) placed back to back 6^ in. apart and connected by 
i-in. plates 14 in. wide. Find the working load which is to be 

1 See “ An Investigation of Built-up Columns under Load,” by Talbot and 
Moore, Engineering Bulletin^ No. 44, of Univ. of Illinois; also "■ Some Tests of Large 
Steel Columns,” by J. E. Howard, in Pioc. American Soc. of Civil Enf^inecrs, Feb., 
1911; or an extract from both tlic.se papers in Engineering News^ Vol. 65, No. 11, 
March 16 th, 1911. 
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i that given by Rankine’s rule if one end of the column is fixed and 
the other end hinged, the length being 30 ft. 

Using rhe values from Table II in the Appendix without the 
plates, from (2), the moment of inertia about the central axis parallel 
to the plates is 

(2x1 90-7) =38 1-4 (in.)* 
and for the two plates add 14(13^ — 123) = 547-2 (in.)* 


Total . =928-6 (in.)* 

About the central axis parallel to the channel, using (1) the 
moment of inertia, is 

For the channels 

(2x8-922)+^ ‘'’^^ X (6-5+2 x0-867)2 = 345-7 (in.)* 

For the plates x 14-^ = 228-7 (in.)^ 


Total . . =574-4 (in.)^ 

The total area of section is 


2x9 671 + 14 = 33-34 sq. in. 
Hence the least radius of gyration is 


V(574-4/33-34)=415 in. 


The equivalent length of strut with ends freely hinged is 30/\/2 ft. 

=360/V2 in.; hence (Ji'k)^ in (5), Art. 105, is ‘^^ =3,764; 

jL X ■ 1 j J “ 

hence from (5), Art. 105, the allowable stress is 


tx21 

1 , 

■* I 7 5 0 0 


5-25 x7,500 
11,264 


3-49 tons per sq. in. 


and the working load is 3-49x33*34 = 1 16-5 tons. 

Example 2. How far apart should two 15-in. X 4-in. British 
Standard (see B.S.C. 27, Tabic II, Appendix) channel-shaped 
sections be placed back to back in a latticed stanchion in order that 
the resistance to buckling may be approximately equal in all direc- 
tions. 

To satisfy this condition the moments of inertia about the two 
principal axes of the compound section must be equal, hence from 
(1) and (2), using the table 

P-334 

(2x14-55)+— -^xr/2 = 2x377 (in.)^ 


hence rf= 10*83 in. 

Distance apart of channels = 10*83— 2 x0*935 = 8-96 in. 

These channels are often spaced 9^ in. apart, and then the value 
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about the axis parallel to the bases is somewhat greater than 
(2 X 377) (in.)^ about the other principal axis. 

Example 3. What is the maximum distance apart of the lacing 
bar ends in the previous example, if each channel between these 
points of support is to be of resistance at least equal to that of the 
whole stanchion, 30 ft. long, fixed at one end and hinged at the 
other. Equivalent length of stanchion with hinged ends is 

30/ V2 ft. =21 '21 ft. 

Hence, referring to Table II, from (3) /' must not exceed (1 ■09/5'53) 
X2T21 ft=4*18 ft. (actually it would be less than one-third of this 
length). 

Example 4. Estimate a suitable width for single lattice bars (both 
sides of the stanchion) for the data in Example 2, if the stanchion is 
30 ft. long, fixed at the base and hinged at the top, using Rankine’s 
formula, with a factor of safety of 4. The distance of the rivet-hole 
centres from the outside edge of the channels is 1-7375 in. 

377 

A :2 = _i^== 30.5 (in.)2 30 ft. =360 in. 

hence from (5), Art. 105 

the working unit stress =-^3 

“^15,000 X30-5 


=4 09 tons per sq. in. 

/'— y7o = 5-25--4'09 = Tl6 tons per sq. in. 

The horizontal distance apart of the lines of rivet centres is 
8-96 -1-2 X 4-2 X 1 -7375 = 1 3 -485 in., and with 60° lacing /= 1 3 -485 x 
2/V3 = 15-57 in.; and L = 360/^2 =254-5 in. 

Hence from (7) the thrust in a bar may be 


M6x 12-334 X 15-57 
254-5 


=0-8754 ton. 


If thickness =;^ of length, for rectangular section (///v)2=402 x 12 
= 19,2(X); allowable unit stress by (5), Art. 105=— -j^'^^ = l‘474 
tons per sq. in. 

Area required =0-8754/1-474 =0-594, or say 0-6 sq. in. 
Thickness =^o of 15-57 = | in. say; 
hence width =0-6 -^ ^ = 1 -6 in. 

If we allow for secondary stress, by (8) the amount is poX cos^ 60° 
=4-09 xi = 1-02 tons per sq. in. This, if reckoned additional to 
the stress due to shearing, would require a larger section, viz. 
0'8754/(T474 — 1-02) = 1-92 sq. in. For a reasonable width of bar 
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on this basis double lacing would be required, but probably the 
assumption of pin ends is too severe, and a higher stress than 
1-474 tons per sq. in. may be allowed. 

107. Long Columns under Eccentric Load. As Euler’s formulae 
are only strictly applicable to struts absolutely axially loaded, it is 
interesting to find what modifications follow if the line of thrust is 
not, even initially, along the line of the centroids of cross-sections, 
i.e. not along the central axis of the column. Such a defect from 
the ideal conditions may result from initial curvature of the column 
(lack of perfect straightness) or from eccentricity in the application 
of the load to the column at its end. 

Initial Curvature. The stress produced by the load is not much 
affected by the precise form of curvature although dependent on 
the amount of deviation from straightness. Thus we may take a 
form of curvature which simplifies the analysis to assuming the 
initial form to be that of a cosine curve. With the notation of 
Fig. 160 let ACB be the initial form of a strut 
hinged at its ends A and B so that I p 


y'=/jxCos-x .... (1) 

which is zero for .v= ±\l and is equal to hi or OC 
at jc=0. Then if AC'B is the deflected shape 
under the thrust P, when a:=OQ, y = QQ', and 
the change in deflection due to flexure under the 
load is y—y'. Hence 

E1-^,(>—.v') = M = -P7. . . (2) 

dx^ 

<tv2 El P I 

The solution of this equation is 

. Tr_ _ P, , ,,, 


' L 

piEi''“^r 






Fio. 160 


which agrees with Case II, Art. 103, if //i=0, giving Euler’s value 
Pj=tt^EI//^. At jf=0 the maximum eccentricity of loading OC'=a, 
say, occurs and 

y=a=^^.hr (5) 

Here the bending moment of P is greatest, viz. — Pn and the 
maximum compressive stress intensity occurring on the concave 
side of the column is 

P PzfVf 
/J=Po+P» = t + -a/.i 


( 6 ) 
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where is the distance of the concave side from the central axis 
of cross-section of the column perpendicular to the plane of bending 
and k is the radius of gyration of the section about the same axis. 
And substituting the value of a from (5) the maximum compressive- 
stress intensity 




( 


1 + P' 

P,—Pa / 


(7) 


where />o=P/A the load per unit area and p, = P</A. 

Eccentric Loading. If the column is initially straight but the line 
of loading of P deviates by a distance /j 2 from the axis of the column 
as in Fig. 161 



r 


Fig. 161 


EJ^^=-P(>'+/i2) (8) 

d^yld.x^ + P v/ET = - PA 2 /EI (9) 

ITie solution of this is 

>’=— A 2 +A sin (\/P/Eix) + B cos (\/I^/EIa-). (10) 

Since dv!dx=0 for x=0, A=0 and putting j'=0 
for x = ll2 

0=-A2+B cos (Vp7e 1//2) or B=h 2 sec (VP/EIIH) 
Hence 

y=A2{sec(V'P/^I//2)cos(VP/Eix)-U . (ID 

and at x=0 

_^. = OC=A2lsec(VP/^//2)-l} . (12) 

The total eccentricity of loading at O is 

OC+A2=A2sec(v'P7Ei//2) . . (13) 

And the maximum intensity of compressive stress is 


\ 


P=PQ+Pt,=Po{ 1 +' ‘^ 2 ^ sec ( Vpo/EA2//2)} . (14) 


or P=Po{ 1 sec (-nllVpolPc ) } • . . (15) 

which agrees with (1), Art. 100, for /=0 for which is indefinitely 
large. 

Perry' pointed out that the function sec (\/P/EI//2) or 
sec (Tr/2 VP/PJ, corresponds very closely with \ ’2 pJ(Pe—P{)), 
which brings (15) into the same form as (7), In other words if the 
maximum deviation from straightness be taken as 

A 1-2/72 (16) 


‘On Struts,” Engineer, Vol. 62, p. 464, Dec. 10th, 1886. 



DIRECT AND BENDING STRESSES 


Art. 107] 


309 


a column initially curved and eccentrically loaded at its ends may be 
taken as centrally loaded at its ends with the augmented initial 
curvature. Thus the maximum compressive stress intensity from 
(7) is 


P=Poi \-\ — ■ • 

\ Pe—Po AV 


. . (17) 


which agrees with (1), Art. 100 when /=0. This may also be 
written 


— 1)(1 .... (17a) 

It may be added that variation in H is substantially equivalent to a 
further addition to the eccentricity h. 

If the compressive stress intensity p reaches that at the limit of 
compressive elastic stress or the yield stress, 4, say, 


Re-arranging this quadratic equation in po. 


. . (18) 

. . (19) 


and taking the smaller root, 

P 0 = i {./. + ( 1 + h'd k^)Pc)-\\' [{Jr + (14* /m • / A'2)a }2 - 4/;/7 J . (20) 

or Po = i{/4(l4n)A}“ivn/+(l4r])AM’2_.4/^^j ^ ( 21 ) 
where r|=/nv//v^ 


Perry- Robertson Formula, This value, (21), of the average stress 
intensity at elastic failure has been made the basis for calculation of 
safe loads for steel columns in which Ijk is 80 or more in the specifica- 
tion of the British Standards Institution.^ The factor rj or hyjk'^ 
depends upon // the maximum deviation of the load line from the 
axis of the column. This in ordinary practice cannot be known. 
Prof. A. Robertson ^ has examined the available experimental 
evidence and concludes that for free-ended columns of structural 
materials such as mild steel, wrought iron, and timber, which show 
a drop of stress on yielding, ri=0O01//A: represents well the general 
results of tests up to yield conditions and that ri =0 003 //^ represents 
the lower limit of such tests. 7'his latter value (ri=0O03//A') has 
been adopted in the B.S.l. specification. Tlic working stresses in 
mild-steel columns in B.S.S. 449 (1948) are to be found by dividing 
the stress given by (21) by a factor of safely 2, and using the values 
/c = 15*25 Ions per sq. in., a= 1 3,000 xtt- -y(//A')- tons per sq. in., 
and ti=0 (X)3//A. 

In the foregoing it is, of course, assumed that eccentricity of load- 


1 British Standard Specification No. 4*1^;). This includes also limitations for the 
allowable slenderness ratio l/k. It is liable to frequent revision. 

2 “ The Strength of Struts,” In^t. C.C. Selected Engineering Paper, No. 28 (192.S). 
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ing is in a direction which would be most effective in increasing 
stress so that the bending produced would be in that plane in which 
the column has least flexural rigidity or perpendicular to the prin- 
cipal axis of cross-section for which k is least. 

If failure should occur in tension, say in cast iron, under an 
eccentric load the modifications in the formulae are simple, for 
maximum intensity of tensile stress (15) would become 


P=Po { sec ^ Vp oIp. 


and (17) would become 


Po/A-i| . . 


P—P^\ 77 • • 

\p,-PQk^ ) 


. . ( 22 ) 

. . (23) 


For the more general cases of curvature and eccentricity for a long 
column corresponding to (7), of Art. 100, for short strut, (7) would 
become 




Pc 


/pV r 

Pe-Po 


Pc 


• (24) 


where the accented symbols refer to values in relation to the second 
principal axis of cross-section. 

Similarly, equation (15) would become 

P=Po|l sec ^^^PoIPe^'^ . (25) 

It is evident from (7), or (15) or (17), that p becomes infinite for 
P=tt 2EI//2, just as in Euler's theory, where the eccentricity /7=0; 
but these equations show that where // is not zero, p approaches the 
ultimate compressive or tensile strengths for values of P much 
below Euler's critical values. The reader will find it instructive to 
plot the values of P and p for any given section, and for several 
different magnitudes of the eccentricity A, and to observe how p 
increases with P in each case. 

Fig. 162 shows the ultimate values of po for mild-steel struts of 
circular section and various lengths, taking 4=21 tons per sq. in. 
with various degrees of eccentricity. It shows that for struts about 
20 diameters in length, for example, an eccentricity of yoo of the 
diameter greatly decreases the load which the ideal strut would 
support. Also that when there is an eccentricity of of the dia- 
meter an additional eccentricity of of the diameter does not 
greatly reduce the strength. 

It is interesting to note that for practical design purposes curves 
of this kind are not greatly different from those for the empirical 
rules of Art. 105. Nor do they differ greatly in type from the ideal 
case as corrected by Southwell. 
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Basquin ^ has dealt in considerable detail with the cases of 
eccentricity of loading, crookedness, and variation of elastic modulus 
in columns, and suggested stress estimations based upon such prob- 
able imperfections as a basis of column design. 

It may be noticed from equations (15) and (17) that with increase 
of load P the maximum intensity of stress is increased more than 
proportionally, because the part due to bending increases with the 
increased eccentricity due to flexure as well as with the increased 
load. Hence the ratio of the ultimate or crippling loads to any 
working load will be less than the factor of safety, as understood by 



the ratio of the maximum intensity of stress to the ultimate intensity 
of crushing stress (at the yield point, say). This point is illustrated 
in Examples Nos. 3 and 4 at the end of the present article. 

In the case of a long tie-rod with an eccentric load, the greatest 
intensities of stress are at the end section^, where the eccentricity is 
h\ in the centre it is only h sech {(//2)VP/E1}. 

Fig. 163 shows the failing loads per square inch and the working 
stress per square inch for mild steel according to the formula (21) 
as adopted in B.S.S. 449 and the constants given above. ^ This does 
not diflcr widely from the curves for the various empirical formulae 

1 Journal of the Society of Western Engineers^ vol. xviii, No. 6, June, 1913. 

2 (Before revision). 
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with a suitable choice of constants and in all cases the working 
stresses are tabulated for values of Ijk for the purpose of column 
design. 

Example 1. A cast-iron pillar is 8 in. external diameter, the 
metal being 1 in. thick, and carries a load of 20 tons. If the column 
is 40 ft. long and rigidly fixed at both ends, find the extreme inten- 
sities of stress in the material if the centre of the load is in. from 
the centre of the column. What eccentricity would be just sufficient 



to cause tension in the pillar? (E==5,000 tons per sq. in.) The 
corresponding problem for a very short column has been worked in 
Example 2, Art. 100, and these results may be used 

/>o=0-909 ton per sq. in. + . 

The bending stress is incrca.scd in the ratio sec (^/VP/El) or 


sec 


L /£o=sec^-2^ / — — - =sec 0-646 =sec 37" = 1 -25. 
4VEA2 V 5,000x25 


Hence the bending-stress intensity is 

1-017 X 1-25 = 1-27 ton per sq. in. 

The maximum compressive stress = 1 -27 -l-0-909=2-18 tons per sq.in. 

The maximum tensile stress = 1-27—0-909=0-36 ton per sq. in. 
of more than treble that when there is no flexure increasing the 
eccentricity. 
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If the eccentricity is just sufficient to cause tension in the pillar, its 
amount is 

1*75 X 0-909/1 -27 = 1-25 in. 

Example 2. A compound stanchion has the section shown in 
Fig. 156; its radius of gyration about YY is 3-84 in., and its breadth 
parallel to XX is 14 in. The stanchion, which is to be taken as free 
at both ends, is 32 ft. long. If the load per square inch of section is 
4 tons, how much may the line in which the resultant force acts at 
the ends deviate from the axis YY without producing a greater 
compressive stress than 6 tons per sq. in., the resultant thrust being 
in the line XX? How much would it be in a very short pillar? 
(E = 1 3,000 tons per sq. in.) 

Evidently from (14) the bending-stress intensity must be 6—4=2 
tons per sq. in.; hence, if /z 2 is the eccentricity 

4^sec{(//2)Vp^2}=2 

4. *2 . 14 192 /~4~ - 

2 X (3-84)2 3.84V 13.000 

^2(1 -897 sec 50-3“)=2-97/;2=2 
^2=0-675 in. 

For a very short pillar where the flexure is negligible this would 
evidently be 

Ax 1-897=2 /i = 1-055 in. 


the equation reducing to the form (1), Art. 100, since the secant is 
practically unity. 

It is interesting to compare the solution by (17a) 



/ 10,000 x 4 \ 

\ 13,000tt2; 


1-2x14 , 
2x14-75”^ 


^2=0-605 in. 


This is less than the previous result, because the factor 1 -2 introduced 
in (16) is too great for an average stress so much below the ultimate 
value; without the factor the approximate method would give a 
value 20 per cent, higher, i.e. h 2 = 0126 , which is too large, and 
errs on the wrong side for safety. 

Example 3. Find the load per square inch of section which a 
column of the cross-section given in Example 2 will carry with an 
eccentricity of H in. from XX, the column being 28 ft. long and free 
at both ends, the maximum compressive stress not exceeding 6 tons 
per sq. in. Find also the ultimate load per square inch of section 
if the ultimate compressive strength is 21 tons per sq. in. (E= 
13,000 tons per sq. in.) 
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Using first the approximate method, (17a) gives 

p8xi2\2] _l-2xl-5 14 

\po )] Tr^xJ3,000\ 3-84'/ J 2 ‘(3-84)2 

(6-/^o)(l -0-0?9/io)=0-858y.o 
or, /7 o-—37-3;?o+ 102=0 


hence 

Testing this value in (14) 

2-951 1 + ? X- 
“1 


14 


see 


/7o= 2‘95 Ions per sq. in. 
168 / 2-95 


2x14-75 “''''3-84V 13,000/ 
=2‘95(H-0’715 sec 37-8'') = 5-62 tons per sq. in. 
instead of 6, hence 2*95 is rather too low. Trial shows that 
Pq = 3-]2 tons per sq. in. 


satisfies (14), and is the allowable load per square inch of section. 
Substituting 21 tons per sq. in. for 6 in the above work gives 8-2 
tons per sq. in. of section as the crippling load. Note that while the 
factor of safety reckon! d on the stress is =3 J, the ratio of ultimate 
to working load is 8*2/3T2=2-63. 

Example 4. A steel strut is to be of circular section, 50 in. long 
and hinged at both ends. Find the necessary diameter in order that, 
if the thrust of 15 tons deviated at the ends by -jV of the diameter 
from the axis of the strut, the greatest compressive stress shall not 
exceed 5 tons per sq. in. If the yield point of the steel in compres- 
sion is 20 tons per sq. in., find the crippling load of the strut. 
(E = 13,000 tons per sq. in.) 



Using the approximate equation (17 a) 

5to/^ 1 Vi X 64 X 2,500 \ r/x 16 

'4x15 / \ tt2 X r3 ,000 xV-IV ~ ^ I'o ^ 'id- ’ 


(0 2616r/2-l)^l j =0-96 


rf6-7-5c/‘'-5-88^/2+22-5=0 
a cubic equation in cP, which by trial gives 


c/2 =7-9 
r/=2-81 in. 


Testing this result by equation (14) 

sec 0-484) =4-58 

77X7-9 


instead of 5 tons per sq. in. 



DIRECT AND BENDING STRESSES 


315 


Art. 108] 


By trial d=2-l in. nearly. 

I'aking this value for failure when p—20 tons per sq. in., (17a) 
gives 



5.500p o\ 

128,000/ 


=0-96 


/7(j = 8-15 tons per sq. in. 
and by trial, from (14) 


/7o = 8-43 tons per sq. in. 
the whole load on the strut being 


8-43 x^TT X (2-7)2 = 48-4 


Thus the factor of safety reckoned on the greatest intensity of 
stress is V‘=4, but the ratio of crippling load to working load is 
48-4/15 = 3-22. 

108. Struts and Tie-rods with Lateral Loads. When a prismatic 
piece of material is subject to axial and lateral forces it may be 
looked upon as a beam with an axial thrust or pull, or as a strut or 
tie-rod with lateral bending forces. A good example occurs in the 
case of a sloping beam acted upon by vertical forces as in the main 
rafters of a roof. The stress intensity at ar.y cross-section is, as 
indicated by ( 1), Art. 99, the algebraic sum of the bending stress, and 
the direct stress which the axial thrust would cause if there were no 
lateral forces. 

In a beam which is only allowed a very limited deflection, i.c. 
which is not very long in proporuon to its dimensions of cross- 
section, the bending stress may usually be taken as that resulting 
from the trans\erse loads only. If, however, the beam is some- 
VA hat longer in proportion to its cross-section, the longitudinal force, 
which may be truly axial only at the ends, will cause a considerable 
bending stress due to its eccentricity elsewhere, and will play an 
appreciable part in increasing or decreasing the dcllcction produced 
by the lateral load, according as it is a thrust or a pull. In this case, 
the bending stresses at any section arc the algebraic sum of those 
produced by the transverse loads, and those produced by the 
eccentricity of the longitudinal forces. Unless the bar is very long, 
or the longitudinal force is very great, a fairly close approximation 
to the bending moment may be found by taking the algebraic sum 
of that resulting from the transverse forces and that resulting from 
the eccentricity of the longitudinal force, on the assumption that the 
deflection or eccentricity is that due to the transverse loads only. 
The solution of a problem under these approximations has already 
been dealt with, the bending stress due to transverse loads being as 
calculated in (Idiapter v, the deflection being as calculated in 
Chapter vii, and the stresses resulting from the eccentric longi- 
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tudinal force being calculated as in Art. 100. It remains to deal 
with those cases where the end thrust or pull materially affects the 
deflection, and where consequently the above approximation is not 
valid; this is the work of the two following articles, which give the 
stress intensities for members of any proportion, and indicate the 
circumstances under which the simpler solution of the problem will 
be approximately correct. 

Strut with Lateral Load.^ Let / be the length of a uniform strut 
freely hinged at each end and carrying a load w per unit length. 
Let the end thrust which passes through the centroid of the cross-, 
section at each end be P. Take the origin O (Fig. 164) midway , 



Fio. 164 


between the ends, the line joining the centroids of the ends being 

the axis of x. The bending moment at Q' 2(4 

lateral load and — P . due to the end thrust P. The sum is equal 
d^v 

to El— , where I is the (constant) moment of inertia of the cross- 
dx^ 

section about an axis through its centroid and perpendicular to the 
plane of flexure, or 

.... ( 1 ) 

The solution of this equation under the conditions -f- =0 for x=0, 

dx 

and >'=0 for x=lj2 is 

W , Wl^ WE1{, I l~P /^ \ 

and the maximum bending moment at O is 

-Mo=P.>'o+iH'/^=^^(sec^y^^-lj . . (4) 

or 

1 For extensions of this subject to Continuous Beams, see Aeroplane Structures, 
by Pippard and Pritchard, Art. 90 and references therein. 
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where Pt=— ^ Euler’s limiting value for the ideal strut (Case II, 

Art. 103). If P=Pr, M 0 and 3^0 become infinite. The expansion 
02 , 504 .6106 138508 


sec 0-1 = - + ^ j 


6 ! 


+ 


8 ! 


+ , etc. 


( 6 ) 


may be applied to (4), which then reduces to 


sj'+lsk 

\ 6Itt4/P' 

1 5.760[P„ 

277Tr6 /p^ 

f ”^258,048^,) 

7 

1 +,etc. 

or 




,,, wP , 5 m74 

“ 8 ’^384’ El ' 

1 600 

P 211-n^lP'^ 
■P, 26,880\P,> 

) +,etc. 


. ( 7 ) 


. ( 8 ) 


These two forms (7) and (8) show the relation of the approximate 
methods mentioned at the beginning of this article to the more exact 
method of calculating bending moment. The first term in each is 
the bending moment due to the lateral loads alone; the second term 

in (8) is the product of the axial thrust P and the deflection . — 

384 El 

(see (11), Art. 79) due to the transverse load alone. Even in the 
longest struts P/P^ will not exceed about y, and in shorter ones will 
be much less. The errors involved in the approximate method of 
calculation, which gives the first two terms in (9), are evidently then 
not great. 

If the strut carried a lateral load W at the centre instead of the 
uniformly distributed loud, equation (2) becomes 


dx^ 


and 


.2'^Er^ 2El\2 7 

W /El, / IT ^Nl 
2p/J p 2 \/eI 4P ■ ‘ ■ 


/El 


tan 


2 V El 


Using the expansion 

tan 6 = 0 + J0^ + 1 ^ 0 '' + 0^ + 

” 4 ■ P,'^120\FV '^20,16o(pJ 


or 


W/ , W/3 
” 4 ‘^48EI 


it2 P , 177t4/P\2 


■ P, '*'1,680 




( 9 ) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 


which illustrates again the same points. 

Other cases may be found in a paper in the Philosophical Magazine, 
June 1908. 
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1 + 


The expression in brackets in (7) and (13) approximates to > 

1 1 




* e 


or 


1 


p/2 


nearly ( 1 5) 


lOEI 


P/P, being a fraction less than \ say, hence to find the bending stress 
approximately in any case for a strut hinged at both ends we simply 
use the maximum bending moment M, say, due to the lateral loads 
alone and increase it in the ratio given by ( 15), so that 


Mo 


M, 


p/2 


lOEl 


. . (16) 


Whether the bending moment is calculated by the approximate 
methods of the previous article applicable to short struts, or by (5) 
or by (16), the maximum intensity of bending stress disregarding 
sign, by Art. 46, is 


Ph = 


MpTi 

1 


M 0 _ M (i(/ 
~Z if 


. . (17) 


where yi is the half-depth cl;l in a symmetrical section, and Z is the 
modulus of section. Hence, by Art. 99 (1) the maximum intensity 
of compressive stress 


/r = 



or 


Mr// , ^ 
-2|-+/2o 


. . ( 18 ) 


where po is the mean intensity of compressive stress on the section, 
viz. P/A, where A is the area of cross-section, and the bending 
moment is taken as positive. 

And the maximum intensity of tensile stress is 




or 


Mpr / 

21 


“Po 


- (19) 


which, if negative, gives the minimum intensity of compressive 
stress. If the section is not symmetrical, the value of the unequal 
tensile and compressive bending stress intensities must be found as 
is Art. 46 (6). 

The formula (18) affords an indirect means of calculating the 
dimensions of cross-section for a strut of given shape, in order that, 
under given axial and lateral loads, the greatest intensity of stress 
shall not exceed some specified amount. As the method is indirect, 
involving trial, the value M] may be used to give directly a first 
approximation to the dimensions, which may then be adjusted by 


5 Prof. Perry obtains this result and the succeeding one (27) for tension in a 
different way by substituting an approximation for the right-hand side of equations 
(2) and (22), 
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testing the values of by the more accurate expression (18). where 
Mo satisfies (5) or (11) or (16). 

Using the approximate values (18) becomes 


and (19) becomes 




Mi>’, 




MiV) P 
A 

lOE 


( 20 ) 


( 21 ) 


Tie-rod with Lateral Load. If the axial load P is tensile the sign 
of P in (2) is reversed and the equation becomes 

dly_^ 

dx~ El'^ 2E!\4 ''7 • ■ • • 

and the conditions of fixing being the same, the solution is 

P 


( 22 ) 


and 


This when expanded gives a series identical with (7) and (8) 
except that the signs of successive terms are alternately positive and 

negative. The second term, viz. — P . — - . gives the reduction 

384 1 1 

in bending moment resulting from the eccentricity of the tension on 
the assumption that the deflection is that due to the transverse load 
only. 

If the tie*rod carries only a lateral load W at the centre, (11) 
becomes 


and 


ePy P W // \ 

^x-^-Er-^’=^-2El(2-V 

. A 

^'““2PV i 


P 2 


w (ei 

tanh 


P 
El 

L/I 

2\ Ef 


(26) 


Other cases may be found in a paper in the Philosophical Magazine, 
June 1908. 

The expansion of (26), which is similar to that of (11), further 
illustrates the same points as the previous cases. 
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Proceeding as for struts, the approximation for either (24) or 
(26) is 




M, 


or 


1 + 


p/2 


lOEI 


nearly 


(27) 


and corresponding to (18) or (20), the maximum intensity of com- 
pressive stress is 


fc ^ Pq 


or 


Mij'i 


H- 


^ A 
lOE 


approximately 


(28) 


and corresponding to (19) or (31), the maximum intensity of tensile 
stress is 


/-^+Po- 


Miv, 


1 + 


F/^ 

lOE 


approximately 

A 


(29) 


Example, A round bar of steel 1 in. diameter and 10 ft. long has 
axial forces applied to the centres of each end, and being freely 
supported in a horizontal position carries the lateral load of its own 
weight (0*28 lb. per cu. in.). Find the greatest tensity of compres- 
sive and tensile stress in the bar: (a) under an axial thrust of 500 lb. ; 
(6) under an axial pull of 500 lb.; (c) with no axial force. (E = 
30 X 10^ lb. per sq. in.) 

m^= 0*28 x~=0-22 lb. per in. length. Mi =^-=396 lb. in. 

4 o 

yi=0-5iii. 1=^=004909, 


P/2_500xl20xl20 
]0E“ 10x30x10" 


0024. 


Sfio 

Po=^7yg4=637 Ib. per sq. in. 


(a) Maximum intensity of bending stress by (16) is approximately 


A 


Mo>'i_ 396 xi 
~i 6 04909 -0 024 


198 

0 02509 


=7,900 lb. per sq. in. 


Maximum compressive stress, 7,900 -1-637 =8,537 Ib. per 
sq. in. 

Maximum tensile stress, /;=7,900— 637=7,263 lb. per sq. in. 

(b) Maximum intensity of compressive stress by (28) is approxi- 
mately 

/■= 637=2,710-637=2,073 lb. per sq. in. 

004909+0024 
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Maximum intensity of tensile stress by (29) is approximately, 
similarly 

4=2,710+637 = 3,347 lb. per sq. in. 

1 98 

(C) lb. per sq. in. 

The values of the bending stress by the more exact rules (5) and 
(24) are for {a) 8,100 lb. per sq. in., and for (6) 2,666 lb. per sq. in.; 
they are worked out in the author’s Strength of Materials, 

109 . General Case of Combined Bending and Thrust or Pull. An 
empirical approximate formula covering any case of combined 
bending and longitudinal load corresponding to (14), Art. 107, and 
to (20) and (29), Art. 108, for the greatest intensity of stress is 

maximum /'= ^^ 

cE 

where Mi Is maximum bending moment resulting (algebraically) 
from the eccentricity of P (neglecting flexure) and lateral loads, and 
where the negative sign is to be used when P is a thrust, and the 
positive sign when P is a pull. The constant c for a strut hinged at 
both ends is about 8 for eccentric loads, 10 for uniformly distributed 
loads, and rather higher values for concentrated loads, it may be 
taken as, say, 10 in all cases. 

A more exact but unwieldy result might, of course, be obtained 
by combinations of such equations as (1), Art. 107, and (1), Art. 108. 
The value of c applicable to other forms of ends depends on the 
type of loading and also upon whether the maximum stress occurs 
at the ends or at some intermediate point. ^ When both ends of a 
strut are fixed, c may be taken as roughly about 34 for estimating 
the stress about the middle of its length, and as about 57 for the 
ends. When one end is hinged and the other is fixed, c may be 
taken as about 24 for maximum stress at any section. The other 
extreme stress at the section of maximum stress is found in any case 
by reversing the sign of P/A. 

110 . Reinforced Concrete under Bending and Thrust, {a) Axial 
Loading, Reinforced columns have longitudinal reinforcing bars 
parallel to the axis of the column and other structural elements have 
bars parallel to the direction of thrust. We consider a column so 
short that no queslior of buckling arises. (For long columns the 
allowable load is reduced by an empirical factor based on experi- 
ment to allow for the cfl'ect of buckling.) Thus for values of Ijk of 

1 These values may be obtained by expanding the transcendental functions in- 
volved in more exact values of the bending moments or by the method illustrated 
between equations (8) and (9) of Art. 108, but in the latter case deflections must be 
measured from a line joining points of contraflexure. 

M 
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50 to 150 a coefficient 1 -5 — //lOOA: is employed (where k is as defined 
below, equation (8)). Tlie steel bars having the same propor- 
tional strain as the concrete take a proportion of the load, namely 
m times that of the same cross-sectional area, where m is the ratio 
E,/E„ as in Art. 56. Let Fig. 165 represent the section of such a 

column which might also take other 
shapes, such as circular or octagonal. 
The longitudinal steel bars are generally 
held in place by hoops made of thinner 
rod encircling them or by wire sur- 
rounding them helically. Such bindipg 
serves to resist buckling of the bai^ 
and to resist shearing of the concrete 
in planes inclined about 45° to the axis 
of the column. Helical binding in 
addition may be consideied in practice 
to add slightly to the longitudinal 
reinforcement. But such an cflect is small and any allowance for 
it must be empirical and based on tests to destruction. For infor- 
mation of this kind the reader is referred to manuals on design ^ 
which embody references to Codes of Practice or Rules of 
responsible building authorities. Let be the total area of section 
of the steel and 4 be the intensity of stress in the concrete so that 
the intensity in the steel is Then the load or total thrust 

} ( 1 ) 



it is to be noted that if the rcinlorcement is not symmetrical about 
both principal axes of the un-reinforced cross-section, axial loading 
implies loading in the line of the centre of pressure when the various 
parts of Aj carry stress of in times the intensity of that in the 
remainder {bd—\^ of the section. Design by the Code is, how- 
ever, based on the sum ol the ultimate loads which could be carried 
by the steel (up to yield point) and by the concrete. A working load 
is then taken to be the sum of these ultimate loads divided by a 
factor such as 3. Thus the working load on a short column for a 
concrete mixture of nominally 1 cement to 2 of sand and 4 of 
aggregate and mild-steel reinforcement, in pounds, might be 

600 X (sectional area of concrete in square inches) + 1 3,500 x 
(area of steel in square inches) 


(b) Under Combined Bending and Thrust. Jf the load parallel 
to the axis is eccentric {i.e. not axial) or is accompanied by a bending 
moment, the stress is not uniformly distributed over the section of 
the concrete. If the bending stress is sufficiently large to more than 


^ See C. P. Manning's Reinjorced Concrete Design (Longmans). 
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neutralise the compressive stress due to the longitudinal thrust P 
we shall have a resultant tensile stress in the steel reinforcement and 
an ignored tensile stress in the concrete, as in Art. 56. Thus it is 
better to treat this case separately from that in which, though 
varying, the stress is compressive throughout the section. 

Firstly, let the bending moment be sufficient to cause tension. 
For such a symmetrical section as in Fig. 165, this will occur when 

maximum Pt>P/{fer/-|-(m — l) A,} .... (2) 

that is when 

^>p/{hcl+(m-m.} ( 3 ) 

where p is the bending moment in the plane of a vertical axis of the 
section in Fig. 165 {i.e. an axis perpendicular to XX) and I, stands 
for — In this, as in bd+(m — i)A, on the 

right-hand side of (2) and (3), As is virtually increased m times to 



r lo. 16 () 


allow for the fact that the steel takes m times the intensity of stress 
in concrete similarly placed. is more fully defined later (before 
equation (7)). 

If iji = P6' where e is the eccentricity of P from the central axis 
XX of the cross-section, becomes iPecJ/l, and the condition 

( 3 ) becomes 

e>2\JUi{M+0n-\)A,}] ( 3 a ) 

If this condition ( 3 ) or ( 3 a ) is fulfilled we must determine the 
neutral axis as in Art. 56 on the convention that the concrete carries 
no tension and it is wholly borne by the steel bars. 

To take a more general and not necessarily symmetrical case let 
Ai be the sectional area of reinforcement on the tension side (Fig. 
166), and A 2 that on the compression side. The column has an 
axial thrust P and a bending moment p or an eccentric thrust P at 
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H distant e from the central axis A A' (u=P^). The total thrust 
across a section on the concrete is and on the steel section A 2 
is Pj and the total pull across the lower reinforcement is T,. These 
three forces exerted across a section (by the material on the other 
side of the section) have a resultant P. But it is convenient to take 
P, as (/?; — 1 )A 2 X (concrete stress intensity at w — ^2 from the neutral 
axis) and P^ as for the unperforated section 6x/7, with a resultant 
line of action at a distance from the neutral axis. Then if is 
the intensity of compressive stress at the top edge of the section 
(Fig. 166), the intensity of tensile stress in the lower steel bars is 

fi=wf,x{di—ri)ln and Tj=AiX/,' . . . (4) ^ 

P = P, + P,— Tj (sec right-hand side of Fig. 166) 

= ^bnf, + {m — 1 ) A — (h^ln — niA i/X^i -«)/« 

or P = fc{ \hu + {m — 1 ) A 2 (// ^ A i(c/i — ^)/« } 

The (external) bending moment \x is equal to Pe and is balanced by 
the moments of the constituent parts of the internal resistance of 
which moments we can write the sum thus 

Pe=y^„(y-in) + (m-l )A 2fc . -id) 

n n 

or 

|i =Pe =/{ ibniid—in ) + (/j j — 1 ) A zi \d—d:^{n—dz)ln 

+ »jAi(f/j—4i'/)(t/i .... (6) 

If the remaining quantities are known, these two equations, (5) 
and (6), sufhee to determine n and P or u. If (5) is multiplied by e 
and subtracted from (6) the result is a cubic equation for n. For 
design purposes charts are drawn consisting of graphs relating P 
or VIbd for various percentages of steel in the gross cross-section 
bd to the values of e expressed sometimes as a fraction of d, viz. ejd. 
We return to this later (Fig. 168). 

The case of single reinforcement such as in Fig. 80 is covered by 
making A 2=0 in (5) and (6). 

If the tensile bending stress is not sufficient to neutrahse the com- 
pressive stress due to the longitudinal thrust P, the whole section 
is available to resist the thrust and moment and is in a state of com- 
pressive stress. Taking the overall dimensions, we may employ the 
formulae (1) and (2) of Art. 100, provided we give specialised mean- 
ings to the symbols A and 1 (or A^2), though the names, area, and 
second moment of area should then be qualified by the prefix 
“ equivalent.” A subscript may then be added to A and I. Since 
the reinforcement carries m times the intensity of the stress of the 
concrete at the same distance from the neutral axis, its effect is 
equivalent to the addition of (m — l) times the area of cross-section 
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Figs. 167 & 168 show ratio of thrust 
per unit area to maximum stress 
in relation to proportional 
eccentricity of load, for 2 

per cent reinforcement. 

m = 12, d^ld=O t 



ty e/d 


bars 
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A, to the gross concrete section bd and at the same distance from the 
neutral axis of bending stress as the actual steel section. Thus in 
standard symbols 

Equivalent sectional area=A^=6J+(/72 — l)Aj 

Equivalent moment of inertia in terms of concrete =1^, where 
is equal to I of the gross section about n.a. of bending plus {ni — 1 )A 5 
X (distance of A^ from n.a.)^ that is plus (m— l)AXi^/')^ in Fig. 165 
or plus (m — l)A/rf— 72)2 in Fig. 80 or plus Ai(w — l)(rfi — 72)2 + 
(772 — 1)A 2 ( 77 — in Fig. 82. It must be noted that in this connec- 
tion the position of the n.a. of bending stress (i.c. the value of n) is 
to be calculated as for pure bending and as if the concrete bore iip 
due proportion of tensile stress which is in fact neutralised by the 
longitudinal thrust. (F'or a column symmetrically reinforced the 
n.a. is the central axis of the gross cross-section.) The working out 
of complete formulae here in terms of the symbols would give an 
appearance of complexity which is unnecessary and numerical 
problems can be solved from the necessary data and the fundamental 
equations of Art. 100. If a column carries an axial load P and a 
bending moment p, it is only necessary to replace by p the product 
when it represents a bending moment in (1) of Art. 100, i,e. to 
take A = Pj’/Ic. Thus with the specialised meanings of A and I, 
from ( 1 ) and (2) Art. 100 we have 

(maximum) + or £(l +'■;;) • • (7) 

and (minimum) A = — or -^( 1 — VV) • • 

where /c2 = I^/A^ (// of Art. 100 is here replaced by e in accordance 
with concrete practice). 

The maximum deviation c not involving tension would be where 
k^=eyi, and here e is the eccentricity of P reckoned from the central 
axis of such a symmetrical section as that in Fig. 165, For such a 
section let the total area of cross-section of steel be p per cent, of 
the gross area bd. Then 

A.=bd+(,m-\)^^bd=bd[\+{m-\)pl\m} . . (9) 

lUU 

lc=-hbd^ + W^(m-\)bdxpl\00 .... ( 10 ) 

And if we take d'=0 %d, i.e. each steel bar in Fig. 165 is centred a 
distance -f’o of ^ from the top and bottom edges of the section 

J,=^2bd^ + (p-4d)^m-])bdpll00 . . . ( 11 ) 

If we write (7) in the form 

P/A.+PexMI.=/.(niax.) .... tl2) 
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we can write an expression for P in terms of f, and e for such a beam. 
Take m = 12, say. Then (12) becomes (using (9) and (11)) 


P + 

\j)d{ 1 +(/72 — ])/7/100} hd-j6+2p{m— x0 0016 

P 1 

bdf, l_ r/J _ * ■ ■ 

l+Oli/7 0 167 + 0 035/7 

If we limit ourselves to p = 2 (per cent.) 


=/ 

(13) 


P 1 

bdf, 0-820+4-22c/4/ • • ‘ • 


(14) 


The values of this for various values of ejd are plotted in Fig. 167. 
From such a chart, drawn to a suitably large scale on squared paper, 
we can read off values of Pjhd or of P by giving the necessary 
numerical values to 6, d, and /, the allowalde (maximum) com- 
pressive stress intensity in the concrete. Designers use such charts 
plotted with separate graphs for diffeicnt percentages p or ratios r 
of steel. The graphs terminate at that value of ejd at which tension 
in the concrete would appear. There is here a discontinuity because 
conventionally tension in the concrete is ignored. Another graph, 
such as Fig. 16S, allowing for tension in the steel only, would be 
required for higher values of ejd. The terminal value of ejd for 
Fig. 167 is found by equating the bending stress to the value of 
P/A from ( 1 2). From ( 14) we can w'rite for the critical value of the 
eccentricity of loading 

4*22c/r/=0-8197 

£VJ=0'8197/4-22=0'194 .... (15) 


If this eccentricity is exceeded there will be tension across the 
section all taken, conventionally at least, by the steel reinforcement. 
Under these conditions we use equation (6) in conjunction with (5). 
Considering again the symmetrical section of Fig. 165 and the nota- 
tion of Fig. 166 and d^~Q-9d^ dz^O ^d, and Ai=A2=ipA/100 as 
before, (5) becomes for /u — 12 and p=2 {i.e. Ai+A2=2 per cent. 
ofbd). 

P/(hd .f,)==lnld+0\\([-0'id!n)-0’\2[0-9(d!n^ . (16) 

and (6) becomes 

Pel(bdYc)^i(n/d){ 0 5 -njOd ) } +0 044(1 -0 k//«) 

+ 0048{0-9(^/;70-1} (17) 

And substituting any value of iijd in (16) and (17) we obtain a value 
of Pjibd .f^) and dividing (17) by (16) a corresponding value of ejd, 
which together determine one point on Fig. 168. Choosing a 
second value of njd we obtain the co-ordinates of a second point. 
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The co-ordinates of the seven points from which the graph. Fig. 
168, was drawn are given below, following the five pairs of co-ordin- 
ates of points on the graph of Fig. 167 calculated from equation (14) : 


eld ... 

0 

0-05 

0-10 

0-15 

0-194 

0-286 

0-454 

0-648 

0-713 

0-845 

1046 

?lhdf . . . 

1-22 

0-970 

0-805 

0-688 

0-61 

0-481 

0-332 

0-242 

0 222 

0191 

0-157 

nid .... 





1-0 

0-8 

0-6 

0-5 

0-48 

045 

0-42 


Figs. 167 and 168 are explanatory sample graphs (for d2ld=0‘\). 
For design purposes, a series with diflbring percentages p can be 
used and can be drawn for different values of m. Examples can be 
found in text-books on design.^ The conditions of design and pro- 
duction do not warrant great refinement in calculation. 

Example 1. A reinforced concrete structural member having a 
section 20 in. deep and 10 in. wide has four bars of steel 1 in. dia- 
meter placed two with their axes 2 in. from the upper face and two 
with their axes 2 in. from the lower face of the beam. If the beam is 
subjected to a longitudinal thrust, the line of which is in the vertical 
central axis of the cross-section and 7 in. from the horizontal axis, 
find the position of the neutral axis and the greatest magnitude of 
the thrust if the compressive stress in the concrete is to be limited to 
1,000 lb. per sq. in. Take m = 12. 

It is evident that the criterion (3 a) is satisfied for 


Ag = 200+ 1171 = 234*6 sq. in. 

I, = 10x20^12+ 1171x82 = 6,667 + 2,212 = 8,879 (in.)^. 


From Art. 100 


maximum p^, 


Px7xl0_ P 
8,879 "“126'8 


c = 7 in. 


/7o=P/234-6 

hence since max, a>/?o there is tension. 

From (5), the total thrust when f, reaches 1,000 lb. per sq. in. is 

P=l,000{i. lO.w+i-rrxlI X x 12 x (18-n)//i} lb. 

n 


The total moment of resistance (about the n.a.) is 

P(n — 3) = 1 ,000{ ]0«2/3 + 5’5 tt(«— 2)2/;7+6'n-( 1 8—n)^ln } lb. -in. 
Multiplying the first equation by (n— 3) and subtracting the second 
and multiplying by 0-6« 

/j3-9n2 + 159-28«- 3,033=0 

Plotting or tabulating the value of the left side of this equation 

I For example, C. P. Manning’s Reinforced Concrete Design (Longmans). 
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from /z = 14 in. downwards we get the value « = 13-57 in. And 
substituting for n in the value of P, 

P=l,000(ixl35-7 + 5-5Trxll-57/13-57-6TTx4-43/13-57) 

= 1 ,000(67-85 + 8*58) =76,430 lb. 

The stress in the steel on the tension side is 

1,000x12x4-43/13-57=3,918 lb. per sq. in. 
and on the compression side is 

1,000x12x11-57/13-57 = 10,230 lb. per sq. in. 

If, instead of taking the moment of resistance about the n.a., 
we had taken moments about the central horizontal axis we should 
have had as in equation (6) 

Px7 = l,000(5//(10-l/7) + i'TTXll x(/2-2)8//? + iTrxl2x(18-n)8/Ai} 

and multiplying the equation for P by 7 and subtracting and multi- 
plying by 0‘6n we obtain 

- 9/z2 + 1 59-28 - 3,033 =0 

as before. 

Example 2. For the beam in Example 1 of Art. 56 (Fig. 80), 
find the neutral axis of the bending stresses if there is no tension 
because of a longitudinal thrust; (u) find the maximum eccentricity 
of the thrust for w'hich there is no tension in the material; (6) if the 
line of thrust is in the central vertical axis of cross-section and 8 in. 
from the top edge, find minimum intensity of stress in the concrete 
when the maximum is 1,000 lb. per sq. in., and the total thrust and 
find the intensity of stress in the steel. Take /7/ = 12. 

(a) Let ft/f and be the extreme bending stress intensities in the 
concrete. Since the stress intensities are proportional to the dis- 
tances from the neutral axis of bending stress 

and bending stress intensity in stcel=ft/ix 12x(18 — «)/n. 

And for the bending stresses across the section 
Total tension =Total thrust 

TT x 1 ],/, X (18 -//)///+ 10(20-/7) X X (20-/z)//7 = i,/, X 10/z 

1 1(18— /z)Tr + (20— Az)- X 5— 5 / 72=0 

234-56/7 = 2,622 
/z = l 1-2 in. 

The distance of the bending axis from the central is therefore 
11-2-10=1-2 in. 


Af = 200-f- 1 lTr = 234-56 sq. in. 

l, = i . 10.//^ + ^. 10(20-Az)^-f llTr(18-/7)2 = 8,553 (in.)^ 


Jc — 


P(e+L2)xll-2 
8,553 


ijt — 


P(e + l-2)x8-8 



P 

234-6 


8,553 


/, or 
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If bft just reaches the intensity of compressive stress due to the 
longitudinal thrust P 

8-8P(e + 1 •2)/8,553 =P/234'6 

e + \ 2 = 8,553/(8-8 x 234-6) =4-14 in. 
^=2*94 in. 


At this eccentricity the stress intensity is zero at the bottom edge 
of the section. 

(6) When the thrust is 8 in. from the top edge its distance from 
the n.a. is 1 1-2 — 8 = 3-2 in. 

Hence from (7) or Art. 100 

= 1 ,000 lb. per sq. in. 

hence P = 1 18,2901b. 


At the lower edge 

/,(mi„.)=n8,290(_;,.-l;|||«)-l,5 lb. per sq. in. 

At 2 in. above the lower edge 

Stress in steel = 12x11 8,29o(^^ =2,439 lb. per sq. in. 

\234‘6 8553 / 

Example 3. Solve Example 2 if the beam has four 1-in. diameter 
bars centred 2 in. from the compression edge in addition to the 
other four. 

From the symmetry n (for bending stress) = 10 in. 

A^=200 + 11 x2Tr=269 1 sq. in. 

I, = 10x20-V12 + ll x2Trx8- = ll,090 (in.)l 

(a) Maximum bending stress at outer edges P, x lO/l 1,090. 

Mean compressive stress P/Af=P/269 1, 

If this just equals the maximum bending stress 


€ 


J^l ,090^ 
10x269*1 


=4-12 in. 


(h) If the line of action of P is 8 in. from the top edge: 
e = 10 — 8=2 in. 

Maximum bending-stress intensity = 2 x P X 10/1 1 ,090=P/554-5. 
Additional compressive stress P/A = P/269-l. 

Maximum compressive stress intensity 


P 


(-— + -' ] 

\269 1 554-5/ 


= 1,000 lb. per sq. in. 


P = 18I,170 lb. 
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/,(min.) = 181,170^-^ j ^=347 ib. per sq. in. 

Compressive stress in upper stecl==12 x 181,170| - — -f— 

\269 1 11,090/ 

= 11,210 lb. per sq. in. 

Compressive stress in lower steel = 12x 181,)70| 

\269 1 11,090/ 

=4,940 lb. per sq. in. 


Examples X 

1. In a short cast-iron column 6 in. external and 5 in. internal diameter, 
the load is 12 tons, and the axis of this thrust passes \ in. from the centre of 
the section. Find the gicatest and least intensities of compressive stress. 

2. The axis of pull in a tie-bar 4 in. deep and H in. wide passes /o in- 
from the centre of the section and is in the centre of the depth. Find the 
maximum and minimum intensities of tensile stress on the bar at this section, 
the total pull being 24 tons. 

3. The vertical pillar of a crane is of I section, the depth of section parallel 
to the web being 25 in., area 24 sq. in., and the moment of inertia about a 
central axis parallel to the flanges being 3,000 (in.)"^. When a load of 10 tons 
is earned at a radius of 14 ft. horizontally from the centroid of the section of 
the pillar, And the maximum intensities of compressive and tensile stress in the 
pillar which is fixed at the base and quite free at the top. 

4. If a cylindrical masonry column is 3 ft. diameter and the horizontal wind 
pressure is 50 lb. per fool of height, assuming perfect clasuciLy, to what height 
may the column be built without causing tension at the base if the masonry 
weighs 140 lb. per cu. ft. ? 

5. A mild-sleel strut 5 ft. long has a T-shaped cross-section 6x4xi^ in. 
(sec B.S.T., 21 m Table VI, Appendix). Find the ultimate load for this 
strut, the ends of which are freely hinged, if the crushing strength is taken as 
21 tons per sq. in. and the constant a of Rankine’s formula tsVo- 

6. Find the greatest length for which the section in Problem No. 5 may be 
used, with ends freely hinged, in order to carry a working load of 4 tons per 
sq. in. of section, the working load being one-quarter of the crippling load and 
the constants as before. 

7. A mild-steel stanchion, the cross-sectional area of w'hich is 53-52 sq. in., 
is as shown in Fig. 156, the least radius of gyration being 4-5 in. The length 
being 24 ft. and both ends being fixed, find the crippling load by Rankine's 
formula, using the constants given in Art. 105. 

8. Find iJic ultimate load for the column in Problem No. 7, if it is fixed at 
one end and free at the other. 

9. Find the breaking load of a cast-iron column 8 in. external and 6 in. 
internal diameter, 20 ft. long and fixed at each end. Use Rankine’s constants. 

10. Find the working load for a mild-steel strut 12 ft. long con-qiosed of 
two T-sections 6x4x i in., the twx^ 6-in. cross-pieces being placed back to 
back, the strut being fixed at both ends. Take the working load as a quarter 
the crippling load by Rankinc's rule. 

11. Find the ultimate load on a steel strut of the same cross-seclion as that 
in Problem No. 10, if the length is 8 ft. and both ends arc freely hinged. 

12. Find the necessary thickness of a metal in a cast-iron pillar 15 ft. long 
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and 9 in. external diameter, fixed at both ends, to carry a load of 50 tons, the 
ultimate load being six times greater. 

13. Find the external diameter of a cast-iron column 20 ft. long, fixed at 
each end, to have a crippling load of 480 tons, the thickness of metal being 
1 in. 

14. A latticed stanchion is built of two standard channel sections 7 in. by 
3 in. (see B.S.C. 9, Table II, Appendix) placed back to back. How far apart 
should they be placed in order to offer equal resistance to buckling in all 
directions? 

15. Solve Problem No. 1 if the column is 10 ft. long, one end being fixed 
and the other having complete lateral freedom. (E= 5,000 tons per sq. in.) 

16. With the ultimate load as found by Rankine's formula in Problcfn 
No. 5, what eccentricity of load at the ends of the strut fin the direction of the 
least radius of gyration and towards the cross-piece of the T) will cause th^ 
straight homogeneous strut to reach a compressive stress of 21 tons per sq. 
assuming perfect elasticity up to this load? The distance from the centroid 
of the cross-section to the compression edge is 0 968 in. (E= 13,000 tons 
per sq. in.) 

17. With the eccentricity found in Problem No. 16 and a load of 16 tons 
per sq. in. of section, of what length may the strut be made in order that the 
greatest intensity of compressive stress shall not exceed 21 tons per sq. in.? 
What is then the least intensity of stress, the distance from the centroid of the 
cross-section to the tension edge being 3 032 in.? 

18. Find the load which will cause an extreme compressive stress of 21 tons 
per sq. in. in a stanchion of the section given in Problem No. 7, 12 ft. long and 
freely hinged at the ends, if the depth of section in the direction of the least 
radius of gyration is 16 in., and the deviation of the load from the centre of 
the cross-section is 1 in. in the direction of the 16-in. depth. (E= 13,000 tons 
per sq. in.) 

19. What load will the column in Problem No. 1 carry if it is fixed at one 
end, and has complete lateral freedom at the other, if the column is 10 ft. long, 
the eccentricity of loading ^ in., and the greatest tensile stiess 1 ton per sq. in.? 
What is the greatest intensity of compressive stress? (E= 5,000 tons per 
sq. in.) 

20. Find the necessary diameter of a mild-steel strut, 5 ft. long, freely 
hinged at each end, if it has to carry a thrust of 12 tons with a possible 
deviation from the axis of jV of the diameter, the greatest compressive stress 
not to exceed 6 tons per sq, in. (E= 13,000 tons per sq. in.) 

21. Solve Problem No. 19 if the deviation may amount to 1 in. 

22. A round straight bar of steel 5 ft. long and 1 in. diameter rests in a 
horizontal position, the ends being freely supported. If an axial thrust of 

2.000 lb. is applied to each end, find the extreme intensities of stress in the 
material. Weight of steel, 0-28 lb. per cu. in. (E = 30x 10'^ lb. per sq. in.) 

23. Find what eccentricity of the 2,000-lb. thmst in the previous problem 
will make the greatest intensity of compressive stress in the bar the least 
possible, and the magnitude of the stress intensity. 

24. A reinforced concrete beam is 10 in. wide and 20 in. deep. It has 
three bars of steel centred 2 in. below the top face and three centred 2 in. 
above the bottom face. Find what longitudinal load 3 in. below the upper 
edge of a cross-section will produce a maximum compressive stress of 

1.000 lb. per sq. in. in the concrete if m=12. What are the stress intensities 
in the steel bars? 

25. Solve No. 24 if there are four bars of reinforcement in the upper row 
and two below. 



CHAPTER XI 


FRAMED STRUCrURES 

111 . Frames and Trusses. The name frame is given to a structure 
consisting of a number of bars fastened together by hinged joints ; 
the separate bars are called members of the frame. Such structures 
are designed to carry loads mainly applied at their joints, the 
members being simple tics or struts although the structure as a 
whole may be subjected to bending. 

The external forces acting on a framed structure are the loads, 
and the supporting forces or reactions at its points of support. In 
many important framed structures the centre lines of all members 
and of all loads and reactions lie approximately in one plane; such 
structures may be called plane frames. In other cases, of which 
we shall notice a few, the members and forces do not lie in one 
plane, but are more generally distributed in space; such frames may 
be called space frames. The most important frames are trusses, 
which act as a whole as beams; they include braced girders of 
bridges called bridge trusses and roof principals called roof 
trusses. 

Although the name frame has been applied to hinge-jointed 
structures, it is the usual British practice to make most framed 
structures with riveted or welded joints. In America and elsewhere 
pin-jointed structures arc in many cases employed, and in such cases 
the force or stress in members can be determined by the principles of 
statics with more certainty than where the more rigid riveted joints 
are used. It is usual, however, to estimate the stresses in structures 
of which the members are riveted together, or in some cases two or 
more members form one continuous piece, as if the bars were all 
freely hinged at every joint. Such a computation neglects secondary 
(bending) stresses arising from resistance to free angular movement 
at the joints. The secondary stresses are sometimes separately 
estimated (see Art. 164). 

112. Perfect and Imperfect Frames. A perfect frame is one which 
has just sufficient members to keep it stable in equilibrium under 
any system of external forces acting at its joints without change of 
shape. If the frame has either more or fewer than this number it is 
said to be imperfect. If it has fewer members it is said to be 
deficient or unstable. If it has more it is said to be a redundant or 
over rigid frame. Fig. 169 represents examples of perfect plane 
frames; they have the property that the length of any one member 
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may be slightly altered (as by change of temperature or error of 
workmanship) without inducing stress in any of the other members. 

Fig. 170 represents deficient frames: while they may be stable 
under a certain system of loads any change in direction or magni- 



Tio. 169. — “ Perfect *' plane frames 


tude of the applied loads may render them unstable, and change 
their shape except in so far as such change is resisted by rigid joints. 
A member Joining either AB or CD would make the frames perfect. 
Fig. 171 represents redundant frames formed by the addition of 



Fio. 170. — Deficient plane frames 


members AB and CD to Fig. 170. Such frames are generally 
stressed if an alteration of length takes place in any one member due 
to change in its temperature or error in construction, and the frame 
is then said to be self-strained. The stresses in redundant frames 



Fig. 171. — Redundant plane frames 


are not calculable by the simple statical principles applicable to 
perfect frames; the frames are called statically indeterminate 
structures (see Chapter xv). 

Use oj Counterbraces, Such frames as those shown in Fig. 171 
are frequently used ; although redundant they may serve as prac- 
tically perfect frames if the ties or braces AB and CD are long. 



FRAMED STRUCTURES 


335 


Art. IN] 


because their resistance to compression (as struts) is then negligible. 
Thus excess of external thrust at B say, puts CD in tension, and AB 
out of use, while excess of thrust at C puts tension in AB while CD 
is idle. Thus a structure counterbraced with llcxible ties may resist 
the changing action of a moving load employing the braces alter- 
nately. 

113. Number of Members in a Perfect Frame. The basis of the 
perfect plane frame is the triangle which has three members and three 
joints (Fig. 169). For every additional joint two more bars will be 
required in building up a more complex perfect frame which is 
always divisible up into triangles, hence for four joints the minimum 
number of members is 3 + 2, for five joints 3+4, and for n joints 

3 + 2(/2 — 3)=2/?-“3 members. 

This criterion helps to show on inspection whether a plane frame 
is perfect, deficient, or redundant. 

Similarly the basis of the space frame is the tetrahedron, having 
four joints and six members; for each additional joint three 
additional members will be required, and for n joints the number of 
members will be 

6 + 3(/7—4) = 3// — 6. 


These two formulae give the rjiiiiiinum numbers of members 
necessary, but do not ensure a “ perfect frame. For members 
may be added where not necessary, thus making part of the frame 
redundant or statically indeterminate and leaving another portion 
deficient and capable of movement and change of shape like a 
mechanism. 

114. Roofs and Roof Trusses. Roofs of considerable span are 


supported at intervals by 
principals or trusses, 
which resist the bending 
resulting from the loads 
applied to the roof. Fig. 
172 shows five roof 
principals, the first of 
which is ABODE, and 
the second A'B'C'. The 
roof covering is attached 
to the purlins which 
transfer the load to the 
joints of the principals. 



Fig. 173 shows a number Pi^ 172 , — Roof principals 

of roof trusses suitable 


for various spans, and indicates to some extent the evolution of 
large roof trusses. The thick lines indicate struts and the thin 
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f If 

25-0 


Mansard Roof 

a) 

Fia. 173. — Types of roof principals or trusses 

ones ties, (a) represents two rafters with a single tie forming a 
roof principal suitable for small spans; (/>) represents the King 
Post truss which has a suspension rod from the apex to the cross- 
tie; (c), (d), and (e) represent suitable types of frames for larger 
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spans; {cl) is sometimes a timber truss, excepting the vertical ties 
which are steel; (e) represents a very common steel truss, the 
struts being shorter than in (cl). The length of main rafter between 
successive purlins (at joints) is usually limited to about 8 ft., 
which helps to determine the type of truss to be used. The total 
rise of a roof with straight rafters is usually i of the span, and for 
large spans a crescent shape such as (/) is sometimes adopted to 
obviate a high roof. 

Types (g), (//), (/), and (j) may be looked upon as a different line 
of development for steel roofs, each main rafter being supported 
by its own truss, and the two trusses tied together by the main 
horizontal tie-bar. The struts are short, being in many cases 
nerpendicular to the rafters. 

All these roofs may be made with the main horizontal tie-bar 
slightly cambered (i.e. raised above the points of support of the roof) 
as shown, say, :^o of the span, or with the lower ties all in one hori- 
zontal line adjoining the two points of support. A cambered tie 
admits of shorter struts. 

The form (A ) represents a Mansard roof, sometimes used when roof 
space is to be utilised for rooms, (m) represents a very common 
form of roof for workshops or sheds, the short side being glazed to 
admit a northern light without direct sunshine. 

115. Braced Girders. A braced girder or open-webbed girder 
consists of tension and compression flanges to withstand the pull 
and thrust arising, as explained in resistance to bending moments 
(Chapter v), connected by bracing or web members which with- 
stand the shearing force. The flanges, called the upper and lower 
booms or chords, are often continuous, although neglecting second- 
ary stresses, the stresses in the members arc calculated as if the 
portions of the chords were discontinuous at the joints with the web 
members. Fig. 174 shows diagrammalically the parts of a simple 
braced girder single-track railway bridge of the through type. 
When the load on a bridge is carried by the girders at the joints of the 
lower boom the bridge is called a through bridge; when at the joints 
of the upper chord a deck type. In the former case the load passes 
through the bridge, and in the latter case over it. The floor systems 
of bridges vary, but f 'ig. 174 shows a case in which the train load is 
carried on rail bearers which arc supported by cross-girders which 
transfer the weight to the main girders at the joints or panel-points 
of the lower boom, which is divided into a number (in this case 8) 
of equal panels or bays. 

To resist wind pressure on the side of the main girders, wind 
bracing (crossed) is placed below the track and, if head room allows, 
also connecting the upper booms. If the head room is insufficient, 
curved or arched girders sometimes connect the top booms. Where 
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head room is ample, crossed braces in a vertical plane called sway 
bracing sometimes connect the vertical posts and assist in resisting 
side pressure of the wind and centrifugal force (if any) of the moving 
load, and in reducing distortion of the bridge due to deflection of the 
cross-girders or floor beams. The end posts are also usually con- 
nected by a substantial strut called the portal strut which, particu- 
larly in the absence of upper wind bracing, transfers a considerable 
part of the wind load from one main girder to the other. The 
portal formed by the end posts and the connecting strut is usually 
braced when possible. 



Chief types — fa) Parallel type. The commonest forms of girders 
with parallel chords are shown in Fig. 175; the struts are shown by 
thick lines and the ties by thin ones. 

The N or Pratt type is the commonest type of braced girder for 
moderate spans; it is also sometimes made with end posts vertical 
instead of sloping as shown in the figure and in Fig. 174 (sec Fig. 
187). The central bay or bays being counterbraced, the frame is, 
strictly speaking, redundant, but the counterbraces serving as ties 
only, the frame is virtually perfect. The necessity for counter- 
bracing near the middle of the span arises from the change in sign 
of the shearing force (sec Art. 71 and Fig. 99) which is taken by the 
diagonals. 

The Warren girder, the diagonals of which are inclined at 45° 
or 60°, also represents a fairly common form, and is a perfect frame. 
The Howe truss, which is fairly common in America, is used for 



Br\cld Bridge Girders— Par ulel Chords, 



Fig. 175 
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combinations of steel and timber construction, the sloping struts 
being timber. In the N type, with diagonals sloping the other direc- 
tion, the steel struts are vertical and as short as possible. 

The shorter panels of double intersection trusses allow a shorter 
railbearer to be used in a large bridge with a fixed inclination of the 
diagonals, but require more, although slightly lighter, cross-girders. 
The Baltimore truss is a simple modification of the N type with sub- 
divided panels and is used largely in America for long spans. The 
double Warren or single-lattice girder has one redundant member. 
Double lattices are also used. i 

(b) Curved type. For long spans (above, say, 180 or 200 ft.) a 
braced girder with a curved or broken chord becomes more\ 
economical although more expensive to construct than the parallel 
type. Examples of hog-back girders, i.c. girders with the upper 
chord curved convex upwards, arc shown in Figs. 179, 191, 197, and 
198. 

116- Dead Loads on Roofs. The coverings may be taken as about 
the following weights per square fool of horizontal ground area 


covered : 

Tiles on boarding, with steel purlins ... 24 lb. 
Slates on boarding, with steel purlins . r . 14 lb. 
Corrugated iron, and steel purlins .... 6 lb. 

Glazed covering and purlins 8 lb. 


In addition to this there is the weight of the truss itself to be 
carried. This cannot be known accurately until it has been designed, 
but various formulae have been devised from existing roofs to give a 
preliminary estimate which may be checked after the roof is designed 
and if necessary the design modified accordingly. The following 
such formulae are in use for pine and steel roofs; Ricker’s formula ^ 

w= + 

25 6,000 

where j=span in feet, iv=weight of truss in pounds per square foot 
of horizontal projection of roof. This varies from about 1 to 15 lb. 
per sq. ft. for spans from 20 to 200 ft. For spans under 100 ft. 
roofs entirely of steel are somewhat heavier. 

Howe’s formula 



For moderate spans inclusive dead loads some 2 to 5 lb. per 
sq. ft. greater than those given for coverings alone arc commonly 
adopted. 

* “ A Study of roof Trusses,” Bulletin No. 16, Univ. of Illinois, Eng. Experiment 
Station. 
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Special loads. Any load suspended from the truss must be 
separately allowed for in estimating the stress in the members. 

Occasional loads. Snow, The allowance to be made for snow 
on a roof depends upon the climate. In Great Britain the usual 
allowance is 5 lb. per sq. ft. of horizontal projection of the roof 
on which snow can collect, taken in addition to dead and wind 
loads. 

117. Wind Loads on Structures. The pressure of the wind is often 
one of the most important loads which exposed structures such as 
roofs have to bear. 

Many experiments have been made to determine the pressure on 
surfaces resulting from wind pressure. Of these we notice par- 
ticularly three series. 

(1) Experiments made during the construction of the Forth 
Bridge i 1883-1890. 

Pressures were recorded by gauges on small areas of 1-5 sq. ft. 
and also on a larger area of 300 sq. ft. The most notable fact 
recorded was that the maximum pressure per square foot reached 
on the small area was much greater than the average reached on the 
whole of the large area, the highest value being 41 lb. per sq. ft. on 
the small area and 27 lb. per sq. ft. on the large one, with average 
maximum values for 12 violent gales of 29*8 and 16*9 lb. respectively. 
The maximum values on the areas were not necessarily reached 
simultaneously and later experiments referred to below support the 
explanation that the greater pressure on the smaller area results 
mainly fiom the very localised intensity of gusts. 

(2) Records made on the Forth Bridge since its erection. ^ 

On 1-5 sq. ft. gauges, these experiments show the great difference 
of pressure at different heights above ground varying from a 
maximum of 65 lb. per sq. ft. at 378 ft. elevation to 20 lb. per sq. ft. 
at 50 ft., with average values during 15 storms (1890-1906) of 50 
and 1 3 lb. per sq. ft. respectively. 

(3) Experiments made at the National Physical Laboratory.^ 

The eailier experiments indicate a normal pressure intensity P on 

small circular and square surfaces a few square inches in area 
perpendicular to the direction of an artificial air current of 

p=AV2 = 0 0027 lb. per sq. ft. , . . (1) 

where V= velocity of the wind in miles per hour; other experi- 
menters have obtained a rather higher value of the coefficient k. 
Various interesting results w'cre obtained relating to pressures on 

1 See Engineering, Feb. 28 Ih, 1800. 

2 See paper by A. Hunter, in the Transactions of the Junior Inst, of Engrs., 1906. 

3 Proc. Inst. C.E., vol. clvi, “The Resistance of Plane Surfaces in a Uniform 
Current of Air,” by T. E. Stanton ; and later, “ Experiments on Wind Pressure,” 
vol. clxxi. 
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surfaces of different shapes, and model lattice girders on which the 
intensity of pressure was higher than on square plates. 

It also appears that the wind pressure on flat plates consists partly 
of the pressure on the windward side and partly of a suction on the 
leeward side. On small roof models the suction on the leeward 
slope appeared to be of equal importance with the pressure on the 
windward slope. 

The later experiments in the open air with wind pressure on sur- 
faces 25 to 100 sq. ft. in area indicate a normal pressure on rectr 
angular surfaces of about ' 

p=:A V2=0 0032 V2 lb. per sq. ft. ... (2) \ 

with little or no difference in pressure per square foot with difference 
in area. 

Experiments on a large model lattice girder in the open air show a 
pressure of 

0-00405 . V2 lb. per sq. ft (3) 

or 1 ’26 times as great a pressure as on a rectangular board of equal 
area. 

The later experiments on roof slopes 56 sq. ft. in area in the open 
air indicate important suction effects ^ on the leeward slopes of roofs 
of buildings the internal pressure of which may be alTected by wind, 
and negligible suction effects on the leeward slopes if the roof is 
mounted on columns through which the wind can pass freely. The 
normal pressure on the roof being 

P = Ar , V2 lb. per sq. ft (4) 

the values of k for three slopes are given as follows for the case in 
which internal pressure of a building may be affected by the wind 
{e.g. openings on windward side, and none on the leeward side). 



Values of k for slopes 

of 


60^ 

45^’ 

30" 

Windward side 

+0 0034 

■+00028 

+00015 

Leeward side .... 

-00032 

— 

-0 0022 


The values of k for the case of a building open on both sides are 
the same for the windward slope and zero for the leeward slope. 
There is considerable advantage in being able to state the intensity 
of pressure on a surface, which is either perpendicular to, or oblique 

1 Important suction eflects have also been obtained on more than half of a semi- 
circular roof by Albert Smith. See “ Wind Loads on Buildings/' in the Journal of 
the Western Society of En^ineers^ vol. xi\, p. 369 (April, 1914). Also by H. P. 
Boardman, “ Wind Pressure against Inclined Roofs,” in the Journal of the Western 
Society of Engineers, voL xvii, p. 285 (April 1912). 
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to, the direction of the wind in terms of the wind velocity, as in (2), 
(3), or (4), since to predetermine the probable pressure which a 
proposed structure will have to bear, it is only necessary to measure 
the maximum velocity of the wind at the site. 

Actual Wind Load Allowances. A usual allowance for wind 
pressure perpendicular to the wind (i.e. on a vertical surface normal 
to an assumed horizontal wind) is from 30 to 50 lb. per sq. ft., accord- 
ing to the exposure of the situation. The value given by (3) for 
V=100 miles per hour (about a maximum value for Great Britain) 
would be 40-5 lb. per sq. ft. A common allowance for bridge 
designs is 30 lb. per sq. ft. of train (taken at 10 sq. ft. per lineal foot) 
for the travelling wind load. A value often quoted for the pressure 
P„ normal to a roof sloop inclined at an angle a to the horizontal, 
in terms of the horizontal wind pressure P (neglecting leeward 
suction) is that given by Unwin’s formula based on experiments by 
Hutton, viz. : 

P„==P sin (5) 


Another formula in common use is that of Duchemin, viz. 


P„=P 


2 sin a 
1 + sin^a 


(6) 


The relative complication of such formulae does not appear to be 
justified by experimental results, and a simpler formula reasonably 
correct would be 

P«=P-oc/45 (7) 

for values of a up to 45° and above that slope, P„ may be taken as 
equal to P. This agiecs with Unwin's formula for the almost 
standard rise of i span for which a=26° — 34', and P„=0-59 P, 

For roofs in inland situations codes of practice now often specify 
a wind load of 15 lb. per sq. ft. normal to the windward surface and 
a suction of 10 lb. per sq. ft. on the leeward surface acting separately 
and not simultaneously. 

118, Dead Loads on Bridges. These consist of the weight of the 
steel superstructure, roadway, ballast, permanent way, etc. 

Some of these items can be fairly accurately estimated before the 
design is complete from the known volume and density of the 
materials carried. The following are usual values ^ 


Ballast (normally about 1 ft. deep) . 120 lb. per cu. ft. 


Concrete .140 

Brickwork 140 

Masonry 150 

Asphalt 136 

Timber 45 


1 For other materials see B.S.S. No. 153, Part I (Girder Bridges). 
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Permanent way for single line of railway 175 lb. per ft. run 
(excluding ballast). 

The actual weight of cross-girders, rail bearers, etc., should be 
taken into account in designing the main girders, or if a preliminary 
estimate is used the design should afterwards be checked by the 
actual values. The weight of the main girders depends upon the 
type of bridge, and the actual weight should be calculated al ter a 
preliminary design; before this can be made a preliminary estimate 
of the dead weight of the main girders is required, and is based on 
the known weight of bridges of similar types. This must be largely 
a matter of experience and available data of similar designs. Various 
formulae have been devised to give for various types of bridges^ 
approximations to the dead weight of either the main girders, or of 
the whole of the steelwork including the floor. The following may 
be cited : 

Unwin’s Formula; 

Wr 

Weight of girder in tons per foot run = H'= . (1) 

cs — lr 

where W=tolal equivalent uniformly distributed dead load in tons, 
/—ratio of span to depth. 

/=clear span in feet. 

j=working stress in tons per square inch in the booms. 
c=a constant of about 1,400 in small plate girders to about 
1,800 for braced girders, or may be deduced for any 
type of girder from examples of known size, weight, 
and working stress. 

Anderson’s Formula (for plate girders) : 

h»=W/500 (2) 

American Formulae, These are generally attempts to approxi- 
mate to all the dead load of the structure including the floor and are 
of the type 

w=^al+b (3) 

where a and b are constants depending on the type of bridge, and 
whether for single or double-track railway, on the traflic to be 
borne, and upon the working intensity of stress allowed. Hvidcntly 
the variables 5 * and r in (1) must affect the value of >v, and a formula 
such as (3) can only be used under fairly restricted values of s and r 
which are established practice. Thus the values of a and b applic- 
able to say an American bridge company’s usual design would give 
a much smaller value of w than would correspond to the practice of 
say a British railway for a similar rolling load. 

119. Moving Loads on Bridges.^ These vary greatly according to 

J For British Standard loadings, longitudinal forces and centrifugal effects sec 
B.S.S. No. 153, Part 3, and Appendix. 
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the class of traffic to be borne, and some values have been given in 
Arts. 69 and 70. 

The wind load on a moving train is sometimes treated separately 
as a moving load, or allowed for by an increase in the uniformly 
distributed wind load on the girders. 

Load due to Centrifugal Force. The lateral pressure on the rails 
due to the centrifugal force exerted by any part of a train if the line 
of rails crossing a bridge is on a curve is calculated from the formula 
W-v^/g^r, where W is the weight of the portion considered, v its speed 
in feet per second, g=32-2 ft. per sec. per sec., and r is the radius of 
the curve in ftel. This lateral pressure is added to the wind pres- 
sure on the loaded boom of the bridge and affects the stress in the 
lateral or wind bracing. The eccentricity of the centre of gravity 
of the train loads due to elevation of the outer rail on a curve will 
also cause some slight modification in the stresses produced in the 
structure. 

Load due to Braking Forces. The (forward) horizontal forces 
exerted by a train on the rails when brakes are applied may amount 
to about one-fifth of the weight of the train distributed in the same 
way as the wheel loads. The most important effect will be to cause 
bending stress in the cross-girders which bend in a horizontal 
plane. 

120. Incidence and Distribution of Loads on Framed Structures. 

A frame is designed to resist forces applied at its joints, and in 
framed structures means are taken to insure that the loads are 
applied at the joints. Thus in a roof the loads due to the covering 
and the wind are carried on purlins (Fig, 172) resting on the joints 
of the rafters and the purlins transfer the load to the joint. 

The load taken at any joint, such as that between B' and N (Fig. 
172), is regarded as the load falling on the surface MGHJ extending 
half-way to each of the neighbouring joints B' and N on the same 
principal A'B'C' and half-way to the neighbouring principals ABC 
and A"B"C''. The load carried at B' is that on a similar area extend- 
ing on either side of the ridge, while that carried at C' is on an area 
equal to that between two consecutive principals and extending 
from C' half-way to the nearest purlin. 

Again, in a through bridge (Fig. 174) the floor load carried by a 
cross-girder is that on the area extending half-w'ay to each of the 
neighbouring cross-girders and is transferred by the cross-girders to 
the joint of the loaded (lower) chord of the main girder. The 
rolling load is transferred from the railbcarers to the cross-girders, 
the amount borne by the latter being the reactions of the rail- 
bearers calculated by the principles of statics for a beam resting 
freely on supports at its ends (sec Art. 68). 

The weight of the main girders is actually a distributed load, but 
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where there are many cross-girders and therefore many panels their 
weight may, like the loads, be generally divided up for convenience 
and with sufficient accuracy into concentrated loads at the joints; 
the load at each joint being that on the half-panel on either side of it 
and that at an end joint being the load on half an end panel. The 
dead load exclusive of the weight of the girder is carried by the same 
chord as the live load. Consequently it is often assumed that two- 
thirds of the total dead load comes on the loaded chord joints and 
one-third (due to part of the weight of the girder) comes on the 
joints of the unloaded chord. In large girders the proportion op 
each should be carefully estimated. 

Where a load is applied other than at a joint (as where purlins ari 
placed between joints) or in the case of the weight of the members of 
a frame, such load is divided between joints according to the prin- 
ciples of statics (Art. 32), but in addition to the simple stresses there 
is bending stress in the members carrying such loads, and this, 
unless negligible, must be taken into account in estimating the 
stresses in members of the structure (sec Arts. 108 and 109). 

In some cases a load is shared by two or more parts of a structure 
in a way which cannot very simply be calculated, the proportion 
borne by each depending upon the relative stiffness of the parts. 
Examples of such distribution are given in Arts. 148 to 154, but 
frequently some assumption as to the distribution greatly simplifies 
calculation and is sufficient for a reasonably approximate estimate 
of stresses. For example, if a horizontal wind load is carried by one 
side of the girders of the through bridge in Fig. 174, the load on the 
upper flange is transferred to the end supports of the bridge partly 
by the main girder's end posts, the upper horizontal girder or wind 
bracing being thereby stressed in passing some of the load to the 
leeward main girder. But some load on the upper boom is trans- 
ferred to the lower or loaded boom by the verticals at each joint 
(resisting bending), and consequently the lower wind bracing may 
be taken to carry somewhat over half the wind load. Nevertheless 
it would be well to allow for the full half of the wind load being 
transferred from the upper to the lower flange at the ends and for 
the full half-wind load being carried by the upper wind bracing. 
Various assumptions are in use. 


Examples XI 

1 . A roof of the type shown in Fig. 176, 28-ft. span and 7-fl.rise with princi- 
pals 8 ft. apart has a covering weighing 14 lb. per sq. ft. of covered area. 
Find the total dead load assignable to each of the five outer joints of the 
principals. If in addition there is a wind exerting a pressure of 30 Ib. per 
sq. ft. normal to the roof, find the normal wind loads assignable to each of the 
three outer joints on the windward side of the roof. 
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2. Find the total wind load per principal on the slope of a roof of 40-ft, 
span, 10-ft. rise, principals 10 ft. apart when the horizontal wind pressure is 
56 lb. per sq. ft., using Unwin’s formula or formula (7) of Art. 117 

3. With the same wind pressure as in Problem No. 2, find the wind loads 
on each of the five joints on the windward side of a French roof truss of 50- ft. 
span, 12i-ft. rise, principals 12 ft. apart. 



CHAPTER XII 


STRESSES IN FRAMES 

121. Methods of Determining Stresses in Members of Perfect 
Frames. The stresses in individual members of a perfect frame 
which are all either struts or ties are determined by application of 
the principles of statics stated in Chapter iii. Either graphical of 
algebraic methods or a combination of both may be employed, bu<\ 
in any case the following are the guiding principles. (1) The frame; 
as a whole is a rigid body and the external forces (load and reac- 
tions) acting upon it form by themselves a system of forces (generally 
non-concurrent) in equilibrium. (2) The pulls or thrusts of the 
several members meeting in any joint form a system of concurrent 
or nearly concurrent forces in equilibrium. (3) Any portion of the 
structure may be taken as a rigid body held in equilibrium by the 
external forces acting upon it together with the forces exerted upon 
it, through members, by the remainder of the structure. 

122. Stress Diagrams. Jf force polygons are drawn for the 
external forces on a plane frame and for each joint of the frame, the 
polygons can all be fitted together in a single vector figure called a 
stress diagram. In this vector diagram each line, taken in opposite 
directions, represents two forces, vi?. a side in each of the two 
separate force polygons which go to make up the whole stress 
diagram. 

Simple RooJ Truss. An example will make this clear. Let the 
simple roof truss shown in Fig. 176 be acted upon by the vertical 
forces AB, BC, CD, at its joints as shown. The vertical reactions 
DE and EA may be found by the method of Art. 32, but in this case 
from the symmetry, DE and EA are each half of the sum of the three 
loads. The line abed is set out to represent the loads, and its point 
of bisection at e gives the magnitude of de and ea the reactions, 
abedea constituting the closed polygon for the external forces on the 
frame. The force polygon for the joint at the left-hand support 
may now be drawn, since only the two sides af and fe are unknown. 
Indicating joints by the space letters for the members or force lines 
radiating from it, the polygon for the joint ABGF may now be 
drawn, for the thrust of the member AF is equal and opposite at 
its two ends. The sides fa, ah are already drawn, and the polygon 
fabgj is completed by drawing through b a line parallel to BG, and 
then through / a line parallel to FG to meet in g. Proceeding in 
this way the whole stress diagram abcdefghkl may be drawn in, and 
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includes force polygons for each joint. When the polygon for 
either the joint LEHK or LKCD has been drawn there remains only 
one side to complete the stress diagram ; if the former joint is solved 
first the remaining side is ld\ this may be drawn parallel to LD from 
say /, and if it passes through d this fact checks the accuracy of the 
previous drawing. The polygon for the joint DEL will have been 
drawn (unconsciously) in drawing the polygons for the external 
forces and the two neighbouring joints. In the completed figure 



each line represents as previously stated two forces; thus the vector 
bg represents the thrust of the rafter BG on the joint ABGF, while 
the vector gb represents the thrust of the same rafter BG on the 
joint BCKHG. Or again, be represents the pull in the rod HE at 
the joint HEFG, while eh represents the pull of the tie-rod HE at the 
joint HKLE. 

Reciprocal Figures. The frame or space diagram of, say. Fig. 
176, and the stress or vector diagram, form reciprocal figures which 
have certain reciprocal properties; to each node or vertex from 
which lines radiate in one figure there is a corresponding closed 
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polygon in the other bounded by sides corresponding to the radiating 
lines and respectively parallel to them. To each line joining two 
nodes in either ligure there is a corresponding line in the other 
forming a common side to the polygons corresponding to the two 
nodes. 

To distinguish between Ties and Struts from the Stress Diagram. 
Knowing the direction of, say, the force EA (upward) at the joint 
EAF, it is evident from Fig. 176, that the correct order of letters in 
Ihe vector polygon for this joint is eaf (not efa), hence the force at 
this joint exerted by the rafter AF is represented by a/ (not fa), and 
is a thrust, i.e. the member is a strut. The correct order of sides 
eafbtmg ea, af fe the corresponding order of the lines EA, AF, FE' 
radiating from this joint is a clockwise order. When this order is 
clockwise for one joint it immediately follows that it must be the 
same for the neighbouring joints, for a thrust, af must be associated 
with a balancing thrust,y^^ at the next joint of the rafter. Similarly, 
it follows that the correct order is clockwise for «// the joints. Hence 
if we wish to know whether the member HK say is a strut or a tie, 
we know that for the joint HKLE the force in HK is in the direction 
hk (not kh), and reference to the vector diagram shows that the 
direction hk is a pull at the joint HKLE, i.e. HK is a tie. 

This characteristic order of space letters round the joints is a 
very convenient method of picking out the kind of stress in one 
member of a complicated frame. Note that it is the characteristic 
order of space letters round a joint that is constant in a given dia- 
gram — not the direction of vectors round the various polygons 
constituting the stress diagram. 

Fig. 177 represents the stress diagram for exactly the same frame 

diagram and lettering as Fig. 
176, but is the contra-clockwise 
vector diagram, e.g. the left- 
hand reaction AE is now re- 
presented by ae (instead of ea), 
and the force of KH at the 
joint HELK is represented by 
kh (instead of M), which still 
indicates the member to be a tie. 

Warren Girder. A second 
example of a simple stress dia- 
gram is shown in Fig. 178, viz. 
that of a Warren girder, all 
members generally being of the 
same lengths, the diagonals inclined 60" to the horizontal. 

Two equal loads, AB and BC, have been supposed to act at the 
joints 1 and 2, and the frame is supported by vertical reactions at 


r 
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3 and 4, which are found by a funicular polygon or may be very 
easily calculated by taking moments about the points of support. 
The remaining forces in the bars are found by completing the stress 
diagram abc , , . klm, 

T^ote that the force AB at joint 1 is downward, i.e, in the direction 
ab in the vector diagram corresponding to a contra-clockwise order, 
A to B, round joint 1 . This is, then, the characteristic order (contra- 
clockwise) for all the joints, e,g. to find the nature of the stress in 
KL, the order of letters for joint 5 is K to L (contra-clockwise), and 
referring to the vector diagram, the direction k Xo I represents a 
thrust of the bar KL on joint 5; the bar KL is, therefore, in com- 
pression. 




Pig. 178. — Stress diagram for simple Warren girder 

Curved or Hog-back N Girder. Fig. 179 shows the stress dia- 
gram for a girder of the Hog-back or Curved Top Chord type, the 
span being divided into eight equal panels each carrying a load W. 
Half the load on the end panels is carried directly at the supports, 
and may be ignored in the reactions used for calculating the stress 
in the members. The following are the stresses scaled from Fig. 
179 in terms of the panel loads W: 


Members 

AL, AV 

AN, AW 

AP, Ar 

AR, AS 

1 

AR, A7 

LM, yx 

NO, WV 


Compres- 

sion. 

407W 

5 6W 

6-25W 

6 375W' 

3-5W 

I-375W 

0417 W 

1 " 


Members 

HM, CX 

GO, DV 

FO, ET 

KL, ZY 

MN, XW 

OP, vu 

PQ, I’T 

QR, TS 

RS 

Tension 

1 

3-88W' 

5 5W 

6-2W 

4-57W 

2'13W 

lOOW 

0-25W 

0'267W' 

0-583W 


The members JK and BZ are not stressed. 

French RooJ Truss. The stress diagram of this roof truss (known 
in America as the Fink roof truss) involves an interesting special 
point such as may be met with in other structures. The vertical 
loads are shown in Fig. 180 as symmetrical, but the methods are the 
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same in any case. When the reactions HJ and JA have been deter- 
mined, the polygons for the joints JAK, KABL, KLMJ, may 
successively be drawn. On attempting to draw the vector polygon 
for either of the joints BCPNML or MNRJ, it will be noticed that 
more than two sides are unknown, and the plane polygon is there- 
fore not determinate. If a start be made to draw the stress diagram 
from the other end the same difficulty is apparent. To overcome it, 
the stress in one or more members must be determined by some other 


A 




X 

X 

XI 

X 




H , 


r ^ 

, E , 


, c ^ 

, B ' 


3^lw \A/ w w w w w w 



method, and several are available, such as the method of sections 
(see Art. 127). The method adopted in Fig. 180 is known as the 
method of substitution. By it the stress in QD is determined from 
the fact that the thrust in QD is not affected by the form of the 
internal bracing consisting of the members QP and PN. Hence to 
find the stress in QD, replace (temporarily or in imagination) the 
bars QP and PN by a single bar QY, connecting the joints marked 
1 and 2, thus reducing the number of bars radiating from the joint 
BCNML by one, the polygon bcynil may now be completed by 
drawing my and cy parallel to MY and CY respectively to intersect 
in y, and the polygon cdqy may then be completed by drawing dq 
andy^ parallel to DQ and YQ respectively to intersect in q. The 
stress dq in DQ is now known, and the previous bracing may be 
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replaced and the polygon cdqb drawn, and the whole stress diagram 
completed. The point y is not a vertex or node in the completed 
diagram. 



Fig. 180. — Stress diagram lor French roof truss 


Island Station Roof. This is shown in Fig. 181, the loads being 
given in tons, and is an example of a structure which is not wholly a 
perfect frame. The post is continuous from the base Y to the apex 
V. abcdcml is the stress diagram for the left side and ghkon that 
for the right side. The post is subjected to bending moments pro- 
portional to the ordinates shown to the right of the space diagram. 
The principal magnitudes of these bending moments, found by taking 
component forces perpendicular to the post (neglecting the effect of 
flexure), are 

Mx=VX X horizontal component of = x 1*60 = 13-9 tons-ft. 

v3 

My =Vy X horizontal component of /7Z/7—XY x horizontal com- 
ponents of am and nk. 

=(VX+XY) X horizontal component of /n/z— XY x horizontal 
components of am and nk. 

= Mx^XY x horizontal component of ak= 13*9 — 1 61 x 15. 

= —10-2 lon-ft. 

where the positive sign corresponds to contra-clockwise bending 
moments above the section considered. 

N 
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The point of contraflexure being distant z from X 
13-9-l'6Jz=0, 2=8-66 ft. 

which may also be found from the bending-moment diagram. 

The bending moments between X and Y might be found by con- 



sidering the roof as a rigid body, the oblique forces only producing 
bending moment on XY. The resultant oblique force is evidently 
0*8-i-l-6-|-0-8=3-2 in the line CD. Then 

Mx = 3-2 xx= 13-9 ton-ft. 
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and the line CD cuts XY in Z, which measures 8*67 ft. from X and 
gives the point of inflexion. 

123. Stress Diagrams for Roofs with Wind Loads. When, in 
addition to vertical loads, a roof is subjected to oblique forces such 
as wind loads distributed as explained in Art. 120, the reactions at 
the supports of a principal will not be vertical. The magnitude and 
direction of Ihe reactions will depend partly upon the way in which 
the roof principal is supported. In roofs of considerable span it is 
not uncommon to support one end on horizontal rollers, while the 
other end is horizontally hinged; this admits of expansion of the 
principal, and also makes the supporting forces determinate, for, 
neglecting friction, the supporting force at the end resting on rollers, 
or the “ free ” end, must be vertical. The other reaction is known 
by a point in its line of action (the hinge), and therefore both reac- 
tions may be determined as explained below. Figs. 183, 184, and 
184a show an example of a roof hinged at the left side, and “ free ” 
or freely supported on rollers at the right-hand side; we return to 
this in the next article (Art. 124). 

If the maximum and minimum stresses are required it will be 
necessary to draw a stress diagram for the vertical loads acting 
alone. Sometimes the stress diagrams for the wind loads alone for 
cither side are drawn without inclusion of the dead vertical loads 
and a separate diagram for the vertical loads. This plan is illus- 
trated in the next article (Art. 124, Fig. 182). 

When a roof is hinged at both sides the reactions are not really 
statically determinate. They are usually taken as parallel; but if 
the wind loads and vertical loads are combined, and the reactions 
taken both parallel to the resultant load, the result is not the same 
as if wind loads and vertical loads arc drawn on separate diagrams 
and the reactions taken parallel to the resultant in each case. The 
vertical components of the reactions are ihe same in either case, 
but the horizontal components arising from the oblique wind pres- 
sures dilfer; it may be shown that the most probable distribution of 
horizontal pressure on the hinges is half the horizontal wind pres- 
sure on each hinge. However, if either of the other two methods 
are used the resulting stress determinations for the members is not 
in practical cases greatly ditferent, and both separate and combined 
diagrams are in frequent use. Fig. 185 shows the stress diagram for 
a curved roof hinged at one side and freely supported on rollers at 
the other. The roof principals are spaced 12 ft. 6 in. apart, and a 
wind load of 40 lb. horizontally and a vertical load of 25 lb. per 
sq. ft. have been assumed. The vertical and wind loads ha\e been 
combined by parallelograms in the space diagrams of Fig. 185. 
For wind from the left the resulting inclined forces AB, BC, CD, and 
DH have been set off in the stress diagram at abode and the remaining 
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(vertical) forces EF, FG, GH, and HJ at efghj. Then an indefinite 
vertical line ka has been drawn to represent the direction of the 
vertical reaction KA at the left-hand side; any pole o has been 
chosen and radiating lines have been drawn from o, to a, b, c, d, e, 
/, g, h, and j and the corresponding funicular polygon starting from 
the fixed (or hinged) end and finally meeting the vertical through the 
free end in X has been drawn. This point X has been joined to the 
hinge centre at the fixed end thus closing the funicular polygon and 
through o, a line o, k parallel to this closing side has been drawn to 
determine k, thus giving the magnitudes of the supporting forces jk 
at the hinged end and ka at the free end. The stress diagram is then 
easily completed. The diagram for the case of wind from the ri^t 
has been similarly drawn. 

124. Simple Roof Design. A simple example of roof design is 
shown in Plate I. The effective span is 40 ft. The centres of the 
principals are 12 ft. apart. Rise, i span = 10 ft. Purlins are 
assumed to be over struts only so that there is no transverse load 
on principal rafters between their points of support. The stress 
diagrams (Figs. 182-1 84 a) involve no new point, but again the 
funicular polygon used to determine the end supporting forces must 
be started from the hinge at the left-hand support. 

Dead loads per square foot of sloping surface: 

Slates 8 0 lb. 

Slating battens , . 0*6 „ 

Counter-battens . . 0-5 „ 

Roofing felt . . . 0-5 „ 

1-in. rough boards . 2-5 „ 

Common rafters . 1 -5 „ 

Fir purlins . . . 1 ’4 „ 

Weight of truss , . 2-4 „ 

Total dead load . . 17-4 lb., say, 18 lb. per sq. ft. Principal 

rafter lengths are 22-4 ft. 

Total Dead Load per Principal=2(224 ft. x 120 ft. xl8 lb. per 

sq. ft.) 

=9,671 lb. (see stress diagram for 
dead loads only (Fig. 182), 
where ah=9,611 lb.). 

Snow Load. = 5 lb. per sq. ft. 

Snow Load per Principal =2 ^^22 A ft. X 12 ft. x5 lb. per sq. ft. = 
2,688 lb. A separate stress diagram for this is not necessary; the 
stresses in column 3 of the Table of Stresses are calculated as of 
those in column 2. 

Total Static Load. 9,677-1-2,688 = 12,365 lb., which appears ar 
the total vertical load AH in the auxiliary diagram on the right of 
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Fig. 183, which shows how the load line has been obtained in the 
stress diagram for combined static loads and wind pressure on the 
fixed side. 




Fig. 183 
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Wind Loading. 15 lb. per sq. ft. pressure normal to the windward 
surface and 10 lb. per sq. ft. suction, acting separately and not 
simultaneously on the leeward surface. These are values such as 
are now widely adopted for structures of this type in inland situa- 
tions. 

Total Windward Pressure =22-4 ft. xl2 ft. Xl5 lb. per sq. ft.= 
4,032 lb. used in stress diagrams Figs. 183, 184, and 184 a. 

Total Leeward Suction=22 A ft. xl2 ft. xlO lb. per sq. ft. = 
2,688 lb. used in Figs. 184 and 184a. 

A table of stresses is given. Columns 2 to 7 inclusive are figuiles 
obtained by scale from the stress diagrams. 

Table of Stre.sses from Srp,bs.s Diagrams, Figs. 182, 183, 184 and 184a 
{Compression-\- ^ Tension —) 


1 

2 

3 

Snow 

load 

4 

5 

6 

7 

8 

9 

10 

Mem- 

ber 

Dead 

load 

Wind 

prcbhurc 

W ind 
suction 

Mini- 
mum 
dead 
+ suc- 
tion 

Maxi- 
mum 
dead 
+ snow 
+ pres- 
sure 

Stress 

for 

practical 

design 

on 
left 
(fixed ) 

on 

right 

(free) 

in 

left 

(tixed) 

on 

right 

(free) 

B 1 

+ 12200 

+ 3390 

+ 6220 

+2700 

-3930 

-1770 

+ 8270 

+21810 

1 


G 9 

-1-1 2200 

+3390 

+ 3410 

+ 5400 

-2180 

-3580 

+ 8620 

+ 20990 



C2 1 

+ 11500 

+ 3190 

+ 6220 

+2700 

-3930 

-1770 

+ 7570 

+ 20910 


>+21810 

F 8 

+ 11500 

+ 3190 

+ 3410 

+ 5400 

-2180 

t-3580 

+ 7920 

+ 20090 


D 4 

+ 8670 

+2410 

+4350 

+2700 

1-2680 

-1770 

+ 5990 

+ 15430 



E 6 

+ 8670 

+ 2410 

+ 3410 

+3580 

-2180 

-2390 

+ 6280 

+ 14660 



J 1 

-11030 

-3060 

-7160 

-620 

+4550 

+ 390 

-6480 

-21250 


1 

.( 9 

-11030 

-3060 

-3090 

-4590 

+ 1940 

+ 3000 

-8030 

-18680 



J 3 

-8810 

-2450' 

-5200 

— 620 

+ 3220 

+ 390 

-5590 

-16460 


> — Z JzjU 

^ 1 

-8810 

-2450 

-3090 

-2630 

+ 1940 

+ 1670 

-6870 

-14350 


1 

J 5 

-6090 

-1690 

-2870 

-560 

+ 1820 

+ 360 

-4270 

-10650 


-10650 

1-2 

+ 1440 

+ 400 

+ 1340 

Nil 

-900 

Nil 

+ 540 

+ 3180 

1 

. _L T 1 tin 

8-9 

+ 1440 

+400 

+ 1340 

+ 1340 

Nil 

-900 

+ 540 

+ 3180 

J 

> “T J 1 OU 

2-3 

-2230 

-620 

-1960 

Nil 

+ 1330 

Nil 

-900 

-4810 

1 

AO lf\ 

7-8 

-2230 

-620 

Nil 

-1960 

Nil 

+ 1330 

-900 

-4810 

J 

> 46 lU 

3-4 

+ 2160 

+ 600 

+ 2020 

Nil 

-1340 

Nil 

+ 820 

+ 4780 

1 

L -LilTRn 

0-7 

+ 2160 

+ 600 

Nil 

+ 2020 

Nil 

-1340 

+ 820 

+4780 

J 

^ -i-4/6U 

4-5 

-3470 

-960 

-2S30 

-130 

+ 1720 

+ 80 

-1750 

-7260 

-1 


5-6 

-3470 

1 

-960 

-410 

-2400 

+ 250 

+ 1570 

-1900 

-6830 

J 

> — /Zin) 


In calculating the maximum combinations of stresses in column 9 
of the table, reduction of stress due to suction is not generally per- 
missible, but as suction tends to reverse the nature of the stress in 
all members (compare columns 6 and 7 with 2) it is necessary to 
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consider whether reversal of stress is possible, hence the necessity 
of column 8 giving the minimum stresses. If the stress in a member 
is liable to reversal the member must be capable of acting as a tie 
or a strut. In this example no member has to act in such a dual 
capacity. But it is usual for all tension members to be made of a 
section capable of resisting some compression in order to provide 
latera rigidity and resistance to deformation during transport and 
hoisting. In this case the maximum stresses all arise from the 
incidence of dead load, snow load on both main rafters, and wind 




pressure on the rafter having the fixed shoe so a single-stress dia- 
gram combining this loading in one operation would sufllce and give 
the governing stresses. Such a diagram is shown in Fig. 183. 

The design is simplified by making members continuous where 
economically practicable, e.g. the stress of B1 determine the section 
of C2 and D4 and for symmetry also E6, F8, and G9. 

The table of stresses shows that in every case the proportion of the 
practical stress which is due to wind pressure exceeds one-fourth 
of the sum of dead and snow stresses, hence advantage can be taken 
of an important concession in design regulations which permits, in 
such cases, an increase of allowable unit working stresses to one- 
N* 
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fourth beyond those recognised for static loading. Normally roof 
structures are much under-stressed. 

Practical considerations. Tension members are often made of 
unequal angle sections, the longer leg being attached to the gussets 
and thus carrying the major portion of the stress. A conventional 
allowance is made (without exact calculation) by taking the tension 
member section as (area of attached leg, less rivet holes) + (i area of 
unattached leg). For compression members of single angles fixed 
by one leg a similar allowance is made, but the area of hole is not 
deducted. The principal rafters are preferably made of pairs df 
small angles with the gusset plates between them giving symmetrical 
connections for purlins and ensuring transverse loading in the plane 
of a principal axis where such loading occurs and avoiding unsym- 
metrical bending (sec Art. 52). 

Compression members in roof trusses are commonly assumed to 
have one end fixed and the other end hinged and Ihc efi'ective lengths 
are conventionally assumed to be 0*85 ^ of the actual unsupported 
length. 

Working Stresses (allowing for one-fourth increases): 

Tension, 9 x 1 1 = 1 1 -25 tons per sq. in. 

Shop-driven rivets, single shear, 6x 11 = 7-5 tons per sq. in. 

Shop-driven rivets, bearing pressure, 12 x 11 = 15 tons per sq. in. 

Black bolts for site assembly, single shear, 4x11 = 5-0 tons per 
sq. in. 

Black bolts for site assembly, bearing pressure, 8 x 11 = 10-0 tons 
per sq. in. 

Compression members, llx(stress formula (21), Art. 107 with 
revised data of B.S.S. 449). 

Bolts and rivets are J in. diameter, cross-sectional arca = 
0-3068 sq. in. 

Design of Typical Members: 

Member Bl. Compression 21,810 lb. =9-74 tons. Unsupported 
length between centre lines of shoe and strut 1-2 = 7 ft. 6 in. Effec- 
tive length /=0-85 x 90=76-5 in. The smallest section for the 
principal rafters from practical considerations consists of two 
in.x2 in. xlr in. angles and their adequacy must be checked. 
Least radius of gyration {k) of this combination (from tables in 
Structural Handbooks) is 0-77 in., total cross-sectional area = 
2-12 sq. in. Slenderness ratio (//A) = 76-5/0-77 = 100 approximately. 
Using the symbols of Art. 107, yield stress, /^= 151 ions per sq. in.; 

]3,000/(//A)2= 12-83 i^ons per sq. in.; q =0-003 x 100=0-3. 

1 The ideal fraction is 0-7 (see Art. 103, Case IV, Fig. 154), but the Steel Structures 
Research Committee recommends 0*85 as the value for the more indefinite conditions 
of practical design. 
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Factor of safety =2 0 applied to (21) of Art. 107 gives a working 
stress of 

P=[i(15i + l-3 X 12-83)-iV(T5V4Tyx lli x 12-831 

-^20 

= 8-27/2 0=4 13 tons per sq. in. (Fig, 163 shows it to be a little 
less than 4 tons per sq. in.) 

Permissible total stress = l;J:x4-13=5*16 tons per sq. in. 

Actual stress = 9*74 tons -r 2-12 sq. in. =4-59 tons per sq. in., 
therefore this proposed section is adequate. 

Connection oflA\ to shoe gusset. Strength of one rivet in double 
shear =2 X 0-3068 sq. in. x7-5 tons per sq. in. =4-60 tons. The 
thickness being less than that of two angles, bearing strength = 

I in. x^ in. X 15 tons per sq. in. =3-51 tons, which, being less than 
the shearing strength of 4-60 tons, determines the number of rivets 
required, viz. 9-74/3-51 =3 rivets. Four rivets are adopted to give 
a better fixing of the long projecting gusset. 

Strut 3-4. 4,780 lb. =2-14 tons compression. Unsupported 

length from frame diagram (representing rivet-pitch lines) = 
5 ft. 2 in. Effective length =0-85 x 62 = 52-7 in. A single angle is 
sufficient but the connected leg must be at least 2 in. wide for f-in. 
rivets. Checking the adequacy of a 2x2x1 in. angle, Armin = 
0-39 in. (see Table V, Appendix); conventional effective area 
[2 + 'l(2-i)[xJ =0-719 sq. in.; //A' = 52*7/0-39 = ]35, for which, 
by (21), Art. 107, or enlarged graph of Fig. 163 type the stress is 
2-73 tons per sq. in., giving in this case a permissible total stress 
intensity of 1 1 x2-73 = 3*41 tons per sq. in. The conventional stress 
intensity is only 2-14 tons/0-719 sq. in. =2*98 tons per sq. in., hence 
the section is adequate. 

Connection of strut 3-4 to gussets. One rivet would suffice for 
strength but would not constitute a “ fixed ” end. Two bolts or 
rivets should be provided in each end of truss members however 
small the loading. 

Member Jl. Tension, 21,250 lb. =9*49 tons. Checking the 
adequacy of one 2\ x 2 V x n,- in. angle, held by one leg at shoe end, 
deducting hole -n, in. larger than rivet diameter, conventional 
effective area = {(2l—xo) + i(2i—ii5)} Xxo=0-908 sq. in. Minimum 
area required=9-49 tons/1 IJ: tons per sq. in.)=0-84 sq. in., hence 
the section of 0-908 sq. in. is adequate. 

Connection of Jl to shoe gusset. Strength of one rivet in single 
shear=0-3068 X 7-5=2-30 tons. Bearing strength of one rivet 
(in vV angle) =(|) in. x( iV) in. x 15 tons per sq. in. =2-93 tons, which 
exceeds the shearing strength of 2-30 tons. Number of rivets 
required =9-49 tons/2*30 tons per rivet =4 rivets. 

125. Statically Indeterminate Frames. Method of Superposition. 
The stresses in the members of a frame containing redundant mem- 
bers (see Arts. 112 and 113) are frequently difficult to determine 
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and depend upon the relative stiffness of the various parts. 
But simple approximate methods are sometimes used ; for example, 
a structure and its loads may be subdivided into two or more per- 
fect frames containing some members in common, so that when the 
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Art, 126] 

conventional approximation, is called the method of superposition, 
and its accuracy is tested by an example and commented upon in 
Art. 149. The method of superposition is illustrated in Fig. 186, 
which shows the stress diagrams for a double intersection N or 
Whipple Murphy girders equally loaded at each panel point ; the 
frame and forces are resolved into the parts shown by unaccented 
and accented letters in the frame and vector diagrams. The 
members AK and A'J' are identical, and the thrust in this member 
is found by adding ak and aj'. Again, the pull in the bottom boom 
for the two central panels is found by adding the tensions gf (or te) 
and g'e\ The member J'K', on the other hand, appears in the 
second only, and the pull in it is j'k', A second illustration is given 
in Fig. 149, which represents the method applied to the girder in 
(a) Fig, 220. Table B in the example at the end of Art. 150 shows 
how nearly correct the stresses conventionally calculated by the 
method of superposition are in this case; also that for symmetrical 
loading the results are exact. 

126. Method of Resolution. When a small number (say three) of 



Fig. 187 


members of a frame meet at a common joint, all but two of the 
forces being known, the others may often be found easily by simple 
resolution of these concurrent forces into components and applica- 
tion of conditions (1) and (2) of Art. 32. Taking the simple N girder 
in Fig. 187, as an example, the reactions Ri and R 2 at the supports 
being calculated by moments, the vertical downward thrust of AB 
at A must just balance R|, and the stress in AS must be zero, since 
there is no other horizontal force at A. Then proceeding to joint B, 
the vertical component of the force BS say in BS must balance 
the upward thrust Ri in AB, since these are the only vertical forces 
at B or BS sin 0 = Ri, and BS = Ri coscc 0 (a pull at B). And 
the wholly horizontal force (BC) in the member BC must balance 
the horizontal component of the pull BS at B, or 

BC=BS . cos G=Ri . cosec 0 . cos 0 = Ri . cot 0 
Proceeding to joint S, resolving vertically, if SC = tension in SC 
BS sin e + SC=Wi, 

SC=Wa-BS sin 0=Wi-Ri (or thrust Ri-WJ 


or 
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And resolving horizontally, BS cos 0= tension in SR, or SR = 
Ri cot 6. 

Similarly proceeding from joint to joint, the stresses in all the 
members of the girder may be found, A simpler method for such 
a frame is given in the next article. 

127. Method of Sections. This method, due to Rankine, enables 
the stress in any member of a simple frame to be calculated without 
first calculating the stresses in a great number of other members. 
The principle of the method is that if a structure be divided by an 
ideal surface into two parts, the forces in the bars cut by the ide&l 
surface, together with the external forces on either part of the divided 
structure, form a system of forces in equilibrium. If the external 
forces on either part of the structure are known, the forces in the 
members cut may be determined by applying to either portion of the 
structure the principles of Art. 32; and frequently a single equation 
will suffice to determine the stress in any one member; the deter- 
mination may, of course, be made graphically or algebraically, 
according to convenience in a particular case. 

Examples. (1) French Roof Truss. The difficulty mentioned in 
Art. 122 in connection with drawing the stress diagiam for the 
French roof truss (Fig. 180) may conveniently be overcome by 
finding the stress in a single member by the method of sections. 
For example, to find the stress in one or more of the members DQ, 
QR, RJ in Fig. 188, take an imaginary plane of section XX. Then 



the structure to the left of XX is in equilibrium under the external 
forces AB, BC, CD, and JA, together with the three forces exerted 
by DQ, QR, and RJ, which may therefore be determined by the 
principles of Art. 32. The most convenient method of finding the 
stress in one of these three members (avoiding simultaneous equa- 
tions) will be to apply condition (3), Art. 32, taking clockwise 
moments about the intersection of the other two, e.g. to find the 
puli of RJ on joint (1 ), taking moments about point (2) 
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Ri Xi/-Wi x|/-W 2 Xi/-W 3 xi/-RJ x/i=0 

or RJ=+kiRi/-iWi/-iW2/-JW3/) 

n 

Similarly, the force in QR might be found by a single equation of 
moments about point (3), the intersection of DQ and RJ (produced). 
Again, if the tie KJ is horizontal, the method of sections might be 
very simply applied to find the stress in AK by assuming a section 
surface YY ; for resolving vertically upwards the forces on the por- 
tion of the structure to the left of YY by (1) or (2), Art. 32 

Ri -hAK sin 0=0, or AK = —Rj cosec 0 

i.e, the force in AK thrusts downwards at point (3) with a force Rj 
cosec 0. If the tie KJ were not horizontal two simultaneous equa- 
tions corresponding to (1) and (2), Art. 32, with horizontal and 
vertical components respectively, might be employed. 

(2) N Girder, The method of sections is particularly simple in 
the case of girders with parallel flanges or booms. For a diagonal 
member such as ab (Fig. 1 89) assume a section XX cutting the three 



Fig. 189. — Method of sections 


members ab, ac, and be, then taking the vertical forces on the left 
of the section upwards, say, ab being the stress in ab 

R+ab sin 0 -Wi -W 2 -W 3=0 
ah = i'W i+W 2 + y^ 3 — R) cosec 0 , or F 3 cosec 0 

thrust toward a where F 3 is the shearing force in the panel eh 
according to the sign given in Art. 42. The tension in ab is, of 
course, “F 3 . cosec 0, and it' R is greater than W 1 +W 2 +W 3 , ah 
is then in tension. For a vertical member such as ch, take a section 
such as YY, then resolving vertically upwards to the left of YY, if 
6 c = thrust of be on b 

r_Wi-W2-W3-W4-6c=0 
6c=R-(Wi+W2+W3+W4) = -F4 

where F 4 is the shearing force on the panel bf. 

For a horizontal member ka of the top chord take a plane section 
through the bottom joint e passing just to the left of the joint a \ then 
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considering clockwise moments about e of forces on the part of the 
structure to the left of the section 

R X 3i/- Wi X 2^/- W 2 X </+ A'fl X A =0 

A'a={(-3Rc/+2Wi^/+W2rf), or | . M, 
n h 

where is the bending moment on the girder at e with sign 
according to Art. 42, and Aa is the pull of the member ka on the 
joint k. In this case M, is negative, and the tension in ka is nega- 
tive, i.e. it is a thrust i(3Rrf— 2Wirf— W 2 £/). 

The force in the lower chord is similarly found by taking a nearl^ 
vertical section through a joint of the top chord ; thus by moments 
about k 

R X 2^/ — Wi . d — h xge=0 

ge=pull in member ^^=(2Rrf—WiJ)/A or -MJA 
where Mt = thc bending moment at k with sign according to Art. 42. 
The stresses in the web members are shown in Fig. 190 by drawing 


C 



Bending Moment Diagram 

Fig. 190 


vertical and oblique lines across the shearing-force diagram parallel 
to the members. The stresses in the vertical members are given by 
the lines vertically below the members, and those in oblique mem- 
bers by oblique lines crossing the space vertically below the cor- 
responding bay. Similarly, the ordinates of the bending-moment 
diagram give the stresses in the upper and lower chords to a scale 
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dependent upon the depth of the girder. Stresses in four members, 
A, B, C, D, are shown by the lines a, b, c, c/ respectively. 

(3) Warren Girder. This may be similarly dealt with, by vertical 
sections clear of joints for all web members, and vertical sections 
through opposite joints for all chord members. The web members 
resist shearing force, and the chord members resist bending 
moments. 

(4) N Girder with Inclined Chords. Diagonals. For a diagonal 
member such as BD (Fig. 191) take a section XX, and take moments 



of the forces on the portion to the right of XX about point Z, the 
intersection of two of the three members cut by XX. Let /-= per- 
pendicular distance of BD produced from Z. 

(Pull of BD at Bxr)+Wi((:/+z)“Ri . z=0 
Pull in BD={Ri. i{d+z)}lr 

Chord Members. For the thrust in AB use the same section, and 
take moments about D. Let .y=perpendicular distance of AB 
from D. 

(Thrust of AB at BX5)+Wi . rf— Rj x2r/=0 

Thrust in AB = (2Ri . t/— Wi . d)ls= — 

Or, again, the horizontal component of the thrust in AB — — Mp/AD 
from which the thrust in AB is obtained by multiplying by the secant 
of the inclination of AB. 

The tension in DC may be found by using the section XX and 
considering moments about B as in the case of parallel chords, viz. 
Tension in DCxBC = Ri . d; hence pull in DC=Ric//BC; or more 
generally — Mb/CB. 
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Fertfca/s, For the thrust in AD the section VY may be used, 
taking moments about Z 

{ThrustofADat Dx(z+2c/)} + W2(2^/+z) + Wi(c/+z)-RiZ=0 

Thrust in AD={Ri . z—W2(2{/+z)-Wi , (d+z)}l(z+2d), which 
may be negative. 

Alternatives. As an alternative, equations of forces may be used. 
The vertical components of AB and BD jointly balance the shearing 
force in the bay ABCD; hence when the pull in BD has been deter- 
mined the vertical component, and hence (multiplying by the 
cosecant of the inclination) the actual stress, in AB may be found. \ 

Again, if the chord stresses in AB and DC have been determine^ 
(say, by moments about D and B), the horizontal component of the\ 
stress in BD must equal the difference of the horizontal components ' 
of the chord stresses, and the stress in BD is found from its hori- 
zontal component by multiplying by the secant of its inclination. 

(5) Parabolic Girder. This is a particular case of the previous 
one, in which the vertical heights of the top chord from the lower 
chord arc proportional to the ordinates of a symmetrical parabola, 
and therefore also (Art. 40, Fig. 49) to the bending moments for a 
uniformly distributed load on all the spans. Hence, from the pre- 
vious case, the tension in the lower chord — (Mji/BC) is constant 
throughout, and equal to the horizontal component of the thrust in 
the top chord for a uniform dead load of w per foot, viz. 4u7--i- 
central depth. For this load the stress in the diagonals will be zero, 
for considering such a joint as A or D (Fig. 191) the horizontal 
component of the diagonal stress is equal to the di/jerence of the 
horizontal chord tensions on either side of it, which is zero. Further, 
considering any lower chord joint under these conditions of load, it 
immediately follow's that the tension in the vertical member is equal 
to the panel load, the sole function of such members being to 
transfer the load to the top chord. The vertical component of the 
thrust of the top chord at any section then balances the shearing 
force. 

More generally for any type of dead load similar conditions would 
hold if the height of the girder at every cross-section is proportional 
to the bending moment at that section. 

(6) The Baltimore truss. Fig. 175, is a modification of the N frame 
suitable for long spans, and can conveniently be solved for given 
positions of the load by the method of sections, the treatment being 
almost exactly as for the N girder. 

128. Stresses from Coefficients. In simple types of girders 
carrying uniform loads the stresses may be tabulated from general 
expressions for the members of any panel. The stresses in two 
similar members of a truss may be resolved into different coefficients 
(dependent only on the number of panels and position in the girder), 
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multiplied by the same constant, and for the same number of panels, 
but different proportions and loadings, other constants with the 
same coefficients will be applicable. Taking Fig. 187 as an example, 
consider any panel such as DEQR. Let m be the number of panels 
between it and the left support, and n be the total number of panels 
(say, even). Let W be the load per panel, W/2 from the end panels 
being carried directly at each end support and W at each panel 
point. Then the effective reaction Ri=R 2 =(«-'!) W/2. The 
(negative) shear in panel DEQR is I and by the 

method of sections the tensile stress in DQ is 
{i(/7 — l)--/?/}W cosec 0, or — 

or W cosec 6 multiplied by the coefficient — 1) — /vz, the coefficients 

for diagonals from the supports to the centre forming an arithmetical 
progression. 

The thrust in the vertical DR to the left of the panel DEQR is 
equal to { i(/7‘— l)--7w}W or W multiplied by the coefficient 
i(/z — 1) — m. The (negative) bending moment at D is 

^(/z — 1)W X nuJ—WJm(m — \)j2 = 2^(Joi(n^/n) 


hence the stress in the bottom chord RQ is 
^V^clni{n — w), or W cot 0 multiplied by the coefficient 
The (negative) bending moment at Q is 

iW(Ai — 1 ){ni + 1 )d—V^dni{tn + 1 )/2 = Wr/(/;z + 1)(// — /n — 1)/2 
hence the stress in the top chord DE is 


iWi/(7n + l)(/i— A//— l)//z or W cot 0 multiplied by the coefficient 

i(AAZ + l)(/Z — AAZ-hl) 


the coefficients for 
example, are: 


Member of panel 


Left vertical 
Diagonal 
Top chord 
Bottom chord 


Constant 


W 

W cosec 0 
W cot 9 
W cot 9 


ind half of Fig. 

187 in which /z = 8, for 



Panel 


BC 

CD 

DE 

liF 

(m-0) 

/71= 1 

«i = 2 

7n = 3 = (i/7— 1) 

1 

2 

5 

2 

3 

2 

i 

7 

2 

5 

2 

3 

2 

i 

-1 

2 

6 

lA 

2 

8 

0 

1 

7 

6 

JJ. 

2 


When n is odd, and for other simple types of girder, the coefficients 
may be similarly tabulated. 

129. Some Special Framed Girders. 

Bollman Truss (Fig. 192). This type of girder, which is really a 
trussed beam (see Art. 154), carries its load at the top chord; it was 
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most frequently used for deck bridges. The stresses, neglecting any 
flexual rigidity of the top chord, are easily found as follows. Thrust 
in DC = Wi. Let ^Ti and aT2 be the tensions in AC and BC respec- 
tively. Then from the triangle of forces shown 


aTi=Wj 


sin (01+02) 


^ "sin ( 01 + 02 ) 







Fig. 192. — Bollman truss 

and so on for all the oblique ties. Or for eight panels as in Fig. 192 , 
reaction at A due to Wi = ftW[= vertical component of „T], or 
oTi sin ai = i-Wi and aTi = JWj cosec a,, where cot Oj =//( 8 /i) 
0X2 = JWi cosec 02 where cot ot 2 =(’ 7 /)/( 8 /i) 

And similarly 

,sXi=|W2 cosec Pi where cot Pi = //( 4 /i) 

/jT 2 = 8W2 cosec P2 where cot P2 = ( 3 /)/( 4 /i) 

and so on. 

Thrust in AB due to Wi is „Ti cos Oi or „T2 cos 02; hence the 
total thrust in AB is 

iWi cot a, + S W2 cot Pi + IW3 cot y, W4 cot Si + etc. 

= 6^W,//// +U-W2///1 +i-|W3//// + H-W4//// + etc. 

=(7Wi + 12W2+15W3 + 16W4 + 15W5 + 12W6+7W,)//(64//) 


W, W, 



'a, 'a.. 


Fig. J93. — Fink truss 


Fink Truss (Fig. 193 ). This is a later form of the Bollman truss 
and its solution is similar. The solution is shown in Fig. 193 , in 
which Ti is the tension in each tie to the foot of the post under panel 
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point number 1, and so on. Resolving at the foot of posts, 1 , 3 , 5 , 
and 7 , 2 Ti sinai = Wi,etc.,andTi=iW,cosecai,T3=iW2Cosecai, 
etc. Evidently when there are no oblique forces at the top of the 
posts, the thrusts in the first, third, fifth, and seventh verticals 
respectively are W, , Wj, Wj, and W, . The second post carries the 
vertical components of Ti and Tj, viz. Wi/2 and W3/2 and 

Thrust in second post = W2 + i(W] + W3) 

Thrust in fourth post 

= W ■ W3 + W5 , W2+W5 , Wi+W,+W, +W-, 

“ 2 2 4 

= W4 + KW2 + W6)+^(W3 + W5) + KWi+W7) 

Thrust in sixth post = W6+i(W5 + W7) 

T2 = i{ W 2 + i( W j + W3) }cosec a2 

T 4 = i{W 4 + KW2+W6) + i(W 3 +W 5 )+KWi+W 7 )}coseca 3 

Thrust in top chord. 

First two panels, T| cos ai+T2 cos 0C2+T4 cos 
Third and fourth panels, T2 cos 0:2+'^^ cos a3+T3 cos aj 
which may be reduced by writing cot QL^^lljh, cot cx2=illh^ 
cota3 = y//z. 

Very long Span Trusses. For very long spans the Baltimore 
trusses, Fig. 175 (in which the panel of the N girder is subdivided), 
arc modified by having the top chord curved. Fig. 194 shows such 



a truss as is used for the centre span in the Quebec Bridge and of 
approximately the same dimensions. The stress diagram presents 
no special difficulty. The members shown dotted support other 
members, and arc not to be considered as members of the truss. 


Examples XII 

1. A roof truss of the type shown in Fig. 176 has a span of 28 ft., rise 
7 ft., and no camber of the tie-rods, the joints in the main rafter bisecting 
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its length. For the loads given in Problem No. 1, Examples XI, find the 
maximum stresses in all members due to dead loads, and to wind loads 
separately, assuming fixed hinges at both supports. 

2. If the roof principals in Problem No. 2, Examples XI, are of the types 
shown in (//), Fig. 173, but the ties have no camber, find the maximum 
stresses due to wind pressure when both sides have fixed hinges. 

3. A French roof truss (sec Fig. 180) has a span of 50 ft. and a rise of 
12 ft. 6 in., and the low'cr tics have no camber. Find the stresses in all 
members due to a dead load of 25 lb. per sq. ft. of covered area, the 
principals being 12 ft. apart. 

4. Find the maximum stresses in the roof of Problem No. 3 when the 

horizontal w'ind pressure is 56 lb., adopting the formula (7) of Art. 117, artd 
taking one side “ free ” and the other “ fixed.” Assume that the wind mO^y 
be from either side. \ 

5. A Warren girder having web members all inclined 60 degrees has eighl 
panels, the first five from the left end being loaded with 5 tons per panel 
uniformly distributed. Find the stress in all members. 

6. An N girder having seven panels each 6 ft. long and 8 ft. high has the 
first five from the left-hand end loaded with a uniformly disrributed load of 
W per panel. Find the stress in each member if the central bay is counter- 
braced by members capable of bearing tension only. 

7. Find an expression for the compression in the top chord of a Bollman 
truss fully loaded with a load W at each panel point if there are n panels of 
height /i, the total span being /. 

8. Find the maximum compression in the top chord of a Fink truss 
having a load W at each panel point, there being eight panels and the span 
being / and the height /i. Find also the thrust in the ceiitial \erlical post. 

9. Find the choid stresses for the truss and loading shown in Fig. 194. 
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MOVING LOAD STRESSES IN FRAMES 

130. Stresses due to Rolling Loads. The methods of finding 
stresses given in the preceding chapter are applicable to known loads 
on the various parts of the truss. But in order to compute the 
maximum stresses to which a member of a bridge will be subjected 
by a travelling load crossing the span, the position of the load to 
produce this maximum effect has to be considered. This matter 
has been partially dealt with in Chapter vi, but the application to 
framed girders will require further notice and illustration. 

131. Chord Stresses. The chord stresses may be found (Art. 127) 
by taking moments about joints in the opposite chord, to which the 
stress is proportional, and the stress in the chord is a maximum 
when the moment about the opposite joint is a maximum. For a 
uniformly distributed load this occurs (see Art. 61 and end of Art. 
75) when the whole span is loaded. Hence, if an equivalent 
uniformly distributed load is adopted the determination of chord 
stresses due to rolling loads is precisely similar to that for uniformly 
distributed dead loads. 

In the case of concentrated loads arising from axle loads or from 
conventional train loads (Art. 70) the maxima occur when the 
bending moments at opposite joints reach maximum values and the 
corresponding positions of the load (for joints of both loaded and 
unloaded chords) arc given in Art. 66. The calculation of maxi- 
mum bending moments in such a case may be accomplished for 
determined positions of the load by moving the span length under 
the loads as in Art. 65 or by algebraic calculation. In either case 
the calculation is much more tedious than when an equivalent 
uniformly distributed load is employed. 

132. Conventional Calculation of Web Stresses for Uniform 
Rolling Loads. We have seen that for girders with horizontal 
chords (Art. 127, section 2) the web member stresses are propor- 
tional to the shearing force at the member, and hence the maximum 
(positive or negative) stresses due to rolling loads will occur in such 
members when the maximum positive or negative shearing forces 
occur. A simple conventional method (Fig. 195) is to assume that 
the maximum positive shearing force at any section occurs when all 
panel points to the left of that section are fully loaded and those to 
the right are unloaded: and that maximum negative shearing force 
occurs when all panel points to the right are fully loaded and those 
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to the left unloaded. This is an approximation which will be shown 
to be on the safe side, but is clearly an impossible condition, for no 
panel point can be entirely unloaded if the adjacent panel point 
carries the full panel load {wxd) due to a uniformly distributed 
load. 

Adopting such conventional loading for both horizontal and 

curved chord girders, 
maximum positive and 
negative stresses in 
web members due tio 
a uniformly distributed 
rolling load can b^ 
calculated as in Artl 
127, sections (2), (3), 
and (4). If these be 
added algebraically to 
the stress due to dead 
load the extreme maxi- 
mum and minimum 

stresses are obtained. 

Example 1. A through N girder of 80- ft. span has eight bays of 
10 ft. each, the height throughout being 12 ft. The uniformly dis- 
tributed dead load is 0*6 ton per foot run, and the rolling load is 
equivalent to 2 tons per ft. Find the maximum and minimum 
stresses in each diagonal and vertical member. All dead loads as 
well as live loads to be taken as at the bottom chord joints. 

The panel loads are, for dead loads 6 tons, and for rolling loads 
20 tons. Using the reference letters of Fig. 187 or 196, the dead load 
reactions (effective) are Ri=R2=-V=21 tons. The dead load 
shears in the main panels, altering by the panel load of 6 tons at 
each lower chord joint, are ; 


Panel 

AS 

SR 

RQ 

QP 

PC 

ON 

NM 

ML 

Dead load shear in tons 

-21 

-15 

-9 

-3 

+ 3 

+ 9 

+ 15 

l_t!L 


I 

:c 



Fio. 195. — Conventional loading for extreme 
shearing forces and stresses m web members 


The extreme shears due to roiling load on, say, the panel RQ are 
for maximum positive shear, loads of 20 tons at S and R only, then 
R2=(40 X T5)/8=7-5 tons = maximum positive shear. For panel 
QP the value is R 2 = (60x2)/8 = 15 tons. The full values are: 


Panel 

AS 

SR 

RQ 

QP 

PO 

ON 

NM 

ML 

Maximum positive shear 

0 

+2-5 

+ 7’5 

+ 15 

+ 25 

+ 37-5 

52-5 

70 

Maximum negative shear 

-70 

1 

-52-5 

-37*5 

-25 

-15 

-7*5 

-2*5 

0 
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combining these with the dead loads shears, the extreme shears in 
each panel are: 


Panel 

[ AS 

SR 

RQ 

OP 

PC 

ON 

NM 

ML 

Maximum positive or'\ 
negative shear . . J 

Minimum positive or 
negative shear. 

-91 

-21 

-67 5 

-12-5 

-46-5 

-15 

r-2K 

\+l2 

+2«\ 

-12/ 

+ 46-5 

+ 1-5 

+ 67-5 

+ 12-5 

+91 

+ 21 


The maximum positive shear due to the rolling load and the 
positive shear due to dead load are shown on Fig. 196, together 

BCDEFGHJK 



Fio. 196,— Maximum positive shearing force and web member stresses 


with the resultant for half the span. The negative quantities for 
the other half arc symmetrical. 

The maximum thrusts in AB, CS, DR are 91, 67-5 and 46*5 tons 
respectively, that is, the shearing forces in the panels AS, SR, and 
RO, while the minimum thrusts are 21, 12-5, and 1*5 tons respec- 
tively. The stress borne by EQ varies from a thrust of 28 tons to a 
tension of 12 tons. The stress in FP is always zero. If the dead 
load is so distributed that ^ of the total comes on the joints of the 
top chord, 2 tons thrust will have to be added to the results for CS, 
DR, EQ, and FP, and 1 ton to that for AB. 

The stresses in the diagonals are found by multiplying the extreme 

oc 

shears by cosec 6, i.e. by --^=3-2 V(144 + 100) = T30, giving; 


Member .... 

ns 

CR 

DQ 

EP 

GP 

HO 

.IN 

KM 

Maximum tension . ' 

Minimum tension . . ' 

Maximum thrust , 

IIS'3 

27-3 

sso 

16-3 

60-5 

1-95 

36-4 

15-6 

36-4 

156 

60-5 

1-95 

88-0 

163 

1 

118-3 

27-3 



378 


THEORY OF STRUCTURES 


[Ch. XIII 


These are also shown by Ihe diagonal lines parallel to the diagonal 
members, across tlie shear diagram in Fig. 196. The change from 
tension to thrust in EP and GP may of course be prevented by 
counterbracing the bays QP and PO as shown by the dotted lines 
(see Art. 137). 

133, Exact Method for Girders with Horizontal Chords and 
Single Web Systems. The exact load position for and amount of 
the maximum shear has been dealt with fully in Art. 75, section (1). 
It is interesting to compare the results from the conventional 
loading above with the true value. Using Fig. 104, the maximum 
positive shearing force in any panel DC having m panels to the loft 
of it (out of n panels total), with a rolling load w per ft. and spap 
/ft., is by (4), Alt. 75 


w ^ 

2 * riin — X) ' 


0 ) 


According to the conventional loading above, the right-hand side 
would be (taking moments about A, Fig. 104) 

/ /m + 1 l\ . , w /?/(/?? + !) , 

, _vr — _ . - -^/==r- . . (2) 

n \ 2 nj 1 n- 

For the extreme right-hand side panel at B, Fig. 104, = — 1, 

and both (1) and (2) give 


But for smaller values of m (nearer the middle of the span) (2) gives 
a slightly higher value than (1), i.e. it is a trifle on the sale side. 
Applying both methods to such a truss as Fig. 1S7, wiicre // = 8, 
we get the following maximum positive shears (with corresponding 
negative values), taking n7/2 = 100: 


Panel .... 

AS i 

SR 

RQ 

QP ! 

po 

ON 

1 

NM 

ML 

m— 

0 

1 

2 

3 1 

4 

5 

6 

7 

Conventional maximum I 
-1- shear. 

0 

3 12 

9-4 

18-8 1 

31-2 

4(r8 

65*5 

87-5 

Actual maximum -1- shear 


1-78 

7-13 

161 

i 

28 5 

44-5 

64 1 

87-5 


The difference in the results from the two methods is very small, 
as will be realised if the results are plotted on such shear diagrams 
as Fig. 196 or Fig. 104, which are too small to show the difference. 

Example, Find the exact maximum stress in the member HO 
(Fig. 187 or 196), with the loading given in the example at the end 
of Art. 132. 

The actual maximum positive shearing force in the panel ON, 
putting m = 5, and /7==8, is from (1) 


2 

2 ■ 


25x80 
8x7" * 


=35*71 tons 
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and adding the dead-load shear of +9 tons gives 44-71 tons (instead 
of 46-5 tons), and multiplying by cosec 6 or 1 -30 gives the maximum 
stress in HO 

1-3 x44’71 =581 tons instead of 60-5 tons. 

When the shearing force has been determined, the stresses in the 
web members follow, as for the conventional method, viz. from Art. 
127, section (2). 

134. Exact Method with Curved Top Chord and Single-Web 
Systems. For a girder with curved top chord the stress in a web 
member such as BD (Fig. 197) is found as shown in Art. 127, 



section (4), and Fig. 191.' To find the position of the uniform load 
w per ft. to give the maximum pull in BD, suppose it covers entirely 
all the ni panels to the left of DC (Fig. 197) and extends a distance 
DG or A' beyond D to\\ards C, and the pull in BD is P. By 
moments about E 


Ri=^^{mf/+-v)2 . . 

And the joint load Q at C. from moments about D, is 

^ 21 2d 

Then by moments about the centre Z 

P=.l[R,.--Q|z+(/7-w-lV/}J . . 

r 


(ij 

( 2 ) 

(3) 


=^Mind+x)^—iixHz+(n—in — \)d}] . (4) 

2rl 


1 It is assumed that the two chiird members cut by the section taken for finding 
the stress in BD will, if produced, intersect outside the span of the girder. If they 
inlersccl inside the span, as often occurs in the braced arch (see Fig. 273, but omit 
central hinge), the span must be fully loaded for maximum stress in the member BO. 
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And for a maximum value of P, dVldx=Q, hence 


5-37-7 TYTT • ^ .... ( 5 ) 

n — \+n{n—m—\)dlz 

which reduces to i»//{ «(// — !) } when z is infinite, i.e. for a horizontal 
top chord as in (2), Art. 75. Substituting this in (1) and (2), 
equation (3) gives P. 

The distance CG from C for maximum thrust when the load 
extends from F to G is 

,d 

ri — \— nnidj ^ 

The position of the load for maximum stress in any vertical may 
similarly be found. 

Alternative Method. The influence method may also be used. 
Considering unit load rolling over the span EF, when it has moved a 
distance y from E (short of D), Rj =;■//, and as in (3), 'P=yzj{lr), 
which is proportional to y, i.e. the influence line EH is a straight 
line, such that HN =nidzl(lr) similarly for the load between 

C and F the influence line is the line KF, such that KM = 
(n-‘rn’—l)(z+nd)/(nr). Also it is easy to show that the rate of 
change as the unit load mo\es from D to C is proportional to .x', i.e. 
the influence line is a straight line through H and K, which is the 
line HG'K. As in Art. 75, the stress due to a uniform load w per ft. 
extending from E to G' is found from the area EHG' under the 
influence line, viz. 

ia'(HNxEG') (6) 

EG'=/; 2 ^/+NG', and NC/ may be found (confirming (5)), by 

dividing DC in the known ratio 

KM (n—m — l)(z+nd) 

substituting in (6), this gives 

max. pull in 06 = ^^!, . — . - . d<l+ ^ iTTrl • 

2 n r [ n — l+n{n — m — ])dlz) 

Similarly, the maximum thrust in DB due to live load is 

w — m — (z+/7r/),r, , 1 1 /o^ 

2 • n • ~~;~^r'^n-l-n.m.d/(z+l)f ' 


Similar methods may be used to draw the influence lines for the 
stress in the verticals. 

An alternative simple method of finding the point G' is to join 
AE and FB. These lines produced meet at V, and G' is the pro- 
jection of V. For G' is the point at which a load would produce no 
stress in DB; to the left of G' a load would produce tension in DB, 
and to the right it would produce thrust. That no stress is pro- 
duced in DB by a load under V is proved by the fact that EVB 
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would be a bending-moment diagram for such a load, and hence 
ad = Mu - hBC, therefore the tension in DC equals the 
horizontal component of the thrust in AB. Hence by the method 
of sections the horizontal component of the stress in DB equals zero. 
When the point G is determined, the stress in DB may be found by 
various means, such, for instance, as a stress diagram. 

Graphical Construction. The maximum stress in a diagonal DB 
due to a rolling load may be determined graphically by dropping a 
perpendicular VG (Fig. 198) from V. Then D^ represents the pull 
in DB on the same scale that VG represents half the load on EG. 



Similarly, ;^^B represents the minimum stress or maximum thrust in 
DB on the same scale that VG represents half the load on GF. 
When these stresses are required for each diagonal it is convenient 
to set off the diagram pfer with the dimensions shown for a load 
w per ft. Then nli represents half the load w . EG or . y, hence 
by drawing hm parallel to VD, and then niq parallel to DB, mq gives 
the maximum stress to a known scale, viz. that on which p/has been 
made equal to iwl. The correctness of the construction may be 
proved as follows. The load w . ED on ED may be replaced by 
iw . ED at E, and iw . ED at D; similarly, the part >v . DG may be 
replaced by i . w . DG at D, and i . w . DG at G. The load at E 
may be ignored, and the load at G, we have just seen, causes no 
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stress in DB. Hence the effect in DB is that of a load -i(ED+DG)>v 
=^EG . vr=W, say, at D. Let T be the thrust in AB, T the tension 
in DC, and S the tension in DB, of which h and v are horizontal and 
vertical components respectively. Taking, say, a vertical section 
through the panel DC, the forces on the right-hand part of the 
structure are, firstly, T' and S at B, and, secondly, T and Ri meeting 
at F; these pairs must balance, and therefore act through B and 
F, hence the resultant of T' and S is in the line VF. Again, con- 
sidering forces on the left-hand portion, there are, firstly, T' and 
(downwards) W — v through A; secondly, T + h and R 2 through E. 
Since these balance, their resultants act through E and A, hence thip 
resultant of T' and W— -r arc in the line VA. Finally, taking, say\ 
clockwise moments about V of forces on the structure to the left 
of the section, since the resultant of T' and S is through V, the sum 
of the moments of T' and S about V is zero, and resolving S at D. 

If a is the perpendicular distance of V from AB 

VG=0 .... (9) 

and since the resultant of T' and W — r is through V 

-hT . «~(W-v)A-0 (10) 

hence adding (9) and (10). 

W . x=h . VG or or if VG represents W, or DG repre- 

v G W 

sents h to the same scale, and consequently Dg represents S, of 
which h is the horizontal component to the same scale. Similarly, 
gB represents the thrust in BD for a load w , GF on GF to the same 
scale that V^G rcprCsSents a load -{w . GF. 

Example 1. Taking Fig. 197 to represent a girder 80-ft. span 
subjected to a uniform rolling load of 1 ton per ft., and the heights 
of successive verticals from either end to the centre being 0, 10, 15, 
17‘5, and 17-5 ft., find the maximum tension and the maximum 
thrust due to rolling load in the member BD by the conventional, 
and the exact methods when the panel DC is not counterbraced. 

The lengths of z and r may conveniently be measured from a 
drawing to scale and used in, say, inches as measured; they may 
also be calculated in feet as follows. Fall in AB=2*5 ft. in 10 ft. 
horizontally; hence the length CZ for a fall of 15 ft. = 15 x 10/2*5 = 
60ft., and z=40 ft., DB = V(152+ 102) = 18 03 ft., /■ = 70 sin BDC = 
70x1 5/1 8-03 = 58-2 ft. 

Using the conventional method, all joints E to D having full panel 
loads of 10 tons, by moments about E 

Ri = lo(10+20+30+40+50)=Y' x 15 = 18-75 tons. 

Hence by talcing a vertical section in the panel DC, and con- 
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sidering the structure to the right of it, and taking moments about 
Z of the external forces 

Pull in BD =;^-(l 8-75 X 40) = 12-87 tons. 

58’2 


Using the exact method, m=5, n = 8, then from (5) 


5x10 

7+(8x2xiS) 


5_0 

1 i 


=4'55ft.; 


EG =54-55 ft. 


Ri = i(54-55)2/80 = 18-6 tons 
Q = t(4 55)2/10 = ] 04 tons. 

Hence by moments about Z 

Pull in BD = (18-6x40 — 1 04x60)/58-2=ll'71 tons, which may 
also be checked by (7). 

It may be noted that the conventional method is more in error 
(although on the safe side) for curved chord girders than for the 
horizontal chord t>pc (see Art. 133). The errors are greater the 
more inclined the chords are to the horizontal. 

For maximum thrust in BD by the conventional method, joints 
C to F are loaded, giving R 2 = io(10 + 2O) = 3-75 tons. Flence by 
moments about Z for the structure to the left of the previous 
section 

Thrust in BD = 3-75x 120/58-2 = 7'74 tons. 


Using the exact method, R2=i(25-45)2/80=4 05 tons. 

Load at D = i(5-45)2/J0 = F49 tons. 

Hence by moments about Z, thrust in BD = (4 05 x 120 — 1 -49 x70)/ 
58-2 = 6'55 tons, which may be checked by equation (8). 

Example 2. What iinifonnly distributed load in the above 
example would be sufTicient to prevent a reversal of stress in the 
member BD? 

Let w be the uniform load per foot. Then the dead load must be 
just sufficient to cause a tension 7*74 tons in BD. Right-hand 
reaction =i70>i’ = 35H’. Taking moments of the dead load about Z 

35)v X 40- J0>v X 50- l()>v X 60 = 7 74 X 58-2=450 

>^ = 3 6o = 1‘5 tons per ft. 

or more exactly, taking 6*55 tons thrust to be neutralised 
35 h' X 40 - lOvr x 50- lOvv x 60 = 6 55 x 58-2 = 382 

H’=vo*o = 1'273 tons per ft. 

135. Trusses with Multiple-Web Systems. In finding the 
maximum stresses in multiple-web trusses due to rolling loads the 
same principles as have been used for single-web systems are applic- 
able. Usually the conventional loading will be sufficiently near for 
finding the maximum stresses in web members in accordance with 
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the methods given in Art. 127, section (2), for fixed loads. Thus in 
the Whipple-Murphy truss the method of superposition (Art. 125) 
may be employed to find, as in the present article, the maximum 
web stresses in each of two girder systems into which the Whipple- 
Murphy girder may be split (Fig. 186). 

Again, in the Baltimore truss. Fig. 175, and Art. 127, section (2), 
the methods are those which have been dealt with already. An 
exact solution by means of the influence line is also possible, but the 
conventional system of complete panel loads is sufficiently near for 
most purposes, and much less complicated. ; 

136. Stress Calculations for Concentrated Loads. The maximum 
stress in a web member of a truss with horizontal chords occurs 
when the shearing force in its panel is a maximum, and the position 
of the loads to give the maximum shearing force has been demon- 
strated in (4), Art. 67, a condition which is fulfilled when a par- 
ticular wheel load passes into the panel concerned. When the 
position is determined the maximum shear is easily calculated. 
When the top chord is curved, as in Fig. 197, the position of the 
load for ma.ximum stress in BD, say, instead of being given by (3), 
Art. 67, viz. writing d instead of k, is given by the 

modified equation 


W 

/ 


Wi 

-^(1 +mdlz) 


or W,= 


W/n 
1 +mdlz 


the term mdiz arising from the slope of the top chord, and being zero 
when z is infinite. For examples of stress calculations in web 
members of curved chord girders having multiple-web systems sub- 
jected to concentrated travelling loads, see Modern Framed Struc- 
tures, by Johnson, Bryan, and Turneaure. 

137. Stresses in Counterbraces. The reversal of live-load shear 
in a particular panel of a braced girder may be taken up by making 
the diagonal of such a section as will enable it to resist the necessary 
tension and thrust. But instead of this very frequently a second 
diagonal capable of resisting tension only is introduced to take up 
the shear which would otherwise put the main diagonal in compres- 
sion. Such diagonals, shown dotted in Figs. 175, 187, 196, and 199, 
are called counter-braces.^ The main diagonal is that which takes 
tension when the girder is fully loaded, and also the dead-load 
tension. 

The counterbracing of a panel really makes the structure statically 
indeterminate (see Chapter xv), and the stresses in the main diagonal 
and counterbrace depend upon their sections, and particularly on 
the initial conditions of attachment which determine the initial 


' The American practice is to call this a counter or counter-tie, and to call a 
diagonal capable of taking a reversal of stress a counterbrace. 
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stresses which may exist due to dead load. If the main diagonal 
carries completely its dead-load stress when the attachment (or final 
adjustment) is made, any live load tending to reduce this tension will 
put the counterbrace in tension without first reducing the main dia- 
gonal to a State of ease or zero stress. And these conditions will be 
safer to assume in calculating the possible tension in a counterbrace. 
In some constructions the counterbrace is actually left slack during 
erection and then given a slight tension; in such a case it would be 
required to resist live-load stress plus the initial adjusting tension. 
Actually the stress in both counterbrace and main brace will be 
afl'ected by the fact that the other one is capable of resisting con- 
siderable thrust, although nominally unable to do so. For several 
reasons, then, the stress calculations for countcrbraced panels must 
be regarded as conventional in a greater degree than is true for other 
simpler types of girders. 

The calculations of tension in the counterbraces due to the live 
load are made in the same way as for live-load stresses in the main 
braces, the other braces being ignored, and will be best illustrated by 
examples. 

Example 1. Find the stress in the counterbracc FO, Fig. 187 or 
196, with the data given in Example 1, Art. 132. 

Referring to the results of the example quoted, the maximum 
negative live-load shear in the panel PO is 15 tons, which is assumed 
to be wholly borne b> the counterbrace. The inclination is equal to 
that of the main brace, viz. 0 where cosec 0 = 1 *3, hence the maximum 
tension in FO is 1 5 x 1 *3 = 1 9*5 tons. 

If we assume that the two diagonals jointly carry the dead-load 
shear (FO being slightly cither shortened or bowed), but that the main 
brace cannot be relied upon to take thrust, the stress to be allowed 
for in FO calculated for the maximum negative shear of 12 tons in 
panel PO, given in Example 1, Art. 132, would be 12x1*3 = 15*6 
tons, the same as the thrust in PO when the panel is not counter- 
braced. The actual stress would probably be between 15*6 and 
19*5 tons, but depends upon initial conditions. 

Example 2. Find the maximum tension in a counterbrace AC, 
Fig. 197, under the conditions of Example 1, Art. 134. 

The distance i of AC from Z is CZ*sin TCZ. 

AC = v'(1'7-52 + 102)=2015 
sin ACD= 17*5/20 15 =0*868, 
hence / = 60 x 0*868 =52*1 ft. 

When joints C to F are fully loaded, R2=3*75 as before. Omit- 
ting member BD, by moments about Z 

Pull in AC=(3*75 x 120)/52‘i =8*64 tons. 


o 
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For a more exact value the conditions are as before, but in a 
counterbraced panel such a lefinement is unnecessary; the result 
would be 

(4-05 X 120- 1 -49 X 70)/52-l =7-33 tons. 

The stress in the vertical of a counterbraced panel is a minimum 
thrust (or maximum tension) when the counterbrace meeting its foot 
is in action, e.g. if AC, Fig. 197, is in tension and BD out of use, con- 
sider the joint B. The resultant of the two chord stresses at B will 
cause a tension in the vertical BC unless a load at B is sufficient ^to 
cause thrust. The load position to give maximum tension in BC h^s 
to be found by trial ; it occurs when the chord stresses at B arc 
great as possible, consistent with BD remaining out and AC ip 
action, i.e. when the load extends from F as far beyond C as to just 
cause BD to have zero stress in it. 

138. Stress in Wind Bracing. The wind bracing or laterals of a 
framed girder bridge arc very generally (unless head room requires 
arched girders) of the form shown in Figs. 174 and 199, i.e. N girders 
counterbraced in every panel (as the wind mav blow from either side), 
and having as chords the chords of the main girders. In the case of 
open-floor bridges the cross-girders will form the struts of the wind- 
bracing system. 

Such a girder of course forms a statically indeterminate system, 
and, as in the preceding article, the wind stress can only be deter- 
mined in a conventional manner by arbitrary assumptions. Again, 
the distribution of wind load on the girders and on moving vehicles 
between the upper and lower wind bracing (if both are used) is 
arbitrary. It is usual to assume that all the moving wind load is 
taken on the wind bracing of the loaded chord, and this bracing 
(which may consist of a plated floor) is also often taken to with- 
stand more than half the wind load on the girders. Some stress is 
also caused by the overturning clTcct of the wind increasing the down- 
ward pressure on the supports on the leeward side of a bridge and 
decreasing it on the windward side. Altogether the determination 
of wind stresses in the lateral bracing is somewhat empirical. It 
may also be pointed out that quite apart from wind pressure the 
lateral bracing will be stressed by the straining of the main girder 
chords to which it is attached. An estimate of such stresses may be 
made from the stresses in the main chords and the geometry of the 
consequent deformations.^ 

The conventional method of estimating the most important wind 
stresses is to ignore one system of Iriangulation, as in counterbraced 
panels dealt with in Art. 137, and to find the stress due to dead and 

* Sec an article on “ The Design of Wind Bracing*’ in Engineering, June 9lh, 
1911. 
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travelling wind loads by the method of Arts. 131 and 132. As the 
diagonals are for greater stiffness made capable of resisting thrust 
this cannot give accurate results, but any error involved is on the side 
of safety. The calculation may be shown by an example. 

Example. The N or Pratt girder shown in Fig. 199 has wind 
bracing shown at (ft) and (c). Estimate the maximum stresses in the 
lower lateral bracing and in the lower chords due to a stationary 
wind load of 2,000 lb. per panel and a travelling wind load of 30 lb. 
per sq. ft. on 10 sq. ft. per lineal foot, assuming that 60 per cent. 




Fk;. 199, — Stresses in lateral or wind bracing 

of the Stationary wind load and the whole of the travelling load is 
taken by the lower system. 

Dead load per panel =0 6 x 2,000 — 1,200 lb. 

Mo\ing load per panel=30x 10 x 12 = 3,600 lb. 

As the two halves arc symmetrical it is only necessary to work out 
the stress tV>r half the span. The wind may blow on either side, and 
with the wind load on the side selected in Fig. 199 the dotted braces 
aie assumed to go out of action. 

Chord Stresses. For stationary load the reactions at the ends are 
1(7x1,2001=4,200 lb. 

Denoting bending moments by M and a suffix and stresses by the 
letters at the ends of the members 

-Mu =4,200 X 12 = 50,400 Ib.fft., hence PQ = 50,400/1 2 =4,200 lb. 

Similarly, OR= -Mc/12 = 86, 400/12 = 7, 200 lb., RS=-Md/12 = 
108,000/12 = 9,000 Ib., ST= -Mf/12 = 1 15,200/12 = 9,600 lb., AB 
=0, BC=-Mq/I 2=4,200 lb., CD= -Ma/12 = 7,200 lb.. DE = 
— Ms/ 12 =9,000 lb. For the total stress due to live and dead load 
it is only necessary to multiply the above by (3,600+ K200)/ 1,200 =4, 
since the maximum chord stresses occur with full load. 

Web Stresses. The inclination of the braces to the chords is 45“, 
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SO from Ihe shearing forces, falling by 1,2001b. per panel, the dead- 
load stresses are, Tensile, PB= 4,200 \/2 = 5,940 lb., QC = (4,200- 
1, 200) =4,240 lb., RD = 1,800 V2 =2,540 lb., SE=600V2 = 
850 lb. 

Compressive. AP=4,200, QB = 3,000, RC = 1,800, SD = 600, 
TE=0. The maximum live-load web stresses may similarly be 
written from the maximum live-load shears, as in Art, 132, and arc 
as follows: 

Live- load Web Stresses. 


Panel 

AB 

BC 

CD 

DE 

EV 

Maximum negative shear . 

12,600 

9,450 

6,750 

4,500 

2,700 , 

Diagonal, and tension in Jb. . 

PB 

17,800 

OC 

13,360 

RD 

9,540 

SE 

6,360 

— 

Cross-strut, and thrust in lb. . 

AP 

12,600 

RQ 

9,450 

CR 

6,750 

SD 

4,500 

TE 

2,700 


The dead-load stresses may now be added to these to give the total 
stresses; the additions are all of quantities of like sign, as change of 
sign in the diagonals of the middle panels is prevented by the coun- 
terbracing. 


Examples XI 11 

1. The girder shown in Fig. 195 is 16 ft. high and has a panel length of 
12 ft. Find the maximum and minimum stresses in the upper and lower 
chords due to a dead load of 0-4 ton per foot run and a travelling load of 
1 ton per foot run. 

2. Find the maximum and minimum stresses in the diagonals of the girder 
in Problem No. 1. id) By the conventional loadings, {b) By the more exact 
method. 

3. A through Warren girder with web members inclined at 60"“' has six 
bays in the lower (loaded) boom and five in the upper. The loads are — 
(1) dead loads of 3 tons at each joint of the lower boom and 1 ton at each top 
joint; (2) a travelling load of 1 *2 ton per foot run, the bays being each 10 ft. 
long. Fmd the maximum and minimum stresses in all members. 

4. A through Warren girder is the .same as in Problem No. 3, but has five 
bays in the lower boom and four in the upper one, and is subjected to the same 
dead load per joint. What is the maximum travelling load per foot which 
will only cause a reversal of stress in two web members ? 

5. In a hog-back or curved top chord N girder of six ba 3 "S, the heights in 
successive verticals, including the end posts, are 10, 12-5, 14, 14, 14, 12-5, and 
10 ft., and the bays are each 10 ft. long. Find approximately the maximum 
stresses in the members of half the girder under a dead load of 0-3 ton per 
ft., and a live load of 1 -2 ton per foot run. 
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SELECTED TYPICAL FRAMED STRUCTURES 

139. Cantilever Bridges. The disadvantage of continuous girders 
have been referred to in Art. 95. In a cantilever bridge, although 
there may be several supports, the girders are separable into parts, 
each of which is statically determinate. 

Two types of support for a bridge of three spans (and four sup- 
ports) are shown in Figs. 200 and 201 , which also show the bending- 


Anchor Cantileuer Su;^ppnded 

Aim ^ 




moment and shcaring-forcc diagrams for uniformly distributed dead 
loads. The construction of the trusses is such as to form virtual 
hinges at Fj and F 2 , thus fixing the points of inflexion whatever the 
load. Then for different loadings, although the shape of the bend- 
ing-moment diagram will alter, the points of inflexion will remain at 
F/ and F 2 '. Either type may be looked upon as a continuous beam 
with hinges inserted or may be regarded as an arrangement of over- 
hung beams simply supported at two points and carrying other simple 
beams suspended from their ends. Thus that in Fig. 200 consists of 
two beams CFt and DF 2 , carrying the simply suspended span F]F 2 
from their overhung ends or cantilever arms at Fi and F 2 . Whether 
the support required at C and D is upward or downward depends 
upon the load between E and G compared to that between C and E 
and between G and D; generally a downward anchorage will be 
required. The type shown in Fig. 201 consists of a central beam 



390 


THEORY OF STRUCTURES 


[CK XIV 


with overhung “ cantilever ” ends, which carry one end of each side 
span, the other ends resting on the end supports or abutments. 

A great advantage of the cantilever type of bridge in many cases 


Onnilloiior Ji r' m v 



l io. 201 


arises from the fact that the side spans being erected in the ordinary 
manner the cantilever arms can be built outwards from tlie piers and 
the central span completed from them without the use of falsework. 



Fig. 202.” Stresses in cantilever biidje 


i.e, support from below; erection stresses must be estimated and 
allowed for. For long spans where the dead load of the structure 
becomes very large the cantilever is advantageous because the dead 
weight is somewhat concentrated near the supports, and also because 
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the average bending moments are smaller than for a simply sup- 
ported span. 

Figs. 202 and 203 show typical forms of cantilever bridges, the 
former being of the through and the latter of the deck type. The 
dotted (redundant) members which would render the structure 
statically indeterminate are used in erection, during which the sus- 
pended span is built out as an extension of the cantilever arms. In 
Fig. 203 there are two supports at the piers, but the panel between 
them is so lightly braced as not to transmit any shearing force, and 
consequently there is no change of bending moment between the 
two. This panel may in fact be ignored in calculating stresses and 
the truss may be treated as if there were a single support between the 
two adjoining panels. The load positions for maximum effects will 
have to be investigated for each type of bridge in order to find the 
maximum and minimum stresses due to a rolling load. It is usual 
to determine some form of equivalent uniformly distributed load for 
a cantilever bridge, but this will not be necessarily the same for the 


A f 9 . ^ N P E 



0 

T 






C 



Fig. 203 


cantilever portions as for a simple span. The conventional method 
of taking full panel loads may then be adopted, and the determina- 
tion of live load stresses is illustrated in the following examples. 
The more exact methods of Art. 134 for web members are applicable, 
but the conventional method is simpler and sufficiently accurate, as 
exemplified in Example 4. 

Injluence Lines for Cantilever Bridges, The structure being 
statically determinate influence lines which are straight lines are 
easily drawn for any section and may be used to determine maximum 
and minimum stresses in the members. A numerical example 
(No. 4) illustrates this application. 

Example 1 . The dimensions of Fig. 200, which is symmetrical, 
being CE=80 ft., EFi=70 ft., F]F 2 = 80 ft., determine the dimen- 
sions of the bending-moment and shearing-force diagrams for a 
uniform dead load of w per ft. 

Since the bending-moment at F^ is zero, and the shearing force 
from the span F]F 2 at Fi is + x 80 h’=40h’, taking moments about C 
of the forces on CFj, 

40 w X 1 50 + 1 50h’ X =80 X Rb 

therefore Re=2I5'6h’=Rg 

Rc (downwards) = K2 x215-6— 380 )m’ = 25 6m'=Rd. 
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The shearing-force diagram can now be set out as shown in Fig. 
200. Fc= +25-6vt^, Fe = (25'6 + 80)>v= 105-6h’, and 105-6>v— 215‘6 h' 
= -110h\ 

The shearing force at mid-span is zero and the other half of the 
diagram is symmetrical. 

ME=25-6vi^ X 80 + 80m^ X 40 = 5,248h^ 

Mf= 0, MH=-iM^x802=-800w^ 
or checking from the span EC, 

Mh = 5,248>i’ - 4 w X 2202 = - 802»v 

the maximum negative bending moment or the height of the vertex 
of the parabola at section H. The complete bending-moment dii^- 
gram is shown in Fig. 200, the signs being according to the conven- 
tions of Art. 42. 

Example 2. The bridge girders in Fig. 202, the dimensions of 
which are given in terms of the equal panel lengths r/, arc subjected 
to a dead-panel load of 5 tons and a travelling load of 15 tons per 
panel. Determine the maximum and minimum stresses in the 
members HG, EF, EG, and HE. Assume the dead as well as the 
live load to be carried on the lower chord. 

For dead had only. Taking moments about A, 

Ri 3 = (3 X 5 X 1 0J+ 1 0 X 5 X 5d)!6d= 66 <> tons 
Half the downward load = 13x5 = 65 tons 

hence RA=--l’h tons, i.e, T(> tons downwards 
which may be found directly by moments about B. 

Member HG. By simple geometry, length HH = T3(:/ and the 
perpendicular distance of the top chord from E = l'245ry. 

For live load on AB only (i.e, for maximum negative bending 
moment at E) 

RA=ix6x 15 — 1‘(>=43-8 tons 
maximum negative Me=43-8 x 2(:/— 2(5-1- 15)r/=46-()rf 

and using E as a moment centre for a section 

maximum thrust in HG =46*6r//(T245r/) = 37'5 tons. 

For live load on BK only (i.e, for maximum positive bending 
moment at E), 

Ra=— ( 45 X4rf+60x2r0/6rf— l (i = 5]-(’) tons (downwards) 

maximum positive ME = 51*h x2r/-|-5 x2c/=l 13 ‘W 
maximum pull in HG = 1 13-3^//(l*245rf)=91 tons 

Member EF. Length G F = 1 -hr/ 

maximum negative Mg=43-3 x'^d—?>{5-\-\5)\d=A0d 
maximum tension in EF= —MG/GF=40r//l -6^=25 tons 
maximum positive ]VIg = 5] ■(> x 3^4-3 x5 x 1-5^= 177*56? 
maximum thrust in EF = 1 llSdK 1 ‘6d) =111 tons. 
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Member EG. The stresses arc found by the method of sections, 
taking moments about the intersection of HG and EF, the position 
of which by calculation or measurement to scale is 2\d to the left of 
A and 3-68rf from EG produced; the section taken cuts HG, EG, 
and EF. For minimum tension (or maximum thrust if any) in 
EG, using the conventional approximation of full panel loads, see 
Art. 132, the panel points from F to B will be loaded, and for this 
live load, taking moments about B, 

= 15(r/+2(:/+3r/)/6J— 1 -G = 13 G tons 
Hence minimum tension in EG 

x31c/+5 x4’^/-13-3 x2ir/)=3-54 tons 

3 'Oor/ 

For maximum tension in EG the panel points Q and E and B to K 
will be loaded, and I or this live load, taking moments about B, 

( (4^/+ 5, /) i 5 - (4 X 2^/+3 X 4^/) 1 5 }/(6r/) -1-67 tons 
= 29-17 tons, ix\ 29-17 tons downwards. 

Hence the maximum tension in EG 

= ;r777-,t(2917+2-5)x2i^/+20x31(/+20x4-U/}=61-6 tons. 
3-68a 

Similar calculations for the diagonal to the left of E would show a 
thrust as well as a tension, and the members would have to be made 
accordingly or the bay coimtcrbraced. 

Member HE. The section taken cuts HG, HE, and the lower 
chord to the left of E and moments about the same point, 2\d 
beyond A, as for ECi arc taken. The minimum thrust (or maximum 
tension) in HE will occur when panel points from E to B are loaded. 
The live-load reaction from moments about B is 

R^= 15(^7 -I- 2r/+3t/+4c/)/6rf— 1-67 = 23*3 tons (upw^ards). 
Hence 

maximum tension in HE = (23'‘l x2'‘k/—5 x 3-‘>r/)/(4-33r/) = 8-74 tons. 

Tlie maximum thrust in HE will occur wdicn Q and all panel points 
from B to K arc loaded. For live load 

= { 5 J X 1 5 - (4 X 2t/+ 3 X Ad) J 5 }l{6d) - 1 -67 = - 39 • 1 7 tons. 

Hence 

maximum thrust in HE = (39* 1 7 x 2-‘W+20 X 3 -‘3t/)/(4-orf) = 36-5 tons. 

The maximum tension will be slightly reduced and the maximum 
thrust increased if part of the dead loads are taken as applied at the 
top chord panel points. 

Example 3. The deck cantilever bridge girders in Fig. 203 are 
subject to a uniform dead load of i ton per ft. and a rolling load 

o* 
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equivalent to 2 tons per ft. Find the extreme stress in FG, HK, 
FK, and KG. 

The main difference between this problem and the last lies in the 
fact that the open or lightly braced bays over the supports BC and 
DE can transmit no shearing force, so that Mb = Mc. The panel 
length of 12ft. is taken as the unit of length, and the live-panel load 
as 24 tons, and the dead-panel load as 6 tons. 

For dead load only, taking moments about B and ignoring the 
panel BC {i.e. for forces on the right hand using the point C instead 
ofB), 

Ra == 1(6 X 3 —4 X 2 — 34 X 4)6 = — 4 tons ^ 

i.e. 4 tons downward. Effective reactions at C and D balance thp 
load between them, hence 

Rc = 7i x6=45 tons (upward) 

Ri 3 = 13i X 6+4— 45 = 40 tons. 

Also FK = T2 units, KG = 1-562 units. KH meets the top chord 
produced, 4 units to the left of A and 5*37 units from KG produced. 
Perpendicular distance of KH from G = 1-372 units. 

Member KH. The maximum tension will occur when A to B only 
is covered by the live load for which 

R/v = 4 X 6 x24— 4 = 68 tons (upward) 
maximum negative Mc; = 68 x 3 — 3 x 30 x I *5 = 69 
maximum tension in KH =G9/T372 = 50-3 tons. 

For live load on C' to N only 

Ra= — i(4x24 x 2 + 34 x24 x4)— 4= —92 tons {i.e. downward) 
maximum positive JVIg = 92 x 3 + 3 x 6 x 1 -5 = 303 
maximum thrust in KH =303/1*372 = 221 tons. 

Member FG. Maximum thrust will occur w'hcn A to B' only is 
covered by the live load 

maximum negative Mp. = 68x2 — 2x30 = 76 
maximum thrust in FG = — Mf/FK = 76/l-2 = 63*3 tons. 

Maximum tension will occur when live load extends from C' to N 
only 

maximum positive Mf=92x 2+2x6 = 196 
maximum tension in FG=Mf/FK = 196/1-2=163 tons 

Member GK. For maximum thrust in KG all panel points from 
G to B' must be loaded 

R^ = ^(J +2 + 3)24— 4=20 tons upward 
maximum thrust = [ (20 — 3) x4 — 6 X 5 — 6 x 6}/5*37 =0-38 ton. 
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For maximum tension in KG all panel points from C to N in 
addition to from F to A must carry live load ; then 

RA=i(4 + 5-4x 2-4x31)24- 4 
= — 56 tons 

maximum tension in 

KG = ^^{ (56 + 3) X 4 + 30 X 5-1-30 x 6} = 105-5 tons. 

Member KF, For minimum thrust or maximum tension, if any, 
the panel points G to B' will carry live load 

Ra = K1 +2 X 3)24—4 = 20 tons 

maximum tension in f^K = i{ (20—3) x 4 — 6 x 5 — 6 x 6) =0-33 ton. 

For maximum thrust the panel points M and F and all from C' to 
N will carry live load. Then 

Ra= o{ 5+4 — (4 X 2 + 3i x4) }24— 4 = 56 tons downward 
maximum thrust in FK = (56 + 3) x 4 + 30 X 5 + 30 x6 }=94-3 tons. 

Example 4. Determine the influence lines for stresses in HG and 
GE of Fig. 202, and hence with the travelling load given in Example 
2, check the stresses in these members; use the dimensions in 
Example 2. 

With unit load (1 ton) at E, Ra = ^, — Mp = ^ x 2rf=yrf, hence 
thrust in HG = — M^-i- 1 -245^= 1 *07 ton. E'Ei' is set otT in Fig. 202 
to represent 1-07 ton and (proportional) ordinates to the line A'Ei' 
represent the stress in HG for corresponding positions of the unit 
load along AE, For positions beyond E there is a decrease at a uni- 
form rate to zero at B, and at the same rate to M, hence the straight 
line E'B'M/. Beyond M there is again uniform increase of thrust 
(i,e. decrease of tension) in HG to zero at K, hence Mj' is joined to 
K' giving the complete influence line A'Ei'B'M/K'D', which also 
represents the negative moment at E if E'E/ represents %d. 

Jf the uniform live load w—XSjd tons per ft,, the maximum live- 
load thrust in HG = iv’Xarca AEi'B' = ^(15/6/) x T07 x6J=48-]5 
tons. The dead-load thrust is 

( — 1 '6 X Id— 1 0 X rf)/(l '245r/) = — 10-6 tons. 

Net maximum thrust in HG is therefore 48 15 — 10-6 = 37-5 tons, as 
in Example 2. 

Similarly, 

live-load tension = 4815 ^ =48-15 x ^ = 80-25 tons 

area A Ei B 6 

net tension = 80-25 + 10*6 = 91 tons nearly, as before. 

With unit load at E 

tension in EG=(1 xA\d—^x2\d)j3'6%d 

=0*756 ton shown by E''E 2 '' (Fig. 202), 
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With unit load at F, thrust in EG is 

(ix2ir/)/3-68^/=0-317 ton represented by F'F 2 ' in Fig. 202. 

Uniform rate of change from E to F gives E 2 ''NF 2 '. Uniform 
rate of change from F to M gives F 2 ''B''M 2 * through zero at B" to 
M2''M''=-1 x 0-317=0-423 ton tension. 

Uniform rate of decrease to zero at K gives M 2 'K*. 

For maximum tension in EG the load must be on A"N and B"K". 

maximum live-load tension= 15 (area A"E 2 ''N 4 -area 

=i. 15(0-756x2-705+0-423xi0)=47 0 tons. \ 

Dead-load tcnsion = (l-6 x2^J-M0x3]<^/)/3-68(7= 10 0 tons. 

Net tension=47 + 10 = 57 tons as against 61 *6 tons by the approxi- 
mate method of Example 2, which gives an error on the safe side. 

Similarly, since NF" = r/— 0-705£/=0‘295i7, maximum live-load 
lhrusl = “ 2 ~ ^’^95 x0'317=7'83 tons. Hence the minimum tension 
= 10 — 7*83 = 2*17 tons against 3*54 tons in Example 2, the latter 
being for a minimum stress in error on the safe side. 

140. Two-span or Centre-bearing Swingbridge. Swingbridges 
which turn on a central pivot or its equivalent, form when closed 
continuous girders of two spans such as illustrated in Fig. 204. The 
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Fig. 204. — Two-span or cc.nire-hcaring .swingbiidge 


stresses in the members under given loads may easily be calculated 
by the methods already given for simple spans when tlie reactions 
have been calculated. Sometimes the ends A and B arc lifted (or C 
depressed) when the bridge is closed, by such an estimated amount 
as will prevent any uplift under the live load. It is well to estimate 
for a lift varying from zero to one which will make the dead load 
upward reactions at A and B equal to those corresponding to a con- 
tinuous girder. In the case of the latter full lift the reactions for 
both live and dead load arc to be reckoned as for a continuous 
beam. 

In other cases the ends A and B are secured by latches or pins 
capable of exerting upward or downward reactions due to various 
positions of the moving load, and the end reactions due to the dead 
load are zero. All stresses due to dead load are the same when the 
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bridge is closed as when it is open and may conveniently be com- 
puted separately. Each span for the dead loads may be treated as a 
cantilever fixed at the pivot and free at the ends. In the case of 
unequal spans, in order to balance the long arm about the pivot, 
dead load will have to be added to the short arm. 

The reactions, and consequently the stresses arising from the live 
load, will be those for a continuous girder of two spans. The con- 
tinuous girder is a particular case of a statically intermediate struc- 
ture, and the reactions, etc., for continuous beams of solid section 
have been dealt with in Chapter viii. The reactions for a framed 
girder can only be reliably computed when the sections (or the rela- 
tive sections) of the various members arc known, i.e. when the girder 
has been designed. The principle of finding a reaction by equating 
the upward deflection due to the reaction to the downward deflection 
at the same point due to the load is valid, but the deflections are to 
be found (as in Art. 152) by the methods given in Arts. 145 to 147, 
which dilTer from the methods applicable to the deflections of a solid 
beam of uniform section in two important respects by taking account 
of (1) the variable cros.s-scction of the girder, and (2) the shearing 
deflection or distortion arising from the strain of the web members, 
which is much greater than in a solid beam. The methods applic- 
able to a solid beam may, howe\'er, be employed as a first approxi- 
mation to design the members and then checked by the methods of 
Art. 145. In the case of two-span trusses of usual proportions this 
approximate method is found to be sufiiciently accurate, and check- 
ing by the more exact method docs not usually involve any important 
redesign. A simple example will illustrate the methods. The 
moditications for unequal arms do not involve any difference in 
principle. 

Example. Find the stress in DE, EM, and MN (Fig. 204) if the 
web members are inclined at 45°, the dead load being hy per ft. and 
the equivalent uniform live load being h ’2 per ft., the dimensions 
being in feet. 

Dead-Load Reactions. Ra=0, Rc = 2wi . /, Ri3=0, 

Live- Load Reactions, Panel load = > 1^2 • d=W2l!4. 

To find a general foniiula for the reactions, approximating by 
assuming the condition of a solid continuous beam, let a load W be 
at a distance kl from A in the span AC. Following the method used 
in the example at the end of Art. 81, imagine the support C removed 
and equate the deflection at C due to W to Rc(2/)V(48E1) (see (4), 
Art. 79). To find the deflection at C due to W write in (7) Art, 81, 
kl for 6, (2 — A')/ for a, and / for a'; this gives a deflection 

W/Vv(3-A-)_Re/^ 

12EI 6Er 
R^ = uv . A(3-A2) 


hence 


( 1 ) 
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And by taking moments about B 

RA=iW(4-5A:+A:3) ...... (2) 

and Rn=-iW/:(l-A: 2 ) (3) 

Writing in succession values of k of i, and I for unit load at D, 
E, and F, and by symmetry for J, H, and G, we get then for W = 1 the 
following values: 


Unit 
load at 

*} D 

E 

F 

G 

H 

J 

D, F, 
and E 

G, Tl, 
and 1.1 

Ra . 

0*6914 

0-4063 

0 1680 

-0 0820 

-0 0938 

-0 0586 

1 2657 

-0-23)M 

Rb . 

-0 0586 

-0 093 K 

-0 082t) 

1 

0-1680 

0 4063 

0-6914 

-0 2344 

1-2657 

. 


Dead-Load Stresses (by method of sections) 

J tension in MN = Mr/^/=2H’ir/2-r 
= thrust in DE = MM/r/=0-5H’i^/ 

shear in bay DE = | vvjrf thrust in \/2xlw\d=2-\2\n'id 

Live-Load Stresses. — Adcmber MN. Tension Extreme 

live>load stresses occur for maximum positive and negative values of 
Mh- Maximum tension occurs for CB fully loaded; from the 
Table 

Ra= -0-2344u-2^/ Mp = +0*2344vv2<^/x 2J 
maximum tension in MN = ME-rr/=0*4688n’2<'/ 

Maximum thrust occurs for AC fully loaded; ^ from the Table 
maximum thrust= — Me“<^= 1 -2657)^2^ x 2r/-rrf“vr 2 ^= i *5314 h’2^/ 
Member DE. 

Thrust = Mm/^/= M o/rf 
maximum thrust (for CB fully loaded) = +0'2344M’2t/ 
maximum tension (for AC loaded) = T2657H’2t/ 

Member ME. 

Maximum tension = \/2 x maximum negative shear in DE 
maximum thrust = x maximum positive shearing force in DE 
For maximum thrust G, H, J, and D must be loaded, and employing 
conventional full panel loads 

Ra= -0-2344H^2rf+0-6914vv2^/= +0A510w2d 

maximum thrust = (w 2 ^ —OASlOwjd) ^2 = 0*768 w 2 ^ 
maximum tension (E and F loaded) = \/2(0‘4063+0 1680)H’2^^ 

=0-813h^2.^. 

1 Note that for more than five panels per span for the negative M at points near 
the central support (C) one or more panel points near the end support (A) may be 
unloaded, and for maximum positive M these pojnts will be loaded (jf the Jive load 
may be broken up). 
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Total Stresses, Adding the dead-load stresses algebraically to the 
extreme live-load stresses we get : 


Member 

Maximum tension 

Maximum thrust 

MN 

£/(()‘46VS»f2+2mi) 

rf(l-5314H’2-2M’i) 

DE 

d(] ■26^7M'2— 0 5n i) 

rft0'2344if2-|-0'5M’i) 

ME 

^/(0■813^^'2-2■12lH’,) 

£i(0-768if2+2121»vi) 


Influence Lines for these Cases, From the fact that (1), (2), and 
(3) are higher than the first degree in k, it is evident that the influence 
lines for reaction, shear, and bending moment will be curved; con- 
sequently the influence line method is much less simple than for 
statically determinate girders, and is not here given. 

141. Rim-bearing Swingbridge. Swingbridges which turn on a 
ring of rollers form a more or less “ continuous ” girder over three 
spans, the central span being approximately the diameter of the roller 
track. A simplified type is shown in Fig. 205. The determination 


B 

Rb 


f ti It 

IV!= M with Rf^remoued 



r-iG. 205. — Rim-bcaring swingbridge 


of stresses in such a structure does not involve any fresh point of 
importance after the reactions have been found. 

Continuous Truss. If the girder in the central span CD (Fig. 205) 
is rigidly braced by very substantial web members the truss may be 
regarded as continuous. The dead loads and stresses may be 
treated as in the previous article if the free ends are simply latched 
when the bridge is closed. The live-load reactions may be found by 
assuming the girder to act as a solid beam, as in Chapter vm, but 
the limitations to the accuracy in such a case are considerable; the 
neglected effects of the distortion of the web members of the rela- 
tively short central span are really considerable, and the live-load 
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reactions found on such assumptions involve negative values at the 
central supports greater than the positive dead-load values. It has 
been shown ^ by a numerical example that for a very short central 
span with simple bracing the more exact methods of Art. 152 give 
very different values. The method of finding the live-load reactions 
for any panel load, and hence for any combination of panel loads, is 
to take a single-load distant, say, kl from A, and (by Wilson's method. 
Art. 92) find Rc and Rd in terms of k by equating to zero the deflec- 
tions at C and D produced jointly by the load, and by Rc and R^ 
using the formulae (7) and (10) of Art. 81. The reactions Ri, and 
Ra are then found by simple statics. Tabulating reaction coeffi- 
cients, as in the previous article for values of k corresponding to ea^h 
panel point, will give the reactions for any position of the movirtg 
load. 

Partially Continuous Truss. It is a common practice to make the 
central diagonal bracing very light, and quite inadequate to carry 
shear stresses w'hich would arise from partial li\c loading. Such a 
construction may be regarded as only partially conlimious. The 
shear stress in the span CD (Fig. 205) is nearly zero, and conse- 
quently the statical relations of the load and reactions are simplified. 
On account of the only paitial continuity at C and D, the ordinary 
relations of bending-moment slope and deflection are not applicable 
throughout the length of the beam. Applying the theory of solid 
beams under the assumed conditions to find the reaction Ra, say. 
due to a load W distant kl from A, the upward deflection at A due 
to Ra may be equated to the do\N nvvard deflection at A, due to W 
when Ra is removed. 1 hese deflections may most conveniently be 
calculated by the strain-energy method of Art. 96, The separate 
bending moments over the three ranges of length are shown on the 
simple bending-moment diagrams in Fig, 205, from which the 
ordinates M' due to W alone, or m due to unit load at A, may be 
written for any section of the beam. Then from (16) and (17), Art, 
96, assuming a constant section throughout 

Ra X ^m-dx—^M’mdx (1) 

Splitting these integrals into the three ranges over which they are 
continuous, and using convenient origins 


Jm Wx=wJ‘ U -A/)ay/.v -|-W(/-A:/)/x«/+wJ' (1 ~k)x^dx 


= — { 4 - 5/c +/c3 -f 6n( 1 - AO } 
6 


( 2 ) 


1 Modern Framed Structures, by Johnson, Bryan, and Turncaiire, Part II 
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And jm'dx=j x^dx+I^Xnl+j x^dx=ll\2+2n) 

Hence RA=jMWx-=-Jn72flrA:=W(l -A)|l 
And since the shearing force in CD is zero 

And from moments about A and since Rb = -Rd 


Rb=-Rd=WA:-Rc=-W' 


,A(1 -k^) 


401 

(3) 

(4) 

(5) 

( 6 ) 


2(2 +3«) ■ 

It may be noted that as n approaches zero the end reactions 
approach the values given in (2) and (3), Art. 140, for a two-span 
truss. 

Example. Take the panel length in Fig. 205 to be 15 ft. NE = 
CD =20 ft. KC=25ft. Live load 3,000 lb. per ft. Dead load 
1,000 lb. per ft. Find the extreme stresses in ST, TG, and GH. 

20 2 
” 6x15 ® 


hence for unit load on various panel points, kl from A (4) gives 


and (6) gives 


Ra=(1-A){1-i'^^-(1-|-^)} 


Rb=-AA-(1-A:2) 


which gives Ra for loads on the right-hand span; and taking suc- 
cessive values of }„ I, ’5, and | for A, we get the following co- 
efficients for the reaction at A. 


Unit loud jit . 

E 

1' 

a 

11 

J 

J' 

U' 

Q' 

F' 

B' 

EFGU 
and J 

E'F'irn' 
and J' 

lilnd iL'iirtion Ka 

11-8(14 

_ 

ll'Cl'J 

(1 430 

0 

0 Jill 

-0 0477 

-0-()G9:» 

1 

-0070.'] 

-O-OooO 

-0-0304 

2-229 

-0 2735 


Calculated dimensions SG=22 ft., perpendicular distance of ST 
from G =21 -7 ft., TH=23 ft., ST meets HG 20 panel lengths to the 
left of E, i.e. 19x15=285 ft. to the left of A; distance of this 
moment centre from GT produced =276-8 ft. 

Live-Load Stresses. Taking unit panel loads and then multiplying 
by 45,000 lb., and assuming full panel loads for maximum stresses 
Member GT. Maximum thrust for H and J loaded 
Ra=0-264-|-0119=0-383 
By moments about the intersection of ST and GH 

thrust =45,000(0-383 x 285)/276-8 = 17,700 lb. 
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Maximum tension for E, F, G, and D to B loaded 

Ra=0-804+0-612+0-430-0-2735 = 1-5725 
tension=(300+315+330-285x 1-5725)45, 000/276-8 = 80,900 lb. 
Member ST. Maximum thrust, for A to C loaded 

Ra =2-229, -Mg=(2-229x3-2-1)15x45,000 

thrust = - Mg/2 1-7=(3-687x15x 45,000)/2 1 -7 = 1 1 4,500 lb. 

Maximum tension, for D to B loaded 
Ra= -0-2735 

Mg = 0-2735 x 3 x 1 5 x 45,000 
tension =(0-2735 x45 x45,000)/21 -7=25,500 lb. ' 

Member GH. Maximum tension, for A to C loaded 

- Mt = ( 2-229 x4-3-2-l)15x 45,000 
tension = -Mt/23 = (2-916 x 1 5 x 45,000)/23 =85,600 lb. 

Maximum thrust, for D to B loaded 

Mt =0-2735 x4 x 15 x45,000 
thrust = 1 -094 x 1 5 X 45,000/23 = 32, 1 00 Ib. 

Dead-Load Stresses. Take the loads as being all on the lower 
chords and the ends as not lifted when closed, then the dead-load 
stresses are as for a cantilever. Half a panel load is taken at A. 
Full panel load = 15,000 lb. 

Member GT. Tension=(ix285-l-300-l-3]5-l-330)15, 000/276-8 

= 59,000 lb. 

Member ST. Tension = MG/21-7 = (45 x3-l- 304-15)15,000/21-7 

=46,600 lb. 

Member GH. Thrust = MF/23=(60xi 4-45 4-304- 15)15,000/23 

= 78,300 lb. 

Total Extreme Stresses. 

Member GT — 

Maximum tension = 80,900 4- 59,000 = 139,900 lb. 
Minimum tension=59,000 — 17,700=41, 3(X) lb. 

Member ST — 

Maximum thru.st = 114,500-46,6(X)=67,900 lb. 
Maximum tension = 25,500 4- 46,600 =72, 100 lb. 

Member GH — 

Maximum tension =85,600 — 78,300=7,300 lb. 

Maximum thrust=78,300-l-32,100 = 110,400 lb, 

142. Stresses in Braced Piers. Fig. 206 represents a type of 
braced pier often used to support railway viaducts; a height of only 
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two panels is shown, but more may be used. The panels are coun- 
terbraced by long diagonals which may be regarded as offering a 
negligible resistance to thrust, and the tensile stresses in any diagonals 
due to any cause may be safely computed as if the other diagonal 
intersecting it were absent, thus making the structure statically 
determinate. The stresses arise from the vertical loads carried by 
the pier, from the weight of the pier itself, and from horizontal wind 
pressure on the viaduct, the train, and the pier (the latter being 
taken as if applied at panel points), and occasionally from the centri- 
fugal force of a train in the case of bridges built on curves. In Fig. 
206 the horizontal loads are represented by P^, P2, and P3. The 
stresses resulting from vertical and 
horizontal loads may conveniently be 
found separately. 

Vertical Loads. The total top load 
W may be divided by the simple 
principles of statics into parts Wj 
and W2 at A and B. Jf W is sym- 
metrically placed, W] and W2 are 
equal, and the stresses in the braces 
AC and BD are both zero, while those 
in AD and BC are each iW secant 6 
and that in AB is iW tan 0. If W 
is eccentrically placed towards A so 
that Wi is greater than W2, the 
additional stress may be found by 
taking a downward force W,— -JW 
at A and an upward force — W2 

at B, and drawing a stress diagram 
after removing the member AC. 

In any case the stresses may con- 
veniently be determined by the 
method of sections, e.^. if W is eccentric by an amount e towards A, 
taking a horizontal section through the top panel for member BD 
and using the moment centre Z 

tension BD=\V . ejr (1) 

And using the moment centre D 

thrust BC = (moment of W about T>)ls ... (2) 

Horizontal Loads. The stresses for horizontal loads are simply 
those for a braced cantilever; using the same methods 
thrust BC = (Pi . rfi + P2 . d2)ls 
tension BD=(moments of Pi and P2 about Z)/r 

143. Space Frames. The polygon of forces is not limited to 
the case of coplanar forces but is applicable to general cases of 


z 



Flu. 206. — Stresses in a 
braced pier 
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concurrent forces in space by means of solid geometry. The stress 
diagram for structures not in one plane can be drawn and used by 
means of a plan and elevation, but for some simple structures a 
simple resolution of forces often reduces the problem to that of a 
plane frame. 

Shear Legs, For example, in the shear legs BD and BC (Fig. 207) 



Fig. 207. — Slre.sses in shear legs 


Stayed by the guy-rope AB and carrying the load W the stresses are 
readily found by replacing the two legs by an imaginary single or 
resultant leg BE in the plane of AB and W, which carries the result- 
ant thrust of the two legs. The length of BE is found by setting off 


^^/=ED, ^c = EC, and striking arcs from d and c with radii BD and 
CB respectively to intersect in B, then eB = EB = E'B\ A plane 



S 

Fig. 208. — Derrick crane 


triangle of forces pqr for the plane AEB 
from the elevation gives this resultant thrust 
of the two legs and the tension in the 
guy-rope AB. Jt only remains to resolve 
the resultant thrust pr (which is in the 
plane BDC of the legs) along BD and BC. 
The length B/ is set off equal to pr and then 
fg is drawn parallel to i7B, then gf repre- 
sents the thrust in DB and Bg represents 
the thrust in BC. 

Derrick Crane. Fig. 208 shows a com- 
mon derrick crane in which the vertical 


post QR is braced by two ties TQ and SQ, the pull in which is 
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resisted at their feet by the thrust of RS and RT together with the 
dead weights placed at S and T to balance the load W. The 
stress in the tie-rod QP and jib PR are found by the triangle of 
forces or by moments, but for the remainder of the structure the 
simplest plan is to replace QT and SQ by a single intermediate tie 
in the planes of QPR and TQS, the pull in which gives the resultant 
of the tensions in TQ and SQ. This resultant in the plane TQS may 
then be resolved into its components along QT and QS. The jib 



and tie may turn horizontally about RQ; so long, as their common 
plane produced does not go outside the angle between •the planes 
RQS and QTR no thrust will be imposed upon QS or QT. 

Fig. 209 with letters corresponding to Fig. 208 shows the deter- 
mination of the stresses for the central position, for the extreme 
position, and for an intermediate position. The plan shows the 
distance st between the feet and the elevation U'Q' gives the length 
of UQ, while the triangle QVo^vq gives the real shape of the triangle 
QTS by making U7o = w^ and U7o=w5'. The stress diagram 
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dibiCidi is drawn for the central position, b^di being the pull in 
QU; this is resolved inlo components for the legs by drawing bie 
parallel to Q'sq and edi parallel to QVq. For the position in which 
the vertical plane of P'Q'R' is inclined 0 to the central plane the 
stress diagram ciib^c^di is similarly drawn. The tensions in the 
legs are found by making 5'oVo=j‘v and Q'm=/?2^2 and drawing mn 
parallel to /oQ - Then Q'ai represents the tension in QS and mn that 
in QT. For the extreme position when PQ, PR, and QS are in the 
same vertical plane, ^7262^' 2^/3 is the stress diagram, 62^/3 parallel to 
S'Q' is the tension in QS, and QT is not stressed. If 0 is further 
increased QT suffers a thrust. ; 

Braced Crane. Fig. 210 shows a braced crane tlie members of 
which lie in various planes. The joints in tlic space frame may be 
named for reference by the capital letters A, B, C, D, etc., not shown 
in Fig. 210, where these joints are denoted in the elevation of the 
frame by a, b\ c\ d\ etc., and in the plan of the frame by a, b, c, r/, 
etc. The plan and elevation of the stress diagram arc shown, cor- 
responding lines in the space diagram being denoted by the same 
figure. 

Starting with the vector force polygon for joint A. The line 0 
is drawn downwards in elevation to represent 8 tons, and then 
lines 3, 1, and 2 arc drawn, the line 1 being placed in the only 
possible position symmetrical with respect to line 0. 0, 3, 1 , 2 give 

the order and direction of the forces at the crane head, A. The 
polygon for the joint D, where 1,4, 5, and 6 meet, is next drawn; 
the lines 4 and 5 being drawm in elevation of indefinite length, line 6 
follows in the only symmetrical position, and the plan is projected, 
its sides being parallel to the plans of the members. It is always 
possible by the methods of solid geometry to complete the force 
polygon for a point if three sides are unknown in length but known 
in direction, the problem being simply to draw a line parallel to 
a given straight line to meet two given straight lines which is 
fully determinate unless all three lines lie in one plane. In this 
simple example the process is greatly facilitated by the symmetry 
of the frame. Any but the most symmetrical order of the lines 
in the stress diagram may involve duplication of certain sides in 
plan or elevation; in this case the (point) elevation of vector 7 is 
duplicated in elevation. The member 12 is not stressed by the load; 
it is required for lateral stability to resist side forces such as 
wind. The feet of braces 10 and 11 being omitted, and any force 
in 10, 11, and 12 being treated as a reaction at the upper joint, the 
remainder of the structure is a perfect frame having five joints 
and nine members in agreement with the formula 3// — 6 given in 
Art. 113. 

Note that in general neither plan nor elevation of the stress 
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diagram show the true lengths of the space vectors. To scale off the 
forces in the members the true lengths of the vectors are required. 
These are given by the hypotenuses of right-angled triangles, the 



^ 8-9 4-5 7 10-11 2-3 13 6 1 

14-15 

Fig. 210.— Stresses in braced crane 


bases of which are equal to plans of the respective vectors and the 
heights equal to the difference in heights of the ends of the respective 
vectors measured from the elevation. Thus the true length of the 
vectors are shown at the foot of Fig. 210 by the sloping lines which 
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are the hypotenuses of triangles right angled at O. The forces in 
the members, scaled from Fig. 210, are as follows: 


Member or 
reaction 

1 

2-3 

4-5 

6 

7 

8 9 

10-11 

12 

13 

Force (in tons) . 

21-9T 

11-5C 

6-4 C 

20 0 T 

6-2 T 

1-4C 

IM C 

— 

17-6 T 


144. Tension Coefficients for Space Frames. The stress diagram 
for a simple, perfect, non-redundant and therefore statically deter- 
minate space frame is a group of closed (space) vector polygons for 
the several joints of the frame. As in the stress diagram for a pl^me 
frame, each vector corresponding to a member of the frame repre- 
sents two equal and opposite forces, namely, those exerted on the 
joints at the ends of the member. If these opposite vectors are cart- 
celled out there remain in the vector polygons the vectors represent- 
ing the external loads and reactions or supporting forces. All these 
are forces which keep the structure as a w'hole (considered as a single 
rigid body) in equilibrium. These vectors also must form a closed 
vector space polygon. 

The projection of the space-stress diagram on three mutually per- 
pendicular planes will give, on each plane, a group of closed plane 
polygons, i.e. the geometrical sum of the sides will be zero. The 
projections of any one of these plane polygons on the axes of 
co-ordinates lying in its planefand formed by the intersections of two 
of the co-ordinate planes) will be closed polygons in the form of a 
single straight line, i.e, the algebraic sum of such vector projections 
for any joint will be zero. 

Let the length of any member AB in a space frame be Lad and 
let the projection of this on OX, one of the three co-ordinate axes, 
be /ad* Then /ad/Lah is the direction cosine of AB with respect to 
OX. If the corresponding vector in the space-stress diagram is Tad 
its projection on the axis OX will be 

TarX/ad/Lad (i) 

The projection /ad may also be written Xr— Xa, where Xr and 
are the x-co-ordinates of B and A respectively. 

Thus (1) becomes 

“^a)Tab/LaU or /ad(-Td “"-Xa) 

where /ad=Tab/Lad- This quantity t has been called by Southwell ^ 
a tension coefficient. It is a factor which, when multiplied by the 
length of the member, gives the tension or pull in the member (+ if 
tension and — if a thrust or force of compression). 

1 Sec “ Primary Stress-Determination in Space Frames,” by R. V. Southwell 
Engineering, Feb. 6th, 1920. 
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The fact that the projection on the axis OX of the closed space 
vector polygon for a joint A, say, is a closed circuit, or the algebraic 
sum of the projection of the sides of the polygon on OX is zero, may 
be written 

^ab(^d"^a) + ^ac(-^c“^a) + ■ • • H-Xa=0 . . (2) 

where X^ is the projection on OX of the resultant external force (if 
any) on the joint A (or the jc-component of such force). For the 
successive terms /ab etc., are the projections of the sides of 

a closed vector space polygon. 

Similarly, for projection on OY 

^abCVb"“3'a) + ^ac(Jc— yA)+ . . . +Ya=0 . . (3) 

and on OZ 

^Ab(^B “-<rA) + ^Ac(Zc““^A)+ • • • Za=0 . , (4) 

where Ya and ZAare the projections of the resultant external force 
on joint A on OY and OZ respectively or the y and z components of 
such force. 

The simultaneous equations (2), (3), and (4) relate to the joint A 
and three similar equations may be written for each joint of the 
space frame and the equations more than suffice for finding the ten- 
sion coefficients of each member of the frame if all the external forces 
arc known. 

In order to find the force in each member it is only necessary to 
multiply the tension coefficient by the length L of the member. The 
true length of the member is equal to the square root of the sum of 
the squares of its three orthogonal projections, e.g. 

Fab = \/{ (^B “•^'a)"+(3^b — >'a)" + (^b — ^a)^} • • (5) 

Southwell, in the paper previously referred to, pointed out that 
these equations provide an analytical method of finding the stresses 
in members without drawing, since the co-ordinates x, y, and z may 
generally be measured otT from a working drawing of a plan and two 
elevations. 

If the equations of the type (2) are added the terms relative to 
members of the frame will cancel out in pairs and leave 

Xa+Xb+Xc+ etc. =0 (6) 

And corresponding to the directions OY and OZ 

YA + Y„-t-Yc+ etc. =0 (7) 

Za+Zu+ZcH- etc. =0 (8) 

These three equations represent the closure of the space vector 
polygon of external forces. These three equations together with 
three expressing zero moment of the external forces about axes 
perpendicular to each of the three co-ordinate planes, e.g. 

(>'a^a “ -^A^ a) + (>’b^b ” ^b Y b) + etc. =0 . . (9) 
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give sufficient equations to determine the external supporting forces. 
For six conditions suffice for equilibrium, viz. that the sum of the 
components in each of three independent directions shall be zero 
and that the moments about three mutually perpendicular axes shall 
be zero. 

For n joints, 3w equations such as (2), (3), and (4) can be written 
thus, providing for the determination of the tension in 3/z — 6 
members (see Art. 113) and six conditions relative to supporting 
forces, viz. (6), (7), (8), and (9) with two similar equations. 

In actual numerical work it is not necessary to measure separately 
the co-ordinates a'a, etc. The differences a'u—.Ta, etc., and 
>’b— >'A can be measured directly from a plan and Zh — Za, etc., TOm 
an elevation. But it is important to get correct signs and for this 
purpose it is desirable to mark on the plan and elevation of the 
frame the positive directions of .v, v, and z, as shown in the following 
example. It is often not necessary then to specify or locate the 
origin of co-ordinates since we are concerned only with differences 
of co-ordinates in equations of the type (2), (3), (4), which suffice 
for many problems. An example will demonstrate the simplicity 
of the method. 

Example 1. Find the forces in the members of the braced crane 
frame (Fig. 210) from the dimensions of the plan and elevation. 
The joints are referred to by capital letters, their plans by correspond- 
ing small italic letters and their elevations by accented small italic 
letters. 

Joint A. Xi 3 — Aa = “-6-5 ft.; Xc:— a'a= — 6-5 ft.; Xd^Xa^ 
-“7'25 ft. For direction a, equation (2) becomes 

— 6'5fAD — b’5fAc — 7*25 /ad~0 .... (10) 

Also 

>'i3-.Va = + 1'75 ft.; ;’c-Va= - 1’75 ft.; yD-y\=0 

For direction y equation (3) becomes 

1-75/ab-1’75/ac+0=0 (11) 

hence /ad = ^ac and substituting in (10) 

^AU =^AC“ ^ 7-25/1 3 

Again, zb — - 2 :a= “1*5 ft.; Zc“*<:a=“ 1‘5 ft.: Zn — ZA=+lft- 

For direction z 

— T5/ab“ 1*5/ac"I"^ad 8=0 (12) 

Substituting for ^ab and ^ac the value —/ad x 7-25/13 
/adO+3x7-25/13) = 8 

/ad = 2-9928 ton/ft. 

= — 1 -66906 ton/ft. 

LAD = V(7‘252-hl) = 7-3186ft. Lab = LacV( 6*52 + 1-752 + 1-52) = 
6-8966 ft. 
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Tad =2-9928 X 7-3 1 86 = 21 -90 tons. 

Tau=Ta(.= 1 -6690 X 6-8966= — 1 1-51 tons or 11-51 tons com- 
pression. 

The equations for joints A, D, and C are tabulated. From the 
symmetry tlie results for the remaining joints follow. 


Joint 

Direction 

Equations 

Solutions 

A 

X 

— 6 5/ad — 6-5rAC“7-25/AD =0 

.Tao= +2-9928 


V 

1‘75/au — 1 •75/ac =0 

/ab= — 1 66906 


z 

— 1 ■5/ab— i ■5 /ac+/ad— 8 —0 

= - 1 -66906 

D 

X 

7'25fAD+0-75/BD+0'75/cp — 5‘25 /ue =0 

fcn=/i3D= —2020 8 


V 

0-t-l-75,'DD-l 75 /cd-I-O =0 

/de= +3-65 


z 

— tAU — 2-5rui) — 2'5rcn-l-0 =0 


C 

X 

6'5/ac+O — 0-75/cd — 6/ck — 6/cf =0 

/ce( = /be) = — 0-2223 


y 

1‘75/ac + 3-5/cb+ 1’75/cd+ 1 ‘75/’cl 




— 0'5/cf =0 

/cf(=/bg) = - 1-3333 


z 

1‘5/ac+0H-2'5/ad+0*5/ce — 5-75a.f 

/CB= + 1 '7656 


The lengths of the remaining members, from (5), are: 

Lor = V(5-252 -1-22) =5-6 18 ft. ; Lud =Lcd = V'(2-52 - 1-0-752 -b 1 -752) 
=3-1424 ft. 

Li,E=Lc t = V(62 4-1-752-1-0-52) =6-270 ft.; Lcu = 3-25 ft. 
Iiic.=Lcr= vW+0-52-l-5-752)=8-3254 ft. 

Multiplying the tension coelFicients from the Table above by the 
corresponding lengths we get the force in each member as follows: 


Member 

1 

AD 1 

2 9o:,s 1 
7 3 1 86 
21-90 T 

2 3 
AH AC 

1 

4 5 i 

BD-CD 

6 

DE 

7 

CB 

1 7656 

3 5 

61ST 

8 

CL BE 

]0~]\ 

C l -BG 

t in ton /ft. 

Lin ft.. 

Force in tons . 

- 1 6691 

6 8966 
11-51 C 

-2 0208 
3 1424 
6-35 C 

3 66 

5 618 
19-97 T 

-0-2223 
6 270 
1-39C 

1 

-1 333 
S-3254 
11 IOC 


Corresponding results have been obtained graphically in Art. 143. 
We may check the external supporting force or reaction 13 at E by 
taking moments about a point midway between F and G (in the 
central vertical plane of the frame). Tliis gives 8 tons x 150 in./ 
68-25 in. = 17-58 tons. 

Example 2. Find the stresses in the members of the derrick crane 
(Fig. 208) if QR =20 ft.; UR=20ft.; TS=20 ft.; 0=20"; W= 
1 ,0(X) lb. ; vertical height of P above R = 30 ft. 

From the geometry of the figure evidently QP is inclined 30° to 
the horizontal and RP 60° to the horizontal. The length of rp2 the 
horizon projection of QP and RP=<7P2 = 10v'3 = 17-32 ft. 
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RP=-v/( 302 + 17-32)2=20V3=34-64 ft.; QS=QT= V(102+202 
+ 202) = 30 ft. 

Projection of qp 2 in direction jc= 1 7-32 cos 20° = 1 6-28 ft. 
Projection of qp 2 in direction 17-32 sin 20° = 5'924 ft. 

Joint P. PQR is a plane frame and only two equations are 
necessary. 

In direction x — 16-28/pQ — 16*28/pR=0, 

In direction z —lOrpQ—30/pR — 1,000=0. 

From which /^pq= — ^pr= 50 lb. 

The equations and solutions for Q, S, T, and R follow, the reac- 
tions Rs, Rt, and Rr being included. ^ 


Joint 

Direction 

Equations 

Solutions 

Q 

X 

— 20/qs — 20/qi + 16 28/Qr> 

=0 

/qs = 35 15 


y 

— 10/qs-|- IO/qt+ 5 92/po 

=0 

/qt = 5-5 


z 

1 0/i’Q — 20/03 — 20 /qt — 20 /qr 

=0 

= -15-65 

s 

X 

20/sn+20/sQ 

=0 

Lsn = ~/qs = — 35- 1 5 


z 

20/sQ-i- Rs 

=0 

Ks = — 703 lb. (down) 

T 

X 

20/qt 4- 20/rt 

=0 

/}>r= — /qt= — 5'5 


Z 

20/qi -f- Ri 

=0 

Rt = — 1 10 lb. (down) 

R 

Z 

30/pr + 20/qu -f- Rr 

=0 

RR = 1813 1b. (up) 


Multiplying the coeflRcicnts by the lengths of the members we get 


Member 

PQ 

PR 

QR 

QS 

QT 

RS 

RT 

Force in lb. . 

1,000 T 

1,732 C 

313 C 

1 ,054 T 

165 T 

78S C 

123 C 


Check on external forces: 

Downward, 1,000 + 703 + 110 = 1,813 lb.; Upward, Pr = 1,813 lb. 


Examples XIV 

1. The dimensions of a cantilever bridge, such as Fig. 201, being AFi = 
100 ft., FiC=50 ft. = r 2 D, FiF2=200 ft., F 2 ll = 100 ft., draw the bending- 
moment diagram and state the bending moment midway between A and Fi, 
at C, and midway between C and D, when the whole length carries a uni- 
formly distributed load w per ft. 

2. Determine the extreme stresses in the lop chord of the fourth bay from 
the end support of the anchor arm in Fig. 202 if the dead-panel load is 5 tons 
and the live load is 1 5 tons per panel. 

3. Which bays of the left anchor arm in Fig. 202 require counter bracing 
with the loads given in Problem No. 2? Find the maximum and minimum 
tension in the diagonal of the fourth bay from the end support. 

4 . Which bays in the left anchor arm of Fig. 203 require counierbracing 
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for a rolling load of 2 tons per foot run if the dead load is i ton per ft. and 
the diagonals arc designed as ties only? 

5. Find the maximum and minimum stresses in the diagonal of the fourth 
bay from the end support of the anchor arm of Fig. 203 with the loads given 
in Problem No. 4. 

6. Find the maximum and minimum stresses in GH in Fig. 203 with the 
loads given in Problem No. 4. 

7. Find the extreme stresses in the upper (loaded) chord of the fourth 
bay from the end support in the anchor arm of Fig. 203, the loads being as 
given in Problem No. 4. 

8. Find approximately the extreme stresses in the member EN (inclined 
45°) of the centre bearing swingbridge. Fig. 204, the ends of which are simply 
supported when the bridge is closed, the dead load being i ton per ft. and 
the live load 1-5 ton per ft. and the panel length being 15 ft. 

9. Find the extreme stresses in the diagonal of the bay HJ, Fig. 205, with 
the loads and dimensions in the example at the end of Art. 139. 

10. Find the thrust in each shear leg and in the gu^-ropc for equal legs 
placed with their feet 10 ft. apart, the line joining them being 30 ft. from the 
foot of the guy-rope on the same ground level. The guy-rope from the 
ground to the head measures 50 ft., and 15 tons is suspended from the head 
with an overhang of 15 ft. from the base. 

1 1. Solve Problem No. 10 if the load hangs from a snatch block, one end 
of the chain going to the head and the other alongside the guy-rope. 

12. A derrick crane. Fig. 208, has the following dimensions, C)R = 20 ft., 
UR = 20 ft,, TS = 20 ft., the jib PR is inclined at 60° and the tie QP at 30°. 
A load of 1,000 lb. hangs from the crane head. Find graphically the stresses 
in the members, (a) for the central position, (b) when the jib and tie lie in a 
plane inclined 20° to the central plane, (c) when the jib and tic lie in the plane 
RSQ. What is the minimum balance weight required at S in the last case? 

13. A tripod is made up of poles AB, AC, and AD, each 9 ft. long, their 
feet forming a triangle BCD on horizontal ground such that BC=8 ft., 
CD = 7 ft., BD=9 ft. Find the thrust in each leg when 3,000 lb. hangs 
from A. 



CHAPTfiR XV 


DEFLECTION AND INDETERMINATE FRAMES 

145. Deflection of Perfect Frames. When the various members 
of a perfect frame are subject to pull or thrust, strains of the indi- 
vidual members take place, causing rotation of the members abput 
their pins and resulting in deflections at various parts of the struc- 
tuie. These deflections depend upon the strains of the members 
(which depend upon the loads and dimensions of the members) ahd 
also upon the geometrical form of the structure. The total deflec- 
tion of a given point may depend upon the strains of all the members, 
and the ctfccts of the several strains in producing deflection arc 
separable. 

Notation. (Applicable to any perfect frame and illustrated in 
Figs. 211, 212, 213, and 214.) Denoting members by numbers 
1, 2, 3, 4, etc., let Pj, P2, P3, P4, etc., be the pulls in lho.se members 
respectively due to any given system of loads. Let cz, e^, etc., 
be their respective stilTnesses or total pulls required per linear unit 
of stretch so that £'i=EAi//|, where Aj =fconstanl) area of cross- 
section and /i=length of members No. (1) and E=Yoimg‘s Modulus 
for the material, and let Aq, A' 2, A?, A4, etc., be the respective pulls 
(positive or negative) produced in the respective members by a unit 
pull at a particular joint C in anyspecilicd direction in which the 
deflection A of that joint is required. Con,sidcr the elfect of the 
stretch (positive or negative) of the member, (1), say (Figs. 211 to 
214), if a force of I Ib. alone is applied in the specified direction at 
the joint C (all other members being suppo.sed quite rigid or non- 
elastic). Let di be the deflection produced in that direction at C. 
Then the work done { x 1 xr/| by the force of 1 lb. is equal to the 
internal strain energy of member (1) since the other strains are zero. 
The strain energy, Art. 28 of (I) is half the product of the pull k\ 
and the stretch Ai/cj, hence 

-Jx 1 xr/i=4 . Aj . k]jei 

or dj =k\ xA'i/cq or Aq times the stretch of member (1) , (1) 

This is a geometrical relation, and it is evident that if a member (1) 
were to stretch any amount, x say, from any cause, the consequent 
deflection of C would be Aqx. 

An important principle is thus established connecting the stretch 
(positive or negative) of any member and the consequent deflection 
of any joint in the structure, viz., if unit pull at any joint in any specified 
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direction would cause a pull k in any member, the deflection of that 
joint in the given direction due to any stretch of the member is k times 
the stretch of the member. In other words, k is the ratio of the 
resulting deflection at C to the stretch of member. 

If any member, (1), say, sustains a pull Pj (positive or negative) 
its stretch is Pi/cj, and the consequent part of the deflection at 
C is 

6 ,=A:i . Pi/^i ( 2 ) 

Hence, allowing for all the members of the structure 
A = 6 i + 62 + 83 +etc. =^'i . Pi/^i +A '2 • P 2 /e 2 +A' 3 . P 3 /^ 3 +etc (3) 

or A = 'L{?kle) or PA://(AE) ] or S(pA'//E). . (4) 

where p=P/A is the unit stress in the member. The portions of d 
resulting from the strains of different members of the structure arc 
obviously separable, e.g. the deflection of a girder re.sulting from the 
elasticity of the web members may be separated from the deflection 
resulting from the strains of the chord members. 

If the deflection in the direction of the load is required at a joint 
carrying a load W which is the sole load on the structure 
p=^W and (4) becomes J =W E(A-/e) or WZ[A-2//(AE) } . (5) 

Tempo utiire Deflection. If any member extends due to increase 
of f in temperature its total stretch (see Art. 27) is a . i . /, where a 
is the coeffleient of expansion; the consequent deflection in the 
specified direction is k times thi.s, viz. 

k .a . t . I (6) 

and the deflection due to change of temperature of several members 
will be 

A = l(katl) (7) 

Reckoned on the whole of a structure this may frequently be zero for 
the particular direction required. 

Example 1. Two pin-jrinted rods AC and BC are hinged to a 
rigid ceiling at points A 
and B 10 ft. apart. The 
piece AC is 8 ft. long and 
forms a right angle w'ith 
BC; A, B, and C being in 
the same vertical plane. 

Find the elastic deflection 
of C vertically and hori- 
zontally when a load of 5 
tons is suspended from 
that point, each rod being 
1 sq. in. in cross-sectional area and E = 12,(K)0 tons per sq.in. 

The frame and stress diagrams (triangles) are sketched in Fig. 21 1. 


lo'. 
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Vertical Deflection. From the upper triangle of forces 

for AC, Pi = 3 tons, and ^i=f 
for BC, P2=4 tons, and k 2 =^ 

ei=AiE//i = l X 12,000/(8 X 12) = 125 tons per inch 
deflection 

^ 2 = 166-7 tons per inch. 

Hence from (4) 

J = =(3x|xTi5+4x|x = (72 + 96)/5,000 

=00336 in. 


Horizontal Deflection. From the lower triangle (which is similar 
to ABC), for unit pull to the right at C, /ti' = t, A 2' = — 5 (the negative 
sign following from the fact that a pull to the right causes thrust \n 
BC). Then from (4) 

J=(3xfxTiT-4xfx-nroo)=(96-72)/5, 000=00048 in. 

Tlie resultant deflection might be found by compounding by 
vector rules these two perpendicular component deflections. 

Example 2. The jib of a crane 
is 15 ft. long and is attached to a 
rigid support 7 ft. vertically below 
the end of the tic-rod, which is 
10 ft. long. If the Jib and tie 
have uniform cross-sectional areas 
of 8 and 3 sq. in. respectively, 
find the elastic vertical and hori- 
zontal deflections of the crane 
head when a load of 5 tons is 
suspended from it. Take E for 
both as 13,000 tons per sq. in. 

Tlie frame diagram and tri- 
angles of forces for 5 tons verti- 
cally and unit force horizontally 
at C are shown in Fig, 212. 
Vertical Deflection. From the triangle of forces ahe^ which is 
similar to ABC, 



Fig. 212. — Deflection of jib crane 


Pj=5 ^ous. /7i=Pi/Ai =50/(7 x3) = 50/21 tons per sq. in. 

P 2 = —5 x^'= — -V“ tons (a thrust). ;? 2 =P 2 /A 2 = —75/(7 x 8) 

= -75/56 


Writing unity instead of 5 and ki=-r^ k^— — V- Hence from (4) 
J = 5:(M/)/E=TTko(f r X X 120 + i| x V x ^ \ «) =0 0712 in. 

Horizontal Deflection. In the triangle clef the angle clje 


A Kru 100 +^ 25 - 
and cos ACB = - - 


^ ^ r ^ = 2 5 » therefore sin dfe = 

2x10x15 ^ 25 
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Also sin </<?/'=— cos CAB = 
49+225-100 


225-100-49 

2x10x7 


=H, and sin fde 


=cos ABC=- 


2x7x15 


2 9 
■3 5- 


Hcnce k\ 


3 5^ 


25 

4V6 


= 2115. 


1 0 

3 5 



1«383. 


^ 0/E — \ 3 ooo(f 1 X 2-1 15 X 120 + 5 6 X 1 ’383 X 180) 

= 0 0720 in. 


Example 3. The cantilever shown in Fig. 213 carries various 
loads at its joints, and the 
sections of the members are 
so proportioned that the unit 
stress in each tie-rod is 5 tons 
per sq. in. and in each strut 
is 2 tons per sq. in. The 
length of each member is 5 ft., 
except EB, which is 2-5 ft. 

Estimate the vertical de- 
flections of the points C and 
D taking E = 12,500 tons per sq. in. 

Deflection at C. The values of k for the various members are 
very simply found by the method of sections; the various parts of 
the products J.{pkl) are tabulated below in inch units. 



McniKr 

P 

L 

i^jpklx^'3 

1 

-{-5 

+ 2:x 3 

30 


■» 

- 1/v 3 

10 

3 

— 2 

-2/x 3 

20 

4 

4 ^ 

+ 2/v 3 

50 

5 

+ 5 

+ 2/v3 

50 

() 

T 

--3/^'3 

30 

7 

'■> 

-2IV3 

20 

8 

+ 5 

+4/\-3 

100 

9 

+ 5 

+21 V 3 

50 

10 

■» 

-.Vv3 

50 

11 

2 

-2,\'3 

20 

12 

+ 5 

+6/v'3 

75 


Total . . 

\ 3 I0;A/J/12 = 

525 


I 1 X 57S 

Oi IfMO = 12 X525/+3, hence ' ^ =0 291 in. 

l- I.:, jW X -V' * 

Deflection at D. For members 1, 2, 3, and 4, A =0. 


p 
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6 

7 

8 

-2 


H“5 

-l/v/3 

-2/v3 

+2/v3 

10 

20 

50 


9 

10 

1 

11 

12 

+ 5 



-2 

+ 5 

+ 2/v/3 

-3/ V 3 

-2/v''3 

+4/V3 

50 

30 

20 

50 


12 


^pkl) =2S0, hence A = 


12x280 
12,500 X V 3 


=01 55 in. 


Example 4. 


F (7) G (8) H 


A Pratt truss (Fig. 214) has 6 bays each 6 ft. long 
and 8 ft. high. Taking the stress 
in each tie as 5 tons per sq. in. 
and in each vertical strut as 2 tons 
per sq. in. and in the end post and 
top chord as 3 ions per sq. in., 
estimate the elastic deflection 
midway between the supports, 
taking £==12,500 tons per sq. in. 


1 A 

(u/ 

/w 


'0^6) 

D \ 

z 

7 

\ 

1 



. fyj ^ 

c ^ > 

6' > 



Fig. 214. — Deflection of Pratt girder 


If 6=inclination of the diagonals to the vertical, tan 6 = S = |, 
sec 6=|. Taking half the structure and reference numbers given in 
Fig. 214, and finding the values of k for deflection at C by the method 
of sections, we get 


Member 

k 1 

p ! 


'ipi-i 

1 

1 _ 5 

-3 

' 10 

iS 75 

2 

5 

+5 

10 

31 25 

3 


+ 5 

10 

31-25 

4 

0 

+ 5 

1 ^ 

0 

5 

-i 

T 

8 

8 0 

7 

3 

-3 

6 

13-5 

8 

M 

-3 

6 

20-25 

9 

i 

i 

+ 5 

6 

22 5 

10 

+ 5 

6 

TT-is 

]] 

a 

+ 5 

6 

11-25 


Total 168 00 


For Other half . . . , . 168 00 

For the structure . . . . 336 00 

For member (6) k=0, hence there is no further addition, and 
2(pArO = 12x336=4,032, and J = I()?A7)/E =4,032/1 2,500 =0-323 in. 

A glance at the last column of the above Table shows how large a 
proportion of the total deflection results from strain of the web 
members. A fraction 2x31-25/336=0186 of the whole deflection 
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results from stretch of the members (2) and (3) alone or twice this 
fraction from the four diagonal ties. 

If it were desired to find the deflection of the joint D, say under the 
same loading, new values of k would have to be calculated which 
will not be symmetrica] for the two halves of the girder. The value 
for the member (3) will be negative, which with a positive value of 
p will give a negative product, i.e. the effect of the stretching of this 
member is to diminish the deflection at D. 

Example 5. Find the deflection of point C in Fig. 214 if there is 
a load of 10 tons at each joint of the lower chord, the sectional areas 
of the members being as given in the following Table. 

The values of k and / are as given in Example 4. The values of P 
arc readily calculated by the method of sections. 


MemhcT 

P(lons) 

k 

//12=(ft.) 

A=sq. in. 


stretch 

=P//(AE)(in.) 

1 

-31-25 

-i 

10 

10 

19-5 

-0-0300 

2 

+ 18-75 

+ f 

10 

3 

39-1 

+0-0600 

3 

+ 6-25 

+§ 

10 

2 

19-5 

+0-0300 

4 

+ 10-0 

0 

8 

1 2 

0 

+0-0384 

5 

- 50 

-i 

8 

1-5 

13-3 

-0-0256 

7 

-30-0 

-i 

6 

10 

13 5 

-001728 

X 

-33-75 

9 

(i 

6 

10 

22-8 

-0-01945 

9 

+ 300 

+i 

1 ^ 

5 

27 0 

+0-03458 

10 

+ 18-75 

-i 


4 

10-5 

+0-0270 

11 

+ 18-75 

+ i 

1 6 

1 

4 

10 5 

+0-0270 


Total 175' 


For the whole structure since P=0 and k — 0 for member 6 
^I(PA//A) = 175-7x2 = 351 ■4,henceJ = 12 X 351 '4/12, 500=0-337in. 

The last column of the Tabic refers to the graphical solution given 
in Art. 147. 

Example 6. Find the central vertical deflection for the structure 
of Example 5 due to the upper chord and end posts rising 10° F. 
above the remainder of the girder. Coefficient of expansion 
0-0000062 per degree F. 

Using the previous figure and expansion of each heated member 
by 0 0000062 of its length, we get 


Member 

Expansion in inches 
=00000062 x/ 

k I 

koitl in. 

1 

0 00744 

5 

8" 1 

-0 (X)465 

7 

0TX14464 

-i 

-0-00335 

8 

0-004464 

'6 

-0 00502 


2:(A:ct//)=-001302 
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and allowing for the whole structure the deflection is —2x0*013 
= —0*026 in., i.e. 0*026 in. upwards, 

146. Deflection from the Principle of Work- The formulae of 
the previous article were based upon a simple geometrical principle 
which was established from an application of the equation of 
external work to internal work or strain energy of a member of the 
structure. They may be based directly upon this principle of work; 
for, using the notation of Art. 145, the total strain energy of member 
(1) is 


iPlXPi/Ci 

Of this, the work due to a force of 1 lb. in the specified directiifii is 


Hence, 


ixl xd=iI(PA:/^), or A = 'l{?k!e\ or PA//^(AE)}, 


or I(/)A7/E) 


( 1 ) 


MaxwelVs Reciprocal Deflection Theorem for Frames, The rela- 
tion (1) of Art. 145 may be restated for a load W say, instead of 
unit load, at C. Using the frame shown in Tig. 213, let sAc be the 
tension in member 5 per unit of load at C. It will be convenient 
first to regard all other members as incapable of strain. Then if 
the vertical movement of C due to the stretching of member 5 is 
5c, from equation (1) of Art. 145 

W . 6c = P5 X stretch of member 5 1 

= P5XP5/^5 I ... (2) 

and P5 = W X5AC:, hence (2) becomes 

W.6c=P5xWX5Ac (3) 

Both (2) and (3) may be stated as 

W X W’s vertical movement =Forcc in 5 x stretch in 5 . (4) 


or 


W/P5 


es! 


or 


W.sAc 


/ 


5c. 


(5) 


i.e the force ratio is the inverse of the movement ratio (sometimes 
called the velocity ratio). It is evident that (4) and (5) correspond 
to the relations of the load and effort in a friclionlcss machine. 
Also that they would hold for any other joint such as D. Thus 


or 


6 c= 3 A:c: xstrctch of 5 (6) 

5c = 5^cXP5/^5 (7) 


and site is the ratio of the deflection of C to the stretch of 5 as well 
as the ratio of force in 5 to the vertical force at C. 
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Similarly, 


or 


=5^'“']:) X W X 5/cc/ ^5] 


Now a vertical load of W at D would induce a force x W and 
a stretch D X W/cs in member 5, and this would produce at C a 
deflection skc times this length of stretch. 


Deflection at C=5/vc x x W/es ... (9) 


which is the same as (8), Thus the deflection at C due to W at D 
is equal to the deflection at D due to W at C. 

The deflections at D and C are here vertical, but the vertical direc- 
tion is not essential to the argument which will hold for any direction 
provided the deflection and load at C are estimated in the same 
direction, and the deflection and load at D are taken in the same 
direction but not necessarily in the direction adopted for C. The 
deflection above estimated relates to those resulting from member 5 
only, but the same arguments hold for the stretch or shortening of 
any member of the frame and therefore for the total straining 
effects. Hence, finally, the deflection at D in any direction, due to a 
load in any direction at C, is equal to the deflection at C (in the 
direction in which the load at C was applied) due to a load at D 
equal in magnitude to that applied at C and in the direction in which 
the deflection at D was estimated for the loading at C. This is one 
form of the statement of Maxwell’s theorem (see also Art. 96) when 
applied to a perfect frame. It is very useful in the solution of prob- 
lems and is also valid if a force is replaced by a torque or moment. 

147. Geometrical Method of Determining Deflections. Williott- 
Mohr Diagrams. It is easy to obtain the movement of one point of 
a perfect frame relative to another point by calculating the amount 
of stretching or shortening of the members of the frame. A simple 
example will illustrate the method, and for this purpose the problem 
given in Example 2, Art. 145, Fig. 212, may be chosen. 

The unit stress in the tie-rod was I? tons per sq. in., hence the 
stretch is 


n 
j I 


1 ^ 

13,000 


=0 0220 in. 


The unit stress in the jib was xo tons per sq. in., hence the short- 
ening is 

x--’^ =0-01 854 in. 

13,()00 


If we take the jib (Fig. 215) as shortened to BC; and the tie-rod as 
extended to AC|, then by striking arcs from centres A and B with 
radii AC, and BC2 respectively the intersection gives C' the new 
position of C, and the vertical and horizontal projections of CC' 
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give the vertical and horizontal deflections of C. But the altera- 
tions of length CCi and CC 2 are too small to be shown on the same 
diagram as ABC. For very small changes in length the angles 
CCiC' and CC 2 C' are right angles. We therefore set off the figure 
CCiC'C 2 only, to a very much larger scale, as shown at Pcic'c 2 , in 
which Pc' gives the actual deflection of C, while Vn gives the vertical 
and nc* the horizontal deflection. Such a diagram is called a 
Williott Diagram. 



Fig. 215. — Graphical dclcrmination of a Tig. 210. - Graphical 

deflection of a jib crane dctcinunalion of roof deflections 


The principle is further exemplified with suitable notation for the 
diagram in Fig. 216, a simple triangular roof truss ABC, in which A 
is hinged to a fixed point and B is free to slide horizontally; ah = 
stretch of AB, 2 = compression of AC, Ac] =comprcssion of BC. 
Then b and c give the new position of B and C. The deflection ac 
of C may be split into horizontal and vertical components by pro- 
jection. 

Example. Find the deflection of point C (Fig. 214) under the 
loads in Example 5, Art. 145. 


M<imber ( H 

HG 

cr 

; ^ n 

GI> 

VG 


Kl) 

FE 

' . 1 

\F 

streU'h ny AK 0 


0 

II o:ur>H 


1 

-0-0172^ 

't i)(, 

i 

1') Dcniii 

i 

f) (la 

.Shown in Fir ) ni. 

Iil7 by the inn J 


j rq- 



Ofi 

df: 


j M 

fa: 


The extensions P//fAE) are calculated from the stresses and sec- 
tional areas given in the above Table of the example quoted, and are 
set off to scale in Fig. 217, starting from point C, which may be 
taken as fixed. 

The vertical deflection of A above C equals the vertical projection 
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fO y 




of the line ca. If A and B remain at the same level this also gives 
the deflection of C below AB. The vertical deflections of E and D 
are given by the projections of ae and ad. 

In case of unsymmetrical loading, if HC is supposed to remain 
fixed the upward deflections of A and B can be found. A small 
rotation about C, the amount f g h 
of which can easily be cal- 
culated, will then bring A 
and B into a horizontal line.' 

The correction of the de- 
flections of other points can 
easily be estimated to allow 
for this rotation. 

Williott-Mohr Diagram. 

The Williott diagram gives 
the displacements of the joints 
of a frame relative to some 
point and direction, c,g. in 
Fig. 217 relative to C and CH, 
w^hich are regarded as fixed 
in position and direction re- 
spectively. In other cases w'e 
may easily make a choice of 
a direction which does not 
in fact remain fixed. A neat 
form of correction due to 
Mohr may be explained by a 
simple example. Fig. 218 
shows a short Warren girder 
with the end A hinged and 
the other end B supported on 
rollers which ensures a verti- 
cal upward supporting force 
at B and permits free hori- 
zontal movement there. 

Thus, the displacement at B 
is in a known (horizontal) 
direction. The loading is 
very far from symmetry and 
consists of a single load of 18 tons at C. The Williott diagram is 
drawn starting at a for the fixed hinge A and proceeding to D, the 
direction AD being taken as fixed. In other words the displace- 
ments are taken relative to AD. In order to get simple figures for 
the purpose of illustration, take the areas of cross-section of all 
compression members as 2\/3 sq. in. and of all ties as \/3 sq. in. 



hio. 217.- Cjraphical method Ibr deflection 
of a Pralt truss. W'illiott Diagram 
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The forces Iransmilted in the members are readily found by resolu- 
tion and moments, using the method of sections and taking as a 
unit of length half the length of the (equal) members. Using a 
+ sign for tension and extension of length and a — sign for thrust 
and shortening, we have 

extension = -|-P//(AE) =/)//E 

where P is the force in a member, A its area of section, I its length 
and /7=P/A the intensity of stress in the member. The values of 
P and p are tabulated below; the last two columns are included 
to check the result. 


Member 

Px V 3 
(Ions) 

/pinton-.-.! in. 
--cxlunsion X P// 


pk^ X 3 v/3 

AD 

1 -24 

-4 

— 4 

16 

DC 

1 +24 

+ 8 

+ 4 

32 

IC 

-f 12 

1 ^ 


8 

I Cl 

- 12 




4 

Gb 

+ 12 

' +4 

+ 2 

8 

Ml 

-12 





4 

AC 

+ 12 

H-4 

+ 2 

S 

CCi 

+ 18 i 

4 6 

+ 3 

18 

(.11 

+ 6 

+2 

! +1 

2 

Dl 

-24 i 

-4 

i 

16 

hP 

-13 

--2 

_2 

4 




3 V 3 2(/ 

7/fc) = 120 


The extensions are / F times tlic ligiires given in the third column 
of the Table, where E is in tons per square inch and the extensions 
are in inches if / is in inches, e.,e. if /=I30 in. and E = 13,000 tons 
per sq. in. the extensions arc 130/13,000 or 0 01 times the figures 
given in column 3. 

The Williott diagram is drawn as before, starting with the line 
ad, the points c, e, p, /, and b are determined as in Fig. 217, and 
the displacements are relative to AD. Thus B has a considerable 
vertical displacement and would appear to be above its actual posi- 
tion, resting on its rollers. A small clockwise rotation of the frame 
ABED about the hinge A would restore B to its position on the level 
of A, and this must give it a vertical downward displacement equal 
to the height of h above a. If bb’ is drawn horizontally to meet a 
vertical line from a in //, the vectorial displacement of B, namely 
ab, is to be reduced by a vertical component ab', leaving b'b as the 
actual displacement of B (vectorially ai'). Similarly, the 

vectorial displacements of all other joints with respect to a, need 
appropriate vector diminution (or addition w'ith opposite sign). 
Now in a rotation of the frame about A, all points (such as the joints 
or nodes of the frame) have displacements perpendicular to the lines 
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joining them to A and proportional to the lengths of these lines. 
It is a well-known geometrical proposition that if vectors propor- 
tional to such lines are drawn from a common point and perpendicu- 
lar to the lines, their extremities remote from the common point will 
lie on a figure similar to that of the frame. ^ 

On ab' the figure acgb'f'e'd' is drawn similar to ACGBFED. 
This may be called the Mohr diagram. Then the actual displace- 
ment of any point such as G is given by the vector ag minus the 
vector ag\ this difference being equal to gg. (Vectorially, ag—ag' = 
ag+g'a=g'a+ag=g'g.) Thus the actual displacement of any 
point is given by the vector measured from the point (with accented 
letter) on the Mohr diagram to the corresponding point (^ith 
unaccented letter) on the Williott diagram and the combination of 
the two diagrams is sometimes called the Williott-Mohr diagram. 

The correctness of Fig. 218 may readily be checked by calculation, 
e.g. the vertical displacement of C by (1) of Art. 146. f rom the 
last column of the Table 

I(y7A\:)=40/v/3=231 or 6,, = 231 xO-Ol =0*23 in. 

This corresponds very closely with the vertical component of the 
vector cc on Fig. 218. 

Also the horizontal displacement of B may easily be calculated. 
Unit horizontal force at B would induce unit force in AC, CG, and 
GB and zero force in all other members. Hence A'l; for each of AC, 
CG, and GB is unity; and the values of /?for these three members arc 
4, 6, and 2 tons per sq. in. respectively. Hence Y{pk^^) — \2 and the 
horizontal displacement of B is 12x001=012 in., which cor- 
responds very closely with the vector h'b in Fig. 218. 

148. Statically Indeterminate Structures. When a framed struc- 
ture has more members (see Art. 1 13) than are rcquiied for a perfect 
frame, the distribution of internal stress depends upon the relative 
stiffness of the various members. The methods of finding the stress 
in frames having one or more redundant members are based upon 
the same principles as those applicable to the closely analogous 
problems of statically indeterminate systems already dealt with, such 
as the weight supported by two or more forces (Example 2, Art. 9) 
and the continuous beam resting on more than two supports (Art. 
79 and Chapter viii). There are three ways of approaching a solu- 
tion to such problems, and they may be called: (1) The Method of 
Deformations; (2) The Principle of Minimum Strain Energy; 
(3) The Principle of Work. The three ways lead of course to the 
same results. Before proceeding to the general methods, it may be 
well to illustrate the principles by a simple example. 

1 The reader may be familiar with the velocity ima^c where rotation is about an 
instantaneous centre. In this statical example the clement ol time is absent and a 
displacement image replaces a velocity image. 
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Example 1. A weight W is held in equilibrium by two vertical 
elastic supports a and b, either struts or ties (such as two parallel 
wires). The elastic stiflTness or force per unit of deformation of the 
first is Cj and that of the second is e^. Find the proportion of the 
load borne by each support. 

Let F be the load carried by the first support a. 

(1) Method of Deformation. Equating the deformation or 
alteration in length of the two supports 


F_W-F 

i’h 


( 1 ) 


This is an example of the more general case in Art. 21, a simple 

equation for F giving F = W — . 

+ 


(2) Principle of Minimum Strain Energy. The strain energy U 
(Art. 28) 


r F W— F 

= L Fx-+(W-F) — - 

* I 

And if F is such as to make LI a minimum, 
dll I W-F 


dV 


=0 




. . ( 2 ) 


whicli is evidently identical with (I). 

(3) Principle of D ork. 

strain energy (U)=e\tcrnal work 


jF2 (W-FF] 
^'U' O. 1 


= ;wx- 
e. 


which when simplified reduces to equation (1). 

E.\amplc 2. In Chapter vii the loads on props partially support- 
ing beams were calculated by the method of deformations, i.e. by 
equating the upward deflection caused by the prop to the downward 
deflection caused by the load minus the deflection of the prop (if 
any). The reader will find it instructive to solve for himself the 
same problems by writing U the strain energy in terms of the prop 
reaction P (by the method given in Art. 96) and then applying the 
Principle of Minimum Strain Energy and the Principle of Work. 

Example 3. If a vertical bar DC hinged to C and to the ceiling is 
added to the system in Example 1, Art. 145. find the stress in each 
bar, all three being 1 sq. in. in section. 

The system is shown in Fig. 219, the tension in DC being shown as 
forces F at D and C. The stress in member ( 1 ) due to the combined 
action of the 5-lons load and the tension F is Pj = 5 ( 5 — F), and in 
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member ( 2 ) is P 2=^(5 — F), hence the vertical deflection of C or 
stretch of DC in inches is 


E 


1 V 7 

= p-{|(5-F)? X96 + 1(5-F)tx72) = “i~| '(5-F) 


But the length DC = 8x6/I0= 


lo' D B 



Fig. 219.- -Simple statically miJetcrminaic 
f ranie 

evidently be times, or 


•8 ft =57-6 in., and the stretch of 
DC is therefore 57'6F/(lxE) 
in. Hence equating this to the 
deflection of C 


57-6F = -|^-^(5-F) anb F= 
12 = 2 t 2 - tons 


5 — F = 2'j- 2 Ions 


The tension in AC, 
X 7 ^ = 1 ’25 ton 

Pi= 

ThiC tension in BC, 

P2 = 

X ^ 2 = F6 ton. 



The deflection of C would 
of' that found in Example I, 


Art. 145. 

149. Method of Deformations ap|;lied to Redundant Frame 

Members. Notation. Let tlie unknown tensile stresses in any 
superfluous members a, c, etc., be F^, F^, etc. The number of 

redundant membci s is the number in excess ofZ/i — 3 (see Art. 113), 
and the choice as to which are considered redundant is largely 
arbitrary. 

The tensile stress in any member, number ( 1 ) say, is made up of a 
number of terms, being 


Pi =Ri +d/\ iF,,+bA:iFi, + /'iF, -f , etc. . . . (1) 


and in member (2) being 

P 2 =• R 2 T J< 2 ^ 1 ) 2 Ff + , etc, . . . ( 2 ) 

where Ri, R 2 , R 3 , etc., arc the tensile stresses in the members arising 
from the loads alone w^ilh the redundant members removed, and the 
terms k. F^, Fj,, F„ etc., are the tensions arising from the forces 
exerted by the various redundant members each acting alone with 
all the other redundant members removed. Let ei, € 2 , ^ 3 , etc., 
be the tensile stiffnesses of the respective members. The tensions 
Pi, P 2 , P 3 , etc., may be found in terms of the known external loads 
and the unknown forces F^, F^, etc,, by the ordinary rules dealt 
with in Chapter xn, either graphically or algebraically. The con- 
stants ^A:i, bk], Au etc. (which may be positive or negative) are, as 
already used in Art. 145, numerically equal to the stress in pounds, 
produced in member ( 1 ) by pairs of forces af 1 lb. each pulling 
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inwards at the pins at the ends of the redundant members a, b, c, 
etc., respectively. (Note that the suflix denotes the member and the 
prefix indicates the particular redundant member supposed replaced 
by inward forces at its ends.) 

Single Redunclcmt Member. If there is but one redundant mem- 
ber, a, say, in a frame (Fig. 219 may be referred to in order to fix the 
ideas), the deflection of one end towards the other (taken as fixed) is 
by Art. 145 (4) 

2(P . aA7f’) = P 1 . J<ilci+^2 ■ i . Jcile-i+, etc. . (3) 

J=“A'(R,+„A:, . fJ+A2(r, + _A. 2 FJ+A(R 3 +^A :3 . FJ+, etc. 

^'1 ^2 ^3 

or J=I(,/c.R/£>) + F, IGA 2/60 .... (4) 

which represents the compression or sboriening of member a. But 
due to the tension fG the member a extends by an amount of 
where is the stiOhess of member a, or A = — hence 

-^l‘'=I(/- .R/e) + F.,I(,A2/c) .... (5) 


a simple equation for Fj, from which 

P Ric)_ 

i/V,+ I(7gcO ' 


( 6 ) 


the summations excludini^ the member a. In this case w'here there 
is only one redundant member the prefix a to the constants A may be 
omitted. Also the first term of the denominator maybe omitted if 
the member a is included in the summation of the second term, ^A^ 
being unity. 

Any Sinnhcr of Redundant Members. For any number, az, say, of 
redundant members a, b, c, etc., the equation arising from the defor- 
mation of the member a is 


J=I(PA7r)=-F>, (7) 

or written more fully 

-F>,=,Ai(Rt+.A'i . r,+,Ai . FG+,Ai . F, + , etc.)/ei 
+flA2(Rr+jA2F^-h/,A2 . F/, + , etc.)/e2 

+jA3(R3+flA3 . Ffl+j,A 3r ^,+fA3 . Ff + , etc.)/e3 . . (8) 

There arc altogether n similar simultaneous simple equations, one 
for each redundant member and each containing the n unknown 
quantities F^, FG, F„ etc., and from these equations each may be 
found. It may be noted that the solution of the case involving 
several redundant members is closely analogous to Wilson’s solution 
(Art. 92) for continuous supported beams while that for a single 
redundant member corresponds to the case of a beam with a single 
prop. 



430 


THEORY OP STRUCTURES 


[Ch. XV 


Example. The crossed lattice girder shown in Fig. 220 is loaded 
as shown ; the diagonals are inclined at 45°. The ratios of length to 
areas of cross-section in inch units is 20 for each diagonal number, 
6 for each top-chord member, 8 for each lower-boom member and 
10 for the two vertical members. Determine the stresses in all the 
members. 



Select member 10 as the redundant one. For the diagonals 
e=EA//=E/20, or l/c = 2()/E. For lower-boom members l/c' = 8/E. 
For top-chord members l,e=6/E. For verticals l/c' = 10/E. 

Then from (6), since E is the same in each term, 

F KioA-.R/c) I(h,/c. R.//A) 

(l/f’io)+ 5!(joA'2/e) {li()lAio)+ . l/A) 

The values of R are readily found by the method of sections from 
in.spection of (h). Fig. 220, with member 10 removed and those of k 
from (c). Fig. 220, and are tabulated on page 431. 

In the last column of Table A the resulting stresses are given. 
From the symmetry, the coefficients for a load W, on the remaining 
lower-chord joint may be obtained and the stresses for this case have 
been entered in T able B. The coefficients of W 2 in, say, members 1 , 
12, and 5, give the coefficients of W3 in 4, 18, and 8 respectively. 
For comparison the stresses according to the conventional method of 
superposition (see Art. 125) are shown in Table B w ith loads on each 
lower-chord joint. These arc readily obtained by splitting the 
girder into two systems shown in Fig. 221 and adding algebraically 
the stresses in the members (2, 3, 6, 7), forming a part of each. 
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1>BIF A 


Mtm- 

lilT 

It 

10^' 

/ 

A 

10 A: R/ 

A 

ioA-7 

A 

P-=R-Zxo*iifiW 2 

1 

0 

+ 1 

6 

0 

0 

-OSfiWz 

2 

-W]-1W2 

- 1 

6 

6W1-3W2 

6 

-W, -0-23^2 

3 

-W(-iW2 

+1 

6 

- 6 W|- 3 W, 

6 

-Wi-0-7(')2W2 

4 

-Wz 

-1 

6 

4-6Wf 

6 

-0-73W2 

5 

iW,+lW2 

4-1 

8 

4Wi4-2\VS 

S 

0'5W, -OOI 2 CW 2 

6 

iW,+lW2 

-1 

8 

-4\V,-2W^ 

8 

0-5W, 4-0-51 26 W 2 

7 

iW,+:IW2 

4-1 

8 

4 W, 4 -(AV 2 

8 

0 5\V, +0-4873X^2 

8 

iWi-lWz 

-1 

8 

-4\V,4-2\V2 

8 

0-5Wi+00I2CW2 

9 

-Wz 

-1 

10 1 

4- low. 

10 

-0-73W2 

11 

0 


20 1 

0 

40 

4-0-3714W2 

12 

2 4 

2 

20 

20W]4-10W: 

40 

-0 707IWi4-0 0179W2 








13 

^w.+'-w. 

4 -V 2 

20 

2OW1 + IOW: 

40 

0-7071 W,-OOI79Wi 

14 

0 

+ \'2 

20 

0 

40 

-0-3714W2 

15 

0 

-V2 

20 

0 

40 

4-0-3714W2 

16 

\'2 \^2 
VW.-VW: 

-V 2 

20 

-20W,4-10W. 

40 

0-7071 W,4-0-0179W2 

17 

-V"w, + ^Wr 

+ v '2 

20 

- 20 W^ 4 - 10 W^. 

40 

-0-7071 W,-00179W2 

18 

^ ^ 2\V2 

+ \ 2 

20 

4-40W: 

40 

4-1-0428W2 


ToU 

iK arc 


. . I04W: 

3 80 

and ^=10 

Aio 



Table B 

26W2 

Member 

Calculated Micss 

Conventional stress by method 
of super position 

1 

-0 i('l\V -.-0 73W, 

-0 25W.-0 75W3 

2 

-W|-o-:3t\v.-o 7i',i!W3 

-Wi-0 25W2-0-75W3 

3 

-\v, -o- 7(;2\V2 -o :('> 7W3 

-W,-0-75W2-0-25W3 

4 

-0 73\V.-0'2i'.W, 

-0-75W2-0-25W3 

5 

0-5\V, -O O 1 itiW . TO 0 1 i('.\V , 

()-5W, 

0 

0 .sw ,+051 it'.W: 1-0 4:;7 3\N' , 

0 5\V,+0-5W24-0-5W3 

1 

0 5Wi +0 4S7:’t\V ' + 0 5 1 di'iW 3 

0-5Wi+0-5W2 4-0-5W3 

8 

0 5 W 1 + ()•() 1 2 tUVT -0 0 1 i: rtw , 

0-5W, 

9 

-0-7:UV.-0 2('iW, 

-O 75W2-0-25W3 

10 

-0-2(>W’-0 73vV2 

-0-25W2-0-75W3 

11 

+0-37I4W2+ IO428W3 

+0-3535W2 4-10607W3 

12 

-0-707 1 W 1 +0 0 1 7'nV; -0 01 79 vv 

-0-7071\Vi 

13 

0 707IW|-00179WT+0 0I79W3 

0-7071Wi 

M 

-0-3714W. + 0-3714W3 

-0-3535W24-0-3535W3 

15 

0-3714\V2-0-3714VV3 

4-0-3535W2-0-3535W3 

16 

0-7071W, +001 79WT-0 0179W3 

0-707 IWi 

17 

- 0-707 1 W 1 - 00 1 79W .+001 79W j 

-0 7071Wi 

18 

I-O 428 W 2 +O- 3714 W 3 

1-0607W24-0-3535W3 
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A comparison of the results shows firstly that if the structure is 
symmetrically loaded, i.e. if W 3 =W 2 , the simple conventional 
method gives exactly correct results; and, secondly, that if the load- 
ing is not symmetrical the results are still nearly correct. 


J 2 3 4 



Fig, 221.— Stresses by superposition 


150. Other Methods for Redundant Members.’ The equations of 
the previous article may also be derived by the Principle of Mini- 
mum Strain Energy and by the Principle of Work, the methods being 
briefly as follows, the notation of Art. 149. 

Principle of Mininntni Strain Energy, Let U= total resilience of 
the frame. 

uu W 3 , . . , Ua. tfb, ttf, etc., be the resilience of members 
indicated by the sutTixes, so that 

U =wi +W2 + /^3H“Ctc. + “b Wf + ctc- 

Pi Pi^ 
e, ei 

where Pi has the value (1), Art. 149. DifTerentiating (partially) 
with respect to 

dFa ' Cl ■ ciF„ e, ■ r/Fa e/ “ ^ 

=“— (Ri+aA:i . . Fb+t/cj . F^+etc.) 

Cl 

1 Sec '‘Statically Indeterminate Slriictures,” etc., by FI. M. Martin, reprinted 
from Engineering. “ Statically IndcTcrniinaic and Non-articulated Structures,” 
by F. C. Lea, Engineering, March 17lh. 24th, and 31st, 1922. “ Reciprocal Load 

Deflection Relationships for Structures,” by C. L. Lai aid. Engineering, Sept. 7lh 
and 14th, 1923. ” The Principle of Virtual Velocities,” etc., by E. H. Lamb. I.C.E. 

Selected Engineering Paper No. 10, 1923. Strain Energy Methods of Stress Anatvsis, 
by A. J. S. Pippard (Longmans). “Analysis of Structures by the Complementary 
Energy Method,” by T. M. Charlton, Engineering, Sept, 19th, 1952. 
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Similarly, 


Also 


du^ 

d¥. 


~(R2+,,A:2 ■ Fj+/,Ar2 . F,,+,A'2 • ^f+t‘lc.) 
^2 

F„ ^''’=0 — "=n 

dV, d¥. 


Hence, if F^ is such that U is a minimum, =0 and 

f/F' 


0 d\^ fctltl , L4(t7 . 

““7vr“7p7 etc.+-— + — +etc. 

dVa dV ^ r/F^ 


dill , dii2 , duy , dif^ , dUh 


which with the above values for the terms on the right-hand side 
gives equation (8), Art. 149, and for n redundant members there are 
n such equations. 

Principle of Work. By the principle of work, if a redundant 
member a be replaced by opposite pulls at its ends the algebraic 
sum of the work done by these forces and the strain energy in the 
structure is zero. Hence 


iPaX-^+iPi x"-l— "-FiP2"-^^"+etc.= 




C2 


And dividing each term by 4F,, gives 






and when the values such as (1), Art. 149, are substituted for P^, P 2 , 
etc., this also gives equation (8), Art. 149. 

Distribution and Relaxation. The methods of Moment Distribu- 
tion and Relaxation (see Art, 94 and references therein) have been 
applied to pin-jointed redundant frames, but the successive approxi- 
mation is tedious if a good degree of approximation is to be attained. 

151. Stress due to Errors or Changes in Length. If a frame 
having a redundant member has one member made too short or 
shortened by a fall in temperature that member will exert inward 
pulls at its ends and the frame will be self strained. With the nota- 
tion of Art. 149, suppose member a is an amount x too short. Then 
\y,hen the member a is forced into its place the approach of its end 
connections toward one another, plus the stretch of the member, is 
equal to x, or 


J+F^/e^=x, and since R=0, from (4), Art. 149, J 


hence 


F.= 


X 


. . ( 1 ) 


Example. Six bars, each I sq. in. in section, are to form a square 
of 30-in. sides with two diagonals, pin-jointed at the corners. It one 
side-bar is the last to be added and is too short by 0 01 in., find the 
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stress in all the bars if the short bar is forced into its position. 
£=30,000,000 lb. per sq. in. 

For each 30-in. side-bar e=EA 7=1,000,000 lb. per in. deflection 
and A'=-hI. 

For each 30\/2" diagonal e = 1, 000,000/ \/2 lb. per in. deflection, 
k= — -\/2, hence from (1) the tension in the bar is 


0^01 ^ 10.090 

l+ir.(' + '+'+2v'2+2v2) ‘'+''V2 


= 1,036 lb. 


The other sides of the square have the same tension, and the 
diagonals have each a thrust 1,036 v7= 1,465 lb. \ 

152. Continuous Framed Girders, 1 he principles used for finding 
the stresses in redundant members of frames are also applicable to 
finding the value of a redundant supporting force such as a prop to a 
framed girder. For example, the reaction at C in fig. 204 may be 
found by finding the defiection of C as if the supporting force Rc 
were absent, and equaling it to the upward defiection of a force Rc 
at C. Similarly, if Fig. 205 represents a continuous girder the reac- 
tions at C and D may be found from tw o simultaneous equations, 
the dimensions of all the members being known. If the panel 
KK'DC is unbraced the stresses in this structure may best be found 
by treating KK' and CD as redundant members and replacing them 
by four equal forces at their ends; the structure then falls into two 
simply supported trusses. 

Example, The ratios of length to uniform cross-sectional area in 
inch units being as given in the Table following, find the reactions in 
Fig. 204 when unit loads are carried at each of the joints D, E, F. 

Firstly, assume the support at C to be removed. Then R,^=2i, 
Ri 3 = i, hence by the method of sections find the values of the stress P 
in each bar as tabulated below. Then take unit downward force at 
C and find the values of k as tabulated. Multiply the terms P, /r. 
and //A and find the sum I(Pi//A) which by (4), Art. 145, is E 
times the deflection at C. Next calculate A^//A for each member 
and find the sum Z(/c^//A), which by (5), Art. 145, is E times the 
deflection for unit force at C, Then 


Rc X I(/v2/,/A)=2(PA//A) 


and Rc:= aPA7/A)-^ Z(A-//A) 

R(-= 23 7 = 1'9873, hence by moments Rn = — J(4x 1-9873 — 6) 
= -0-2437. Ra = 3-2437 - 1 -9873 = 1 -2564. 


A reference to the Table of Reactions in the example of Art. 140 
gives the approximate results as Ra = 1'2657, Rij=— 0-2344, thus 
justifjdng the approximation involved of using for this case the rules 
applicable to a solid continuous girder. 
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! 

Member 

//A 

P 

k 

PA //A 
positive 
terms 

PA//A 

negulive 

terras 

A2//A 

AM 

30 

-2 25v'2 

-0-5 ^/2 

67-50 


15-0 

ME 

20 

+ 1 25 N 2 

+0 5 V 2 

25 00 


10-0 

LN 

15 

-0-25v'2 

-0 5 V 2 

3-75 


7-5 

NC 

10 

-0 75 ^ ^2 

-h0-5\^2 



-7-50 

5-0 

CP 

10 

+ 0 75 \/2 

+0-5 \/2 

7 50 


5-0 

PH 

15 

-0*75^'2 

-0-5 V 2 

11-25 


7-5 

HQ 

20 

+0 75 X '2 

+ 0 5v'2 

15 00 


10-0 

QH 

30 

-0-75 \/2 

-0-5 vQ 

22-50 


150 

MD 


1 

0 

0 



NF 

— 

1 

0 

0 




Pc; 

— 

0 

0 

0 




OJ 

-- 

0 

0 

0 




AD 

12 

+2 25 

+0 5 

13-50 


30 

DE 

12 

-+-2-25 

+ 0*5 

13 50 


3-0 

FF 

10 

+ 3 75 

+ 1 5 

56-25 


22-5 

FC 

10 

+ 3-75 

+ 1-5 

56 25 


22-5 

CO 

10 

+ 2-25 

+ 1-5 

33-75 


22-5 

GH 

10 

+ 2 25 

+ 1-5 

33-75 


22-5 

H.I 

12 

+0 75 

+0-5 

4-50 


3-0 

jr> 

12 

■fO 75 

+05 

4 50 


3-0 

QP 

10 

-1-5 

-1 

1 5 00 


10-0 

PN 

10 

-3 0 

__2 

60-00 


400 

NM 

i 

10 

-3 5 

-T 

35 00 

1 

10-0 


478 50 I(A2/;A) = 237‘0 

-7 50 


IfP/v/.'A) =471 00 


153. Simple Principles applicable to Indeterminate Structures. 

The analogy between quite different cases of statically indeterminate 
stresses may have been noticed, and for convenience a general rule 
may be slated. Suppose that two elements, a and b, jointly or “ in 
parallel,” resist a load, and in consequence exert upon each other a 
force F, tending to deform a and restore b, say; let xq be the deflec- 
tion of b. say, due to the load if a w ere removed. Let the stiftnesses 
or forces per foot of elastic deflection, in the direction of F of and 
6, be and respectively. Let 1/c^ and 1 be called their respec- 
tive “ elasticities.” Then the actual deflection 


F/c^=A'o“F/ei, 

, , strain for h acting alone 

or action ofo on o= — „ 


( 1 ) 

( 2 ) 

(3) 


and if the load can be reduced to a force W in the direction of F, 


xo='^- and w and W-F = -J-W 

e^+e, e^+e^ 


( 4 ) 
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which are the same results as in Art. 148, but not limited to struts oi 
ties or to any one type of elastic constraint. Putting equation (4) in 
words, the two elements a and b divide the load W in proportion to 
their stifl'ncsses. This has already been stated with difl'erent 
symbols in (4) of Art. 21. The actual deflection is 

W 

total stiffness c^+ef, 

Examples. We have had examples in Art. 80 for the uniformly 
loaded rigidly propped cantilever in which a represents the prop and| 
h the cantilever. 

>t/4 1 \ 

F=P, = -=^,, P = lwl,ife, = ^ 

El 3EI 

Also in the uniformly loaded beam (/>) on elastic end supports and a 

1 1 P 

central elastic prop (a) in Art. 79, e^=e and - + — while 

Cl, 2e 48EI 

P = A ''lien r„=co. 

In the present chapter tlie important formula (7), Art. 149, is but 
another example of the same principle, for — 2(^A: . R/c)=a'o, and 
I.(ak^le) = \ICh, where b represents the frame with the member a 
removed, and I(^A' is the deflection per unit of force. 

If two elements a and h resist a force “ in series so that each 
bears the whole force, the elasticity l/e of the two is the sum of the 
elasticities 

or l/e = (l/0-f(l/V^,) (6) 

or the stiffness (7) 

which is evidently less than either or Cj,. 

Examples XV 

1. Two pin-jointed rods AC and BC in the same vertical plane arc hinged 
lo a rigid support at A and B, 8 ft. apart in the same horizontal line, hind 
the vertical and horizontal deflections of C when a load of 7 tons hangs from 
that point if AC and BC arc inclined 30"' and 45^ respectively to the horizontal 
(ACB being an obtuse angle) and the sectional areas are 1-5 and 2 sq. in. 
respectively. E= 12,500 tons per sq. in. 

2. An N girder of four bays has vertical posts at its ends and carries 
16 tons at each Joint of the lower chord. The bays arc each 6 ft. long and 
8 ft. high. Taking the tensile stress in the diagonals and the bottom chord 
at 5 tons per sq, in. and the compressive stress in the verticals and top chord 
as 2i tons per sq. in., find the central deflection if E= 12,500 tons per sq. in. 

3. A Warren girder made up of members of equal lengths has four bays 
in the lower boom and three in the upper boom, and rests on supports which 
are 24 ft. apart. If, under a central load the stresses in the tics are 6 tons 
per sq. in., and in the struts 3 ions per sq. in., estimate the central clastic 
deflection, taking E= 12,500 tons per sq. in. 
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Ex. XV] 

4. If the point C in Problem No. 1 is joined to a fixed point D midway 
between A and B by a bar DC 1 sq. in. in cross-section, find the pull in each 
bar if 10 tons is suspended from the point C. 

5. A frame consisting of six bars each 1 sq. in. in section and hinged 
together to form a square of 20-in. side with two diagonals is suspended from 
one corner. The opposite corner supports a load of 1,000 lb. Find the 
stress in each bar. 

6. The diagram (Fig. 221a) 
represents a freely jointed frame 
supported at its ends and carry- 
ing a load W as shown. Find 
the stress in the two diagonal 
members meeting at the loaded 
joint if the ratio of length to 
area of cross-section is the same 
for every member. 

7. If one of the diagonals 

of the steel frame in Problem Fig 221a 

No. 5 is heated 40^" F. above the 

remaining bars find the resulting stresses in the sides and diagonals of the 
frame. 

8. If the girder of Pr oblem No. 2 under the same loading were propped at 
the centre to the same level as the ends, find the icaciion on the central prop. 
What would the reaction be for a continuous solid girder of uniform section 
with the load (a) uniformly distributed at 16—6 or 2l tons per ft. directly 
applied, (/;) concentrated as 16 tons at panel points w'lih 8 tons carried directly 
at each end support? 




CHAPTER X VI * 


SOME INDETERMINATE COMBINATIONS 

154. Trussed Beams. Trussed beams consisting of a combina- 
tion of beams with ties and struts form an important structural 
element. The distribution of stress cannot be determined by the 
ordinary principles of statics, but may be determined by those given 
in Chapter xv. ^ 

The simplest form of a trussed beam is shown in Fig, 222. AB is 


^ u 

A r4J C B 















D 



a continuous beam ; CD is a strut braced to the beam ends A and B 
by tie-rods AD and DB. The stresses in the various members are of 
course dependent upon the initial stresses due to tightening up the 
rods, and are liable to alteration by change of temperature. The 
stresses due to loads carried on AB may be conveniently found by 
the methods of Art. 153, but if the proportions arc such that the 

1 Arts, 155-163, inclusive, may be omitted on a first reading of the subject. 
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deformation of the bracing is negligible compared to the bending 
deflections of the beaim, the stresses in the beam and reactions at C 
are practically those for a continuous beam AB rigidly propped at 
C to the level of AB, and this has been dealt with in Chapters vii 
and VIII. ^ The example at the end of the article with proportions 
usual in practice shows how much in error such treatment may be 
in some cases. 

Allowing for the elasticity of the ties and strut, let Ci and €2 be the 
stiffnesses (EA//) of the ties, ^3 that of the strut, and that of the 
beam in axial thrust. Then unit downward pressure of the beam on 
the strut brings a tension \ sec 0 in each tie, and an axial thrust 
\ tan 6 in the beam where 0 is the angle CDB = angle CDA. And 
unit stretch of the tie allows a vertical deflection ^ sec 0 of D, while 
unit compression of the beam allows a vertical deflection ^ tan 0 of 
D. Hence remembering that if 1 ton vertically at D produces a 
tension k in any member then the deflection of D per unit stretch of 
that member is k, the elasticity (vertically) of the truss system 1 /e^, 
plus that of the beam I /e,, is 


1 1 _ 1 , (isec0)2 (isec0)^ , (itan0)^^ / 4 ^ 

-- - -j- -j- -I- , " — say 

^'3 ^'2 ^4 4oEl e 


(I) 


where usually ei=£’ 2 . hence 


or 


1^1 1 

e e, 2 / 3^1 16' /i->4 48E4l4 ‘ ’ 

1 ^/ 3 , /li .1 /4-’ . 

e AjEi 2 /VEiA, 16 ‘ / 12 A 4 E 4 48 E 4 I 4 ’ 


(lA) 

(iB) 


Hence if 6 , is the central deflection which the load would cause in 
the beam if simply supported at A and B, the thrust F in the post 
CD. by (2), Art. 153, is 

F = 5,-l/e = e.6, (2) 

The calculation of 6 , for any load is dealt with in Chapter vii, 
Art. 79, and when F is known the resulting bending moment on AB 
for F and the load is easily calculated, and hence the bending stresses 
may be found. 

The pull in the tie-rods is -JF sec 0 which induces a thrust ^F 
tan 0, which may be taken as uniformly distributed in the beam, AB 
to be added to the bending stresses, the increment of bending stress 
due to the thrust acting on the deflected beam being neglected. If 
ei, € 2 , and ^3 arc great compared to 48EI//^, the stiffness of the beam 
(1) becomes e=48EI//-\ and then (2) reduces to F=48E16JP, the 


' Solutions of this kind for several types of trussed beams are given in a paper 
on “ Trussed Beams," by G. Miggins of Melbourne University. Proceedings 
Australian Association for Advancement oj Science. 1910. 
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reaction of a rigid prop at the centre of a continuous beam of two 
equal spans. 

Example 1. A trussed timber beam 20 ft. long is square in 
section 9x9 in., and has a central cast-iron strut 2 ft. long, and 
24 sq. in. in sectional area; the wrought-iron tie-rods which are 
each 10-2 ft. long are 1 in. diameter. Take E for wrought iron as 
12,000 tons per sq. in., for cast iron 6,000 tons per sq. in., and for 
timber as 600 tons per sq. in. Find the thrust in the strut, the pull 
in the tic-rods, the maximum bending moment in the beam and the 
extreme stresses, when the beam carries a uniformly distributed load 
of 0-4 ton per ft. 

The elasticity in inches per ton of load at C for the sevciTtl 
elements arc 

for strut ^ =0 0001 (> 

6,000 X 24 


240 

for beam in compression — - — ■- x (10/2)2 x ]=0 0308 

600 X o 1 


^ 240)3x12 

for bending — — 7-A>\—rr4=0'8780 
48 X 600x9“ 

or the total elasticity 

l/e=0-0002+0 169+0 0308+0-8780 = l-0780 in. per ton 

which is considerably in excess of the value (0-878) for flexure alone, 
the difference being mainly in the tics. The deflection at C for the 
unbraced beam is 

5 VVP 5x8x2403x12 . . 

El 384 X 600x 9“ 


hence the thrust in the strut C from (2) is 

4-39^1 078 =4 07 tons 

instead of 4-39/0-878 or ^ of 8=5 tons if the flexibility of the beam 
alone were allowed for. 

The pull in each tic-rod is 4 07 X-J x 10-2/2 = 10-38 tons. 

The thrust in the beam is 

J x4-07 x-^ = 10-175 tons, or 10-175/81=0-1255 ton per sq. in. 
The bending moment at x ft. from the end is 
-i(8-4-07)A:-f-i x0-4a- 2 ton-ft. 

which is represented by a parabola which may easily be plotted. 
The maximum negative bending moment occurs with zero shearing 
force at x ft. from the end where 

X = -j (8 - 4-07)/0-4 = 4-9 1 25 ft. 
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The maximum negative bending moment is 

- 1 *965 X 4-91 25 X 0-4 x (4-91 25)2 = - 4.84 ton-ft. 

The bending moment at the post is 

4x5-1 -965 X 10 = + 0-35 ton-ft. 

the thrust at the post (4-07) being just greater than that required 
(4 tons) to change the sign of the bending moment; there are 
points of inflexion just on either side of the centre, viz. at 2 x 4*9 125 
=9-825 ft. from the ends. The curves of bending moment are 
shown in Fig. 222. 

The modulus of section is 


81x9/6 = 121*5 (in.) 
hence the extreme bending stress is 

4*84 X 12/121-5=0*478 ton per sq. in. 
the maximum compressive stress is 


0-478 +0-126=0*604 ton per sq. in. 


and the maximum tensile stress is 

0-478—0-126=0-352 ton per sq. in. 


The vertical end reactions are each 4 tons, made up of K8— 4-07) 
= 1-965 tons from the beam, and 4 x 4 07 = 2*035 tons from the tie- 
rods. If the elasticity of the bracing were neglected the maximum 
negative bending moment would have been 


o 

"5 1 ‘2 


0-4x400 
X ; 


—2-81 ton-ft. 


while the maximum positive bending moment (at the post) would 
have been 


32 


0-4x400 


X 


1 


- = + 5 ton-ft. 


The curve for this assumption is shown dotted for comparison in 
Fig. 222. On the other hand, the stresses in the bracing would be 
exaggerated by the supposition that the bracing was perfectly rigid.^ 
An empirical rule ^ for estimating the maximum bending stress is 
to take the beam as if separated into tw'o parts at C. This would 
give a maximum bending moment 

= _ X 0*4 X UX) = - 5 ton-ft, 

which seems to be justified by the result —4*84, for this more 
elaborate calculation in an example with typical proportions. 

Example 2, If the beam in Example 1 is traversed by a concen- 
trated load W tons, find the position and amount ol the maximum 
bending moment. 

1 See Notes on Building Construction. Part IV. Chapter XI (Longmans). 
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If the load is a distance nl from the near end of the beam, length /, 
say, supposed simply supported at its ends, the central deflection, 
writing b=nl, a=(\ —n)l, and x=\! in (7), Art. 81, is 

- WP/,(3-4n2) 

Op 

48E1 


Hence from (2), using the previous value 1078 


F = 


1 

1078 


W/7(3-4//2)x 240^x12 
48x600x94 


=0-814a7(3-4/72)W 


The upward reaction on the beam at the near end is W(1 — 

and the bending moment under the load (which exceeds in magni- 
tude that at the centre) is —nl times tliis or 


M = - W// 2 { 1 -n-0-407n(3 -4/7^) 1 = - W/;7(l -2*22 1/7 + 1 628/7-9 
This is plotted on the lower part of Fig. 222. The maximum value 
for any position, found by writing tIM!(lx=0, is about M = 
— 0-1175W/, for a value of /?, a trifle under 0-25. The maximum 
positive bending moments occur at the centre, and elsewhere, when 
the reaction on the far end of the beam (from the load) is a down- 
ward maximum value. Even at the centre of the beam the greatest 
maximum positive bending moment only amounts to 0*01 56W/, 
falling off uniformly to zero at the ends. 

The maximum negative and positive bending moment curves for 
the rigidly propped beam are shown dotted, and may be obtained 
by using 0*878 in place of 1*078 above, or 

F =n(3 - 4 / 72 )W, M = - W//7( 1 - 2- 5 + 2/79 

the greatest values being about 

— 0 1038W/ under the load for /7=0*216, 
and +0-048W/ at C for /z =0*289 


The empirical calculation taking the beam as discontinuous at C 
gives the maximum bending moment at ^1 as 
_^Wxi/=-0125W/ 


a fair estimate on the safe side. 

155. Simple Braced Shed Frames and Portals. An important 
type of statically indeterminate building frame containing contin- 
uous members resisting flexure and others acting as ties and struts 
only is introduced by the simple framework shown in Fig. 223. 
Members AB and CD are similar and represent vertical stanchions 
hinged at each end and their caps connected by a cross-beam, knee 
braces inclined 9 to the horizontal connecting K to G and E to F. 
The sole load is a horizontal force W, such as a wind load, applied 
at B. 

Reactions. By taking moments about A and D, of the forces on 
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the whole structure, it is evident that the vertical component V of 
the reactions at D and A are equal and opposite as shown and of 
magnitude WL//. The horizontal components Hi and H 2 are such 
that Hi + H 2 =W, but their magnitudes depend upon the com- 
pressibility of the cross-beam in the direction of its length. If Ri 
and R 2 are the resultant reactions they must meet at some point X 
in the line of action of W, and X will be a point of inflexion of 
the beam BC, for the resultant force on the structure either side 
of X passes through X and has therefore zero moment about X. 
By taking a section through the hinge C cutting EF, and moments 
about C of forces on the structure to the right of the section, if T' 
is the thrust in EF, 

T' . CF cos e=L . Hi or T' = Hi ---- see 6 . . (1) 

L— /I 

And similarly if T is the tension in KG, 

T=H 2 . sec ... (2) 

L—It 


And if /'=tension in EC, by moments about D of the forces on the 
stanchion CD, 

t' . L =1 ' cos 9 . Ii, hence t' =Hi . . (3) 

L— /f 


and similarly if 


/ = thrust in BG, W=H 2 r-^ .... (4) 

L—h 


hence the transverse or bending forces on the stanchions are as 
shown at (b) and (r). Fig. 223, and it is evident that the forces being 



Fig, 223.— Simple braced rectangular frame, hinged at caps and bases 


proportional to H 2 and Hi respectively the type of deflection is the 
same in each case. Hence the deflections of B and C are propor- 
tional to H 2 and Hi respectively, and if we treat the compressibility 



444 THEORY OF STRUCTURES [Ch. XVI 

from B to C as negligible compared to the flexibility of the stanchions 
the deflections are equal and 

Hi=H2=iW (5) 


The point of inflexion X is then midway between B and C. Further, 
if we know the dimensions of the members and express all the forces 
in terms of say Hj (writing H 2 =W— Hi), using the principle of 
deformations (Art. 148), we can find Hi in terms of W by equating 
say the deflection of AB at B to the deflection of CD at C plus the 
compression of BC. This principle will be applicable to the cases 
which follow, whether B is united to C by some form of bracing dr 
by a roof, and also to the case of stanchions fixed at their bases, fo^ 
the fixing couples will then be proportional to Hi and H 2 . For 
stanchions of diflFerent lengths or moments of inertia (1) the principle 
of deformation may be applied to find Hi and H 2 . 

Stresses in Members. Assuming a rigid connection of B to C, 


from (5), (1) and (2), we get 

T=T'=iW-^scce (6) 

L— /z 

and from (3) and (4) 

r_W = f'=4W-^ and ... (7) 

^ L— /i L— /i 

And from a vertical section through GE 

the thrust in GE = Hi=iW (8) 


which is accompanied by a bending moment which at a distance a' 
from C is equal to H]L— VA = WL(i— aV/). The shearing force 

from B to G is V— T sin negative, and 

from G to E is V = W . L/A The bending-moment diagrams are 
shown at (c/). Fig. 223, 

Flexible Braces. If the braces KG and EF are of such small 
section (or I) in proportion to their lengths that they will not carry 
any appreciable thrust the brace on the leeward side (EF) may be 
neglected. The structure is now statically determinate, H 2 =W, 
and the brace KG carries twice the former tension, i.e. 

T=W--i^sece (9) 

The reaction Rz then passes through C, while Ri = V along DC. 
The bending moment at G = — VxGC= — WL// . GC and at K 
is WA. 

156. Columns fixed at Bases. The eflect of fixed ends to the 
column at the bases in the foregoing and other types of portal 
bracing may easily be seen if we find the point of inflexion 1 of the 
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column, for above this the structure is under precisely the same 
condition as that with hinged bases in Art. 155. The point I may 
be found as follows: Let P, Fig. 224, be the horizontal component 
of say the tension in the brace KG on say the windward stanchion 
of (a). Fig. 223, but supposed fixed at the base. Then the trans- 
verse forces are as shown in Fig. 224. And taking the bracing B 



Fig. 224. — Simple braced rectangular frame fixed at bases 


to C as rigid we assume that B and K deflect equally, an assumption 
which overcomes the indeterminate condition arising from the 
fixture of the stanchion ends. The deflection of K may be written 
from (2), Art. 80, and the general expression of which (2) is a par- 
ticular value, while the deflection of B may be written from (2) and 
(5) of Art. 80. Equating these deflections 

P/i3 (P-H)A2 .P//-^(L-//) (P-H )L3 

3El 2El ^ 3Er 2EI 3E1 ' 

From which 

^ H 2L2+2L//-//2 , ^ „_H 3A2 

2 ■ (L -77x1+2/0 2 ■ (L-/0(L+2/0 ' ^ ^ 

Then at a distance x from A the bending moment 
M, = P(/j -x) - (P - H)(L -x) 

and substituting the above values of P and P— H, Mv vanishes for 

h 2L+A ... 


X=Xq=- 


L+2/i 


This is always greater than ^h, or KIi is always less than \h. By 
symmetry Dl 2 =AI|=Aro. It is usual to take xo=ifi, which is on 
the safe side for calculating stresses in the bracing. When the points 
of inflexion Ij and 1 2 have been determined it is only necessary to 
write L— xo for L and h—xo for h in the formulae (6) and (7) of 
Art. 155 to obtain the stresses in the members. The bending- 
moment diagrams are shown in Fig. 224 (c). There is the same 
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aJgebraic change of bending moment between F and D as for the 
hinged posts, viz. from Xq) at F to iW^ro of opposite sign 

at D. The bending moment at E is Xq). The 

vertical components of the reactions are W(L— xo)//- 

157. Other Forms. Fig. 225 shows a special case of bracing, such 
as Fig. 223, where the braces meet at X, the point of inflexion 
midway between B and C. Considering forces on tlic part to the 
right of say a vertical section through X, the only external force is 
Ri which passes through X, hence since the force in TY is the only 
one not passing through X, the stress in TY =0. It follows that the 
stresses in TB and CY are zero, and the remaining stresses follow , 
from the formulae in Art. 155. From the half-structure shown to 
the right of Fig. 225 it is evident that the stresses in XC may be 



found by a triangle of forces for the point X, XC having no bending 
stress CF will have no thrust, but will have a shearing force equal to 
the ten.sion in CX. Also the vertical component of the stress in 
FX is equal to V. 

If the stanchions are fixed in direction at their lower ends it is only 
necessary to calculate the position of the points of contraflexure as 
for Ii and I 2 in Art. 156, and use these points in place of A and D. 

Graphical Solution. A simple method of finding the stress in the 
internal bracings of portals for which the author is indebted to 
Ketchum's “ Steel Mill Buildings ” is illustrated in Fig. 226. The 
bracing DEFGK at (a) unites the stanchions 1, 2, and 3, 4, which at 
(b) are replaced, 1, 2, by pin-ended members Aa, aB, ap, Bp, and 
3, 4 by yC, y6, 6C, 6A, the lengths of pa and y6 being immaterial. 
The stress diagram (c) can be drawn starting from, say, joint ABa, 
after putting in abc for the external forces so that 6c=W. The 
dotted portion relates to imaginary members and may be dispensed 
with, leaving only the portion drawn in continuous lines; the points 
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y, 5 symmetrical with pa have not been added, as they are not neces- 
sary to the work. The portion relating to bracing members which 
are struts or ties only needs no comment, but with regard to the 
stanchions the portion 1, 5 withstands the force ab, viz. the vertical 
projection (which is af) as a thrust and a transverse shearing force 
equal to the horizontal projection of ab {i.e. to the length bf); the 
portion 5, 2 carries the force bd, which represents zero thrust and a 



F-jci. 226. — Braced portal , graphical solution 


shearing force bd. The method is applicable to the form shown in 
Fig. 225 and to other simple forms. In case the stanchions are 
“ fixed ” in direction at their bases it is only necessary to calculate 
the positions of the points of inflexion by (3), Art. 156, and to use 
these points as the feet of hinged stanchions. 

158- Stanchions with Cross-Beam, (a) Bases hinged. If the 



bracing in Art. 155 and Fig. 223 is replaced by a horizontal beam 
rigidly connected to the stanchion caps, the solution of the stresses 
depends upon the fact that the beam ends bend through the same 
angles (/b and /c) as the stanchion ends. Thus is Fig. 227, since each 
stanchion is acted upon by a transverse force (H) and a couple (HL) 
at the top, the deflections are of similar type, and if we neglect the 
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compressibility of the beam BC, since the deflections of B and C are 
equal, the two horizontal reactions are equal, i.e. Hi =W —Hi =iW. 

By symmetry the slopes are equal at B and C, i.e. ia=ic, and from 
(12), Art. 88, and using suffixes B and C instead of A and B, since 
for the beam Mc=Hi . L or iWL, 

H,L/ 


6EI» 

where Ij=moment of inertia of the cross-section of the beam. 
Hence for 6c = 4613 we have 


( 1 ) 


H,L3 


3EI 


E/'cL: 


H,L3^HiL2/ 


3 El 6EI 


WLV, , 1 \ 

-SetI'+S.)- • 


where I=moment of inertia of the stanchion and - =a. 

l 

cross-beam is very stiff, i.e. if a is great, this becomes 

\\U 


6c=5b = 


6EI 


If the 


C3) 


The bending-moment diagrams for the beam and one stanchion are 
shown in Fig. 227. 

If the stanchions are of different lengths L| and L2 or sections (1), 
the values of Hi and H2 may be found by equating 6c and 6n found 
as in (2), but the values of /'c and /„ will not be equal; they may be 
found from (12), Art. 88, by writing Mc = H| . Li, Mii = — H; . L2. 

(b) Bases fixed in Direction. If A and D, Fig. 227, are fixed in 
direction instead of hinged as shown, by symmetry again Hi = 
H2=+W, and for the beam M|j=— Me, Mj 3 = Ma, Mc=Hi . L— 
MD="iWL — Md, hence from (12), Art. 88 

E.I,./c=J(iWL-Mo)/ (4) 

and by integration or from (1), Art. 82 

E.I./c = Mi,.L-iHL2 = Mo.L-iWL2 . . (5) 

hence, equating the values of I'c from (4) and (5) 

M„=M, = iWL.g±l, = . (6) 

At a distance x from D 

M = Mn-iWA: (7) 

which vanishes for 

Xo = Mo-;-iW=L(3a-l-])-^(6a-|-l) ... (8) 

The bending moment on the stanchion will vary uniformly from Mi, 
at D to Md— iWL at C, passing through zero at the point of 
inflexion yq from D. On CB it will vary uniformly from ^WL — Mo 
at C to the same value with opposite sign at B. The reader may as 
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an exercise sketch the bending-moment diagrams and deformed 
shape of the structure, which above the points of inflexion will be 
similar to that in Fig. 227. 

If a is great, i.e. the flexibility of the cross-beam is negligible in 
comparison with that of the stanchions, (8) becomes xo=iL, and 
the bending moments at A, B, C, and D are each of magnitude 
iWL. 

If a is small MD =iWL, Mc=0, the case of hinges at the caps. 
If we write L— xq in this case in place of L in the previous one, the 
moments at the tops of the stanchions may be found; also the 
vertical reactions (equal and opposite) found by moments about the 
points of inflexion will be 


W,, . WL 

-y(L-A'o)= - 


3a 

6aH-l 

159. Effect of Distributed Side Loads.^ In Arts. 155-158 the 
side loads were supposed taken at 
the ends of the windward stan- 
chion. They may more frequently 
be more or less distributed along 
its length. To examine the eftect 
of this, suppose the total load W 
uniformly distributed along the 
length of the windward stanchion. 

Stijf Cross - Girder: Hinged 
Bases. Fig. 228 represents the 
same structure as Fig. 221 with a 
uniformly distributed load W on 
AB, but with a stiff girder, i.e. 

h . I 

£ ora is great. 

Fig. 228. — Effect of distributed load 



From (2), Art. 80, the deflection 
ij r 3 

at C = and from (7) and (2), Art 
3E1 

(W-H)L3 WL3 


80, the deflection at 


B = 


and equating these two wc find 


3EI 8E1 

H = /eW, W-H = HW (1) 

The bending moments throughout the structure are then simply 
found, and are indicated by diagrams in Fig. 228. 

Flexible Cross-Girder : Hinged Bases, In this case, still using 


' A solution of this problem and that of Art. 162 by the principle of minimum 
flexural clastic strain energy is given by C. E. Larard in Phil. Ma^., vol. xi. May, 
1931, p. 1 104. Comprehensive solutions to such problems are to be found in Univ. 
of Illinois Engineering Experiment Station Bulletin No. 108 (1918), Analysis of 
Statically Indeterminate Structu'res,” by Wilson, Richart and Weiss. 

Q 



450 THEORY OF STRUCTURES [Ch. XVI 

Fig. 228 from (12), Art. 88, with altered suffixes, writing for the 
beam 

Me =HL andMD=iWL-(W-H)L=L(H-iW) 

we find 


/d=L/(W- 3 H) 4 - 6 EI>, /c=L/( 6 H-W)-^ 12 EIt . . ( 2 ) 


Then writing deflection at C- 


HL3 


3 EI 


f Lz'c 


Deflection at 6 = 


(W-H)L 3 WL 3 


3 E 1 


8E1 


I-L/b 


( 3 ) 

(4^ 


I/.L 


and equating these deflections we find, putting as before "Jy 


W 5a+6 
8 '(2a + 3) 


( 5 ) 


which approaches the value (1) when a is great, Lc. when the top 
girder is stiff', and approaches iW when the stanchions are very stiff 
compared to the cross-girder. 

In equating the deflections at B and C we have neglected any 
shortening of the cross-girder which transmits a thrust H. It is 
negligible in comparison with the bending deflection of the stan- 
chions. 

These results can alternatively be found from the theorem of 
Minimum Strain Energy (Art. 96). Ignoring any strain energy but 
that of flexure the total may be written as the sum of that in DC, 
CB, and BA, or 


y —Udc + Ucii +Ui3A 

Partially differentiating with respect to H 

El— = M--rfA: + - M— dt+ M—Jx . 
rH J 0 fH a/Jo fH Jo ‘H 


(lA) 


(2a) 


which by (22) of Art. 96 is equal to zero since there is no deflection 
at D where the external force H is applied. Taking x from D 
(upward), from C (leftward), and from B (downward) in the three 
ranges we have 

DtoC c/M/c:H=x 

CtoB M = HL-iWAL//; aM/c;H=L 

BtoA M=H(L-x)-iWL+iWjc2/L; 8M/dH=L-x. 
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Inserting these values in (2a) and equating to zero 

H + L-' f’ { H - i W(jc//) }/(a/)JA- + fuKL - x)^ 

Jo Jo Jo 

-iWL(L-A)+W(LA2-A3)/2L]rfA=0 . (3a) 
iHL3 +(L2/a/){ HL/-iWL/} +iHL3 

-iWL3+iW(i-i)L3=0 .... (4 a) 

From which 

H=iW(5a+6)/(2a+3) .... (5a) 

as in (5). This method does not appear to offer any advantage over 
that of equating deflections. It may be used as an alternative in 
this and the following cases. 

Stiff Cross-Girder: “Fixed" Bases (Fig. 229). Since DC 



remains vertical at D and C, from (1) and (2), Art. 80 (or from (1), 
Art. 82), MD=iHL, hence IiD the distance from D to the point of 
inflexion =iL. And similarly MA=iWL— iHL. 

The deflection at C from (2) and (11), Art. 80, is 
HL3 M„L2_HL3 
3EI 2EI 12EI ■ • • • ^ 

And the deflection at B is 

(W-H)L3 MaL2 WL3 

3EI 2E] SEl • • • * ^ ^ 

And equating (6) to (7) 

H=iW, W-H = 3W . (8) 

W 

AtAfromA M = MA+i— . ^Wa 

I 2 . A=a=0.368L . (9) 


which vanishes for 
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The bending-moment diagrams are shown in Fig. 229. 

Flexible Cross-Girder: “ Fixed" Bases. Taking Ma and or 
Mb and Me as unknown quantities in addition to H, we can state the 
end slopes ic and i^ for the stanchions from Art. 80 or Art. 82. The 
same slopes can also be deduced from (12), Art. 88, and equated to 
the previous values, thus eliminating j'c and i^. A third relation is 
obtained by equating the deflections of B and C and solving; we 
then obtain 

H=W(2a-f-3)-^8(a-|-2) .... (10), 


If a is great this reduces to i:W in agreement with (8), while if a is 
small H=i^ . W, the value for a beam hinged at B and C, as )s 


shown by equating cap deflections 


HL3 , WLJ HL3 
to 


Thus for 


3EI ■' 8EI 3Er 
all relative stiffnesses of the stanchions and beams H will lie between 
The general expressions for Ma and Mn obtained 


iW and ^W. 


as described are 


WL 30a2-|-73a-|-15 
24 ■ (H-6a)(a-|-2) 


. . ( 11 ) 


18a--b35a- f9 
24 ■ (H-6a)(a-h2) 


( 12 ) 


Also V=W{a/(6a-M)}{L//} 

When a is great Md becomes ^WLand Ma becomes 2 ^^WL in accord- 
ance with the previous case and Fig. 229. The types of bending- 
moment diagrams will be as in Fig. 229, but the proportions will 
depend upon the relative stiffnesses of the parts. 

If the Minimum Strain Energy method is used as an alternative 
we state M for each range and equate to zero each of the partial 
differential coefficients of U with respect to H, V, and either Ma or 
Md. Or we can choose H, and either Ma or Md, together with 
either Mb or Me, solving three simultaneous equations such as 
au/aH=o, c)U/&v=o, and au/aMA=o. 

T^e foregoing results with those of the previous articles are 
summarised for comparison in the Table opposite. 

Partial Distribution. When the total load is transferred to the 
windward stanchion at a number of isolated points, as when a side- 
wind load on the wall or sheeting is carried by rails attached to the 
stanchions, the results will be intermediate between those of the 
first five lines of the Table taking W=i total load, and those 
of the last five lines taking W for the whole load. For example, 
taking the structure in the last line of the Table, if the load is 
carried at the base, the top, and a point midway between, the total 
load W would be divided (see Art. 1 20) into ^W at the top, ^W at 



Table of Bending Moments and Reactions on Stanchions connected by C \p Beams and Subject to a Side Load W 
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the base, and half-way along the stanchion. Hence, equating 
the deflections of the stanchion tops, using Art. 80 


HL^^W U W 
El 4 ■ 3E1 2 


/Ly_i_+w/L\_L_i 

■V2/3EI 2\2/2EI 3' 


hence H=iiW, whereas for uniform distribution we had 
Thus for a single intermediate wall support the value of H falls 
from ifW to W where the limit for a large number of rails is only 

04 W. For several concentrated horizontal forces Fj, F 2 , F 3 , etc., on 
the windward stanchion at distances niL, / 22 L, / 23 L, etc., from the 
base we should have, from Art. 80 \ 

1 HL3 


H=iI(F«3)-|-|I{FH2(l- 


of which the above is a particular case in which Fi = iW, ni = l, 
F 2 =iW, /! 2 =+- Similar rules may be framed for the other types of 
support, but the extreme cases of concentration at the two ends and 
complete distribution will be sufficient guide for estimation of H in 


any case. 

Stiff Open Bracing: Hinged Bases. The effect of uniform distri- 
bution of the load on the structure of the type shown in Figs. 223 
to 226 may be briefly noticed. Using the notation of Figs. 223, 225, 
and 226, we assume that BC is a braced girder so stiff as to resist 
flexure so that points B and K remain in the same vertical, and like- 
wise C and F, although the portions BK and CP, bend. This 
enables the slopes at K and F to be written in terms of H and W, 
where H is the horizontal reaction on the leeward side. Then equat- 
ing the deflections of K and F say, i.e. neglecting the strains in the 
bracing in comparison with flexure, we find 


_W L^ + 5Lh-h^ 

“16 ■ LA 


The transverse pull of the bracing at the foot of the knee bracing 
(point K, Fig. 223) on the windward stanchion is found by moments 

about the hinged top, and is (iW— H)—^, and subtracting this 

from H gives the thrust at the top. The transverse forces on the 
leeward stanchion are as in Fig. 223 (c), writing H for Hj. If A 
approaches L, H approaches its lowest value, which is i^W, in agree- 
ment with ( 1 ). 

Stiff Open Bracing: ''Fixed" Bases. By similar methods for 
uniformly distributed loads, using Art. 80 for the transverse forces 
on the stanchions, taking H the horizontal reaction on the leeward 
stanchion and P' the horizontal pull of the foot of the bracing on the 
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windward stanchion as unknown quantities, and equating all the 
deflections at B, K, C, and F, we find 

„_W 3L3+7L2/j-5LA2+/i3 

O * I I / AT TT ■ • • • 

8 Lh(4L—h) 

which of course approaches the value H=iW in agreement with (8) 
when h approaches L. 

W 6L5-4L4/2-17L3/i2 + 15L2/|3-7LA4+/|5 

16' L//(L+2/2)(4L-//)(L-//) ■ ^ ’ 


The thrust of the foot of the bracing on the leeward stanchion will 
be as given by P in (2) Art. 166, the value (14) being used for H, 
which gives 

p_W (3L3+7L2/2-5 L/z2 + /23)(2L2 + 2LA-/22) 

16 L/2(4L-//)(L-/z)(L+2/0 ■ ^ ^ 

With H, P, and P' known, all the other stresses in the bracings and 
stanchions are easily determined. Perhaps the best method for the 
bracing would be to find the point of inflexion and then use the 
graphical solution given in Art. 157. 

The assumption of a rigid bracing in comparison with the flexi- 
bility of the stanchions would of course only be reasonable for 
moderately large values of h compared to L. For ordinary values 
of h/L, H is much less than ^W, i,e, the windward stanchion carries 
much more than half the load. 

In some open structures there may be equal distributed loads W 
on each stanchion. In such cases by symmetry H=W; hence the 
horizontal force P at K (Figs. 223 to 225) is equal to the horizontal 
force P— H at B; hence, for Fig. 224 


W (3L3 + 3L2/i-3L/z 2+/23) 
8 a-//)(L+2/z)L 


and 


^ /(3L3 + 3L2/2-3L/72 + /z3) 

J 4"(L+2/;) 


. . (18) 


In all such cases the effects upon each stanchion may be found by 
adding the effects for the windward and leeward stanchions in the 
cases where W acts on only one stanchion. Thus the result (17) 
may be found by adding (15) and (16). 

The foregoing results in symbols cover many cases of rigid frames. 
To extend them to unsymmetrical cases would be laborious and 
take much space. An example will sufficiently illustrate how to deal 
with such cases by the principles already used. 

Example. Open Rectangular Frame. If the stanchion CD in 
Fig. 228 were twice as long as AB {i.e. Cn = 2L), BC=/=AB=L, 
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and El constant throughout the frame, find the component support- 
ing forces at A and D. 

Mc=2HL; MB=L(H-iW) 

Proceeding as at (2), (3), (4), and (5), from (12) of Art. 88 
Jb = - /(2Mb + Mc)/(6EI) = L/( W - 4H)/(6EI) 

/c=/(Mb -|-2Mc)/(6El) = U5H -iW)/(6EI) 

Deflection at C = 2LfV + 8HL3/(3El)=L2/(10H-W)/(6EI)-|- 
8L3/(3EI) 

Deflection at B=Ub+(W-H)L3/(3EI)-WLV(8EI) 

=L2/(W -4H)/(6E1) -|-WL3/(3EI) - WL3/(8EI)\- 
HL3/(3EI) 

Putting /=L, and equating the deflections at B and C we find at D, 
H=i¥ 8W; atA,W-H=|i|W. 

Taking moments about A, Wx^L + iyuWE— VoL=0; Vi) = 
Y^W (upward). 

Taking moments about D to check, W x 1-5L — H^WL — VaL = 
0 ; Va=-^W (downward). 

160. Wind Stresses in more Complex Structures. The methods 
of Arts 158 and 159 may be applied to the analysis of the stresses in 
more complex frames, but where more members are introduced the 



solution becomes more complex and practically too difficult. An 
example will suffice to illustrate the application to more complex 
forms, which by different combinations of hinged and rigid attach- 
ments might be greatly extended. Fig. 230 (a) represents two 
stanchions AB and CD fixed in direction at their bases A and D, 
and connected by two cross-beams BC and EF rigidly attached to 
the stanchions. Suppose a horizontal load W either concentrated 
or distributed to act on AB. Let P and 0 represent the thrust 
(positive or negative) in BC and EF respectively. Then selecting as 
unknown quantities P, Q, and the bending moments at B, C, F, and 
E, we can form six equations to find these unknown quantities as 
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follows; /‘b and for the stanchion may be written from Art. 80. 
Assuming rigid connections, these may be equated to z'b and for 
the beam written from (13), Art. 88. Two similar equations may 
be written for C and F, and finally two more may be formed by 
equating the deflection at B to that at C, and the deflection at E to 
that at F, all the four deflections being written from Art. 80. 

Steel building frames of several stories are too complex for exact 
calculation, and the connections do not warrant the assumption of 
rigid joints, and various empirical approximations have to be used. 
Fig. 230 {h) represents say (/? — 1) portals, consisting of n stanchions 
connected by beams across their caps. If F is the transverse hori- 
zontal force taken by any stanchion, then its deflection is FL^/(3EI), 
which must be the same for each if the load W is concentrated at the 
windward stanchion cap; hence for equal lengths F/T must be the 
same for each and the sum of the thrusts F balances W; hence for 
the A7zth stanchion 


Wl. 


. . ( 1 ) 


where the suffixes denote the various stanchions. If all the stan- 
chions are similar, F = 1//7W. If the stanchions are not all equal in 
length 1/L^ will replace I in all the terms of (1). 

If the load W is distributed uniformly over the outer stanchion 
and all the stanchions are similar, the remaining stanchions all take 
a horizontal thrust H, and equating the deflections of the windward 
and any other stanchion 


WL3_(^-l)Hy^HL3 
SEl 3EI 3E1 


hence H = „- . W . 
Sn 


. ( 2 ) 


or J . Wjln, i.e. | of the load which would be borne by the stanchions 
if -JW is transferred to the windward stanchion cap. 

If the load W is uniformly distributed, let H be the thrust in the 
first beam, then 

WL3 HL3_ HL^ 

8EIi 3Eri 3E(l2+l3 + l"4 + . . . +U ' • ^ 

Hence 


H=JW 


I2"l“l3 + l4+ • • ■ "hlri 
I ] +12 + ^ 3 + ... + 1^1 


or . (4) 


the horizontal force taken by any, say the ;?7th, stanchion from (1) 
being 

F = HxU-I“(I) = |WI,-;-2;(I) . ... (5) 


which gives the value (2) in the case of similar stanchions. Here 
again for stanchions of unequal lengths I will be rephaced by 
I/L3. 

Q* 
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ywi Applications to Steel Buildings. In applying the analysis 
in the foregoing articles to the cstininiion of wind stresses in the 
stanchions and roofs of steel buildings, it is ditllcult to know how far 
any particular condition of fixture or rigidity will be realised. For 
the purpose of design some rough estimate is made upon the safest 
assumption, but without a thorough understanding of the problem 
it is dangerous to make simple assumptions which, while being on 
the side of safety for one element of the structure, may be quite 
unsafe for another. Thus the assumption that the roof is rigid to 
compression between its supports is on the safe side for the estinta- 
tion of the leeward stanchion stresses (which are often greater th^n 
those on the windward stanchion); it is on the wrong side for 
estimation of the windward stanchion bending moments; for to 
take the other extreme, if the roof off ers little resistance to horizontal 
compression, lacking other connections, the windward stanchion 
will carry nearly the whole wind load. Again, the condition of 
“ fixed ” direction at the base of a stanchion depends upon anchor- 
age or fastening at the foot (see Art. 175), and upon an absolutely 
rigid foundation; probably it is never /ully attained. This fact is 
equivalent to a lowering of the point of inflexion and consequent 
increase of the bending moment at the foot of a knecbrace (sec (c). 
Fig. 224), or at the rigid cap connection (see Fig. 229); but to 
assume it would be to presume a diminished moment at the base (see 
(c). Fig. 224) and might be unsafe. Thus to assume in Fig. 224 that 
I 2 is lowered to half-way between F and D (a common recommenda- 
tion) is for the purpose of computing the maximum moment on the 
stanchion to assume the most favourable possible conditions, i.c. to 
make the least safe assumption. To assume the base hinged (1 2 
lowered to D) is the safest assumption (see Fig. 223, (r/)), but may 
be unnecessarily wasteful in material. 

Roof attached to Stanchion Caps only. If there is nothing amount- 
ing to a kneebrace the maximum bending moment on the stan- 
chions due to wind load, assuming a stiff roof, will be given by the 
Table in Art. 159, half the horizontal roof load being assumed to be 
taken at the end of each stanchion and the transverse loads on the 
windward stanchion according to circumstances. The most severe 
condition is the hinged base and rigid top, the maximum value 
occurring at the top of the lecw^ard stanchion Mc = — Lx(i hori- 
zontal roof load + Vo wall load). The stresses in the roof bracing 
may be determined as in Arts. 122, 123, and 127. The effect of the 
wind load on the walls is to bring a thrust H horizontally 
(transmitted to the leeward stanchion) upon the roof ; the effect of 
this is evidently opposite to that of the normal wind and the 
vertical loads upon the roof, i.c. it will reduce the wind and dead- 
load stresses. Unless the conditions were such as to cause a 
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possible reversal of stress in the tics this effect would generally be 
neglected. If taken into account with the wind load the least value 
of H should be chosen as external horizontal thrusts at B and C. 
There will be of course, with rigid attachments, some bending 
moment on the main rafters. 

Kneehraced Roof. The wind stresses on the kneebraces may be 
estimated as explained in Arts. 155 and 156, taking the horizontal 
component of the wind load as divided between the two stanchions. 
In addition, there are the stresses similarly determined from the dis- 
tributed wind load on the stanchions by using the values of H, P', 
and P given by (13), (14), and (15) in Art. 159. It will generally be 
nearly correct to assume that half the horizontal wind force on the 
roof is concentrated at the top of the windward stanchion, and to 
apportion the side load as explained in Art. 120 at the top of the 
stanchion and the foot of the kneebracc. The vertical components 
of the reactions at the feet or at the tops of the stanchions are easily 
calculated by moments after the points of inflexion have been deter- 
mined. When the stress in a kneebrace has been calculated it is 
easy to draw the complete stress diagram, remembering that the 
stress in the stanchion may be split into a vertical thrust and a 
horizontal shearing force. 

Graphical Method. The method given in Art. 157 may be applied 
for finding the wind stresses in a kneebraced roof if the stanchion 
bases are assumed to be hinged or if the points of inflexion are cal- 
culated or assumed. Thus if the loads in Fig. 231 are known the 
external-force diagram 1234567 may be set out. The reactions 7, 
18, and 18, 1 at the base of the stanchions may be found in various 
ways subject to the condition that their horizontal components are 
equal, e.g. one vertical component may be calculated by moments 
about the hinged base of the other stanchion. Then the addition 
of the fictitious dotted members 1 — 27, 27 — 26 and 2 — 26, etc. , enables 
the complete stress diagram to be drawn and the stre.sses in the 
internal bracing to be found. The lower stress diagram in Fig. 231 
represents the case of flexible braces so that the stress in 18-10 is 
zero, that in 18-25 being thereby greatly increased. Member 7-18 
the leeward stanchion of course then exerts only a vertical force 
7-1 8 at its cap. 

Fig. 232 shows the process for the same roof and loads when the 
stanchions arc " fixed ” at their bases, the points of inflexion being 
found by (3), Art. 156, or assumed to be half way between the 
base and the foot of the kneebrace. 

In Fig. 231 the reactions are determined graphically by setting off 
the resultant wind pressure at QS to intersect the frame centre line at 
P, joining P to A, meeting a vertical through Q in N; then a 
horizontal projection of N on the centre line gives T such that, 
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for stiff braces, TQ gives the reaction (7-18) at D and ST (18-1) 
that at A. For flexible braces, SN gives the reaction, (18-1), at A 
and NQ that, (7-18), at D. By resolving QS into vertical and 
horizontal components at P, the proof of the construction will 



Fig. 231. — Graphical solution for kncebraccd roof 


become obvious, for the former gives equal components at A and D, 
and the latter gives the equal horizontal plus equal and opposite 
vertical components or reactions directed through the hinges 
toward P. 
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Example 1. A French roof truss of 60-ft. span, 15 ft. rise, and no 
camber of the tics (Fig. 231), is attached to stanchions 20 ft. high 
and braced as shown, the knecbraces meeting the stanchions 4-75 ft. 
below the caps, and the principals are 10 ft. apart. Find the wind 



19 

Fig. 232. — Case of fixed ” bases 


stresses in the kneebraccs and remaining members, and the maxi- 
mum bending moment in the leeward stanchion, with a horizontal 
wind pressure estimated at 50 lb. per sq. ft. 

Wind pressure normal to the slope ((7), Art. 117) is 50 x 26-5/45 = 
29*41 lb. per sq. ft. 

Wind load per node. 

=x X y ^ ^ ^ ? X 29-4=2,475 lb. = 110 ton, say 

Horizontal pressure on wall at eaves 

= X 10 X 50 = 1, 1 87 lb. =0-53 Ion. 

2 

Horizontal pressure on wall at foot of brace 

= 10 X 10x50 = 5,000 lb. = 2-24 tons. 

By moments about A, vertical reaction at D 

=^^(4-48 X 10) + ^4-40 X X 1 + (4-40 X X 27-5 

=2-632 tons. 
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Hence the point 18 is determined after 1 , 2, 3, 4, 5, 6, 7, have been 
set off in Fig. 231, for it lies 2-632 tons above the point 7 and half- 
way horizonlally to 1, and the remainder of the diagram is drawn 
as shown. To check the kneebrace stresses, the distance of the 
brace 18-25 from B is measured or calculated as 4*28 ft. Omitting 
the force carried directly at A, total horizontal force = (4-40/ V5) + 
0-53 + 2-24=4-74 tons, and taking half this or 2-37 tons as hori- 
zontal reaction at A and D, by a section through B and moments 
about B, tension in the windward brace (18-25) 

=(2-37 x20-2-24x4-75)/4-28 = 8-6 tons. 

And similarly by moments about C, thrust in the leeward braipe 
(18-10) 

=2-37 X 20/4-28 = IM tons. 

Checking the centre tie 17-18, by moments about the vertex, of 
forces on the right-hand lialf of the roof, the tension in the tic is 

(2-632 X 30-2-37 x35)/15 = -0-27 Ion 

i.e. 0*27 ton thrust as in the diagram. This result is partly due of 
course to the flexibility of the standards, diminishing the cITect of 
the normal wind pressure on the slope which produces tension; for 
wind stresses in the roof bracing it would be safer to assume rigid 
supports. Actually the structure is indeterminate, and computa- 
tions taking account of the elasticity of the roof truss and stanchions 
would give an intermediate result. The maximum bending moment 
on the leeward stanchion is 2-37 x 15-25 = 36-1 ton-ft. 

We may briefly examine the effect of complete distribution 
(uniform) of the horizontal wind pressure. In (13), Art. 159, we 
have /z = 15-25 ft., L = 20 ft., for the horizontal wind pressure 
W=4-48 tons, hence H =0-56 x 4-48 =2-51 tons; adding half the 
horizontal roof pressure 4x4-40/\/5, i.e, 0-99 ton gives a leeward 
reaction of 2-51 +0-99 = 3-5 tons instead of 2-37 tons. The maxi- 
mum bending moment on the leeward stanchion will be propor- 
tionally increased to 3-5 x 15-25 = 53-5 ton-ft., and the thrust in the 
leeward kneebrace would be 

3-5 X 20/4-28 = 16-3 tons or nearly 50 per cent, greater. 

The tension in the windward kneebrace will be reduced by distribu- 
tion of the pressure to 

{(448-2-51 +0-99) x20-(4-48x 10) }/4-28 = 3-4 tons. 

With flexible braces incapable of taking thrust this would be 
{ (448 +4-40/ V5)20-4-48 X 10 }/4-28 = 1 9-7 tons. 

Example 2. Find the stresses in Example 1 if the stanchions are 
fixed in direction at their bases. 

For an approximate graphical solution it is assumed that the 
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heights of the points of inflexion are in both stanchions given by 
(3), Art. 156, viz. 

(15-2.5/2) X (40+ 15-25)/50-5 =8-35 ft.=A-Ii (on Fig. 232). 

Pressure at eaves =0-53 ton as before. 

Pressure at foot of kneebrace=I0xK20— 8-35)50=2,915 lb.= 
1-3 ton. 

By moments about 1 1 the vertical leeward reaction is 
A{(2 6 X yiy (4-40 X A X ,5) + (4 40 X X ,9.,5)} 

= 1 -86 tons 

from which the point 18 is found, allowing half the effective hori- 
zontal forces, i,e. loads above the level T 1 T 2 in each reaction, viz. 

ii \ -3 + 0-53 +4-40/ \/5) = 1 -9 ton. 

Checking the thrust in the leeward kneebrace 18-10, by moments 
about the cap, thrust 

= (ll-65xl-9)/4-28 = 5-3 tons. 

Examining the effect of uniform distribution of the load on the 
stanchion from (14), Art. 159, the horizontal wind load transmitted 
to the leeward stanchion base is 0-2935 x 4-48 = 1 -3 1 5 ton, and adding 
half the horizontal roof pressure gives 1*3 15 +0*99 = 2-305 tons. 
Hence from (1) and (2), Art. 156, the height of I 2 is as before, 
8-35 ft., and the thrust in the leeward kneebrace is proportionally 
increased to 

(ll-65x2-305)/4-28=6'28 tons. 

The height of I 2 is slightly modified 
by considering the load as distributed. 

162. Vertical Loads on Rectangular 
Frames, 1 The bending stresses in a 
stanchion due to vertical loads on 
horizontal cross-beams can be found 
by the same principles as were used in 
Arts. 158 and 159. The maximum 
sti esses may be estimated in accordance 
with Art. 109, combining all the bend- 
ing moments and the total thrust. 

Sometimes the bending stresses in 
stanchions are so great that the direct 
thrust may not be of very great im- 
portance. 

Stanchions with Caps connected by 
Cross-Beam. Bases “ Fixed ” (Fig. 233). Let the load on the 



Fig. 233. — Vertical load 
on rectangular frame 


I See footnote to Art. 159. 
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horizontal beam BC of length / rigidly attached to the stanchion 
caps B and C be such that it would give a bending-moment 
diagram of area A with centroid distant * from B (see Art S2, 
section (c)) if BC were freely supported at its ends. Let m stand for 
the positive bending moment on the beam, then the clockwise 
couples applied to the left- and right-hand stanchions are Pb and 
-Ur respectively. Neglecting the longitudinal compressibility of 
the beam, the horizontal deflections of B and C are equal, or if 
P= thrust in the beam and I = moment of inertia of the stanchion 
section, from Art. 80 

liDL2_Py. 

3Ei 


hence 

Also 


2EI 

El 2EI 


PcL2 PL3 
2EI 3EI 


El 


PcL P^^ 
2Ei 


(1) \ 

( 2 ) 

(3) 


L PL^ 

j'b i'c — ( l^D "I" J 


(4) 


But if It = moment of inertia of the beam section from (13 a), Art. 


88 


iB - 'c 


I 

2EL 


and equating (4) and (5) 


P=- 


(5) 


( 6 ) 


where a is the ratio to 


I ItL 
or , 
L 1/ 


L/’a-l-2‘ 

Hence from (3) above, and (13), 


Art. 88 


Pb — ~ 


8-t-^o^6(a+2).f// 
■(to+l)(a+2) 


Pc 


^ Ar 6(a-f2)(x//)-4-f9a ] 


71 


i 


(7) 


( 8 ) 


(6a-l-l)(a-l-2) 

The bending-moment diagrams are shown in Fig. 233. 

the stanchions are vc^ rig d "IT,!;-'? “ 
beam putting a=0, these reduce to the values (6) and (7) of Art. 
for the built-in beam. If the loading is symmetrical 

2A /Q\ 

«=i/, Pb = Pc=-^^-2) 

M _PL, which is equal to 4 Pb for 

jednt of infl^ion being JL from A as in dO), 90 (w.th « = 1), 
to which the stanchion reduces for symmetrical loading. 

Alternatively, the foregoing results can be obtained by the method 
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of Minimum Strain Energy (as in Art. 159). The expressions for 
M in each of the ranges AB, BC, and CD are written down and 
from them the total (flexural) strain energy U is obtained. If, say, 
P, Vd, and (or Ud) are chosen as independent variables the three 
simultaneous equations ^U/^P=0, c)U/Wd= 0, and 0 U/Ma=O 
may be solved for P, Vj^, and Ma and then Hb, [Iq, Md and Vd may 
be found by equations of moments. 

Hinged Bases, Using the letters of Fig. 233, in this case iiA = 
|JLd= 0, |iii=PL = iJic; the deflections at B and C are 

PT 3 PT 3 

and L./c+^ .... (10) 


3 El 


hence 

and equating this to (5) gives P= — 
and 


2py 

3EI 

A 3 


/L‘ 3+2a 


A 3 

Mn — Uc ~ — ; ■ 


/ 3+2a 


( 11 ) 

( 12 ) 

(13) 


This might alternatively be solved by integrating equation (2) 
Art. 78, for each stanchion under the conditions that the deflections 
are zero at the bases, and equal at the caps, and that the slopes at 
the caps are given by equation (3) when Ub = 1J^c=PL- These five 
conditions determine the four constants of integration and give an 
equation to find P. 

Example 1. On the same structure a load W at nl from the left- 
hand stanchion (B). 

From (23) and (24) of Art. 88 

A = -iW/2/i(l-«); £/l=i{\+n) 


Substituting these values in (7) 

Hj, = ^ W///( 1 - /7) { 4 + 1 3a - 2/7(a -h 2) }/{ (6a -|- I)(a -1- 2) } 
M A = Uu -PL = u„ + (A//){ 3/(a -f-2) } 
iw/M Jl-5a-2«(a-|-2)) 

Also, taking moments about C 

h,- = P„-|-W(1-«)-Va/ 

Va/=W(1-/j) + Pb-Pc 


Hence substituting for Ph and Pc 
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^u=Wn|l- 


6a+l 


^ L12 

For example, if «=i and a=l 


1 [3 W///(l -n) 
a+2 


J 

=:V ^ 

2 L a+2 


Mb=00692W/. Pc=00558W/. 

The bending moment under the load is A-W/— Pc — Kl^u — 1*0) 
=0I216W/. 

If a=0 (i.e. very stiff stanchions), Pn=-(74W/, Mc = 6'4W/, as‘\in 
Example 1 , Art. 88. ' 

Symmetrical Frames and Loading. If the portal frame and its 
loading are both symmetrical about a central vertical axis the 
bending moments at the joints of the frame and bases of the stan- 
chions would be the same as those in a continuous straight beam 
formed by rotating the vertical stanchions into line with the hori- 
zontal cross-beam. Thus if in Fig. 233 there is a total load W 
uniformly spread on the beam BC and say (ltL)/(l/)=a=l (say 
L=/ and l6=l), then 

A = -iW/2/8=-WF/I2 

Hence from (9) 

tin = Uc=+W//18 

and from (12) P = W//(12L) 

Ma = Ph - PL = WV; 1 8 - W// 1 2 = - W//36 


If ABCD be taken as a straight continuous beam, from tlie Theorem 
of Three Moments (6), of Art. 91, 


Ma +4Mb + Me. = ]m/ 2 = i W/ 


and since by symmetry Mc = Mij 

MA + 5M„ = dW/ 

From (7), Art. 91, Ma being fixed in direction 

2Ma + Mu= 0 (since there is no load on AB). 

Hence Mb=W//18; Ma= — W//36 as for the portal above. 

Unsymmetrical Cases. Side sway. The foregoing simplification 
from a portal to a straight beam will only hold good if B and C 
(Fig. 233) remain fixed in position, i.e. if there is no sway or move- 
ment of the frame to the right or left, as there is when the portal 
itself or the loading is unsymmetrical. If there is side sway, it is 
still possible to employ the methods applicable to continuous beams 
but an important correction is required. This will be explained by 
means of a simple example. In Fig. 233, let the vertical load on the 
beam be W at H from B {i.e. let /i=d in Example 1 above) and let 
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the lengths of the beam and stanchions be equal (/=L) and let 
lfc=I. Thusa = l. 

Then treating ABCD as a straight continuous beam and using the 
symbols of Art. 92, li = l 2 =h=l 

Ai=A 3=0; 6A2*2//=+ix5xJW/2=|iW/2 
From (4) Art. 92 

Ma/+2MdX2/+Mc . /=+fiW/2 
Md/+4Mc/+Mu/=v|W/2 
Also from (4a), Art. 92 

2MA+Mn=0 hence MA=—iMn 
2 Mo + Mc =0 hence Mn=—^Mc 

Substituting these in the previous equations 

M„=yVoW/; Ma=— 32^iW/; Mc=Th^l; Mn=-^2^'Wl 
These are the bending moments for a straight beam and also for the 
portal frame if it were supported by a horizontal force, at the level 
of the cross-beam, just suflicicnt to prevent side sway of the frame 
(to the right). Let H be this necessary force, say at C, from right 
to left to maintain B and C in position. Consider the stanchion 
AB while each end is held in the line AB and let H i be the horizontal 
reaction of the ground (left to right) at A. The moment of external 
forces on the stanchion at B is 


Mu=Ma+HjL hence Hi = (M„-Ma)/L 
Similarly M(.=Mu-(-H 2 L and H 2 =(lVIc — Md)/L 
where H 2 is the horizontal reaction of the ground, ng/;/ to left, at D. 
Since the total horizontal force on the portal frame is zero 
H- 1 -H 2 -Hj =0 or H=H,-H2 =(Mi3-Ma)/L-(Mc-Md)/L 
H = ( , Vo- + -3^^o ) W - ) W 


39—21 9 

320 160 


If H be balanced or neutralised by a sway force of equal magnitude, 
left to right in the line BC, we shall have no resultant force on the 
structure and it only remains to calculate the effects of this force and 
to add them to those found by the Theorem of Three Moments. The 
effects of such a force have been investigated in Art. 158 and if we 
write the above value of H in place of W we can refer to the Table 
in Art. 1 59. The sway force H will produce at B a bending moment 
-iHLx3a/(6a + l)=-iXT6oW/x^; = - 2 |-JoW/and at C a bend- 
ing moment Hence, finally, 

B.M. at B=(jVo-2i-Jo)W/=^2^VWf=0-0692W/ 

B.M. at C=(-,-^-|-2-iio)W/=2S2^W/=0-0558W/ 

These are the values previously found by the direct method in 
Example I above. 
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The method of moment distribution may be used both in finding 
the moments on the structure in its locked or unswayed position 
and then in determining the eflbcts of the sway force to be added. 

If the stanchions are of unequal length or unequal section, the 
slope and deflection method used to obtain the results (6), (7), and 
(8) will lead to more complicated symbolic expressions. These 
may be found in the references quoted but the method of moment 
distribution may be used when numerical data are given. Detailed 
examples may be found in books on moment distribution.^ 

163. More Complex Rectangular Frames. More complex struc- 
tures such as shown in Fig. 234 may be solved by the principle^ of 
the previous article, but the unknoVn 
quantities and equations to find them be- 
- come more numerous. We may briefly in- 
dicate the methods for Fig. 234 and similar 
structures with rigidly attached cross-beams 
L BC and KF. 

Case /. A and D “ fixed,” B and C free 
except for rigid attachment to the girder. 

' Unknown quantities, moments Pn, 
and ^ind thrusts P and Q; for stanchion 
(see Art. 80) = ?^ for beam BC (see Art. 88). 
Three similar equations for points K, C, and 
F. Deflections at K and B = deflections at F and C (see Art. 80 for 
the values). 

In case of symmetry, only the equations of slopes at B and K 
together with deflections at B and K equated to zero are required. 
There is no side sway. 

In this case the equations reduce to 

/ 4— « 

/ 4— « 

where A 2 and 02 refer to the bending-moment diagram, and ratio 
Ii,L/I/ for the girder KF. 

Example. If 01 = 1=02 and /i=i with a central load W on the 
girder BC only 

MB=T'i%W/. Mk=tW8W/. 

With a central load on the girder KF only 

PB=ril^W/. pK=i^i%W/. 

1 Structural Analysis by W. F. Cassic (Longmans). “ Notes on Some Modern 
Methods of Structural Analysis,” by F. Simpson (Assoc, of Engng. and Shipbuilding 
Draughtsmen : pamphlet). 



Fig. 234 
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Case II. A and D hinged, B and C as before. The horizontal 
reactions being P and Q, and equation of moments about B and C 
gives Ub and Uc in terms of the four unknown quantities Mf? 
and Q. Then equating the deflections at B and C and at K and F 
as found from and ic for the girder BC, (13), Art. 88, and again 
from /’k and Zp for the girder KF, give the equations required. For 
symmetrical loading it is only necessary to write the deflections at 
B and K equal to zero. There is no sidesway. In this case the 
equations reduce to 


Mb = - (3 +n)ixu -2n\xy, ) 
Pk = - -f - Pb) 


Example, If aj=a 2 = l and w=i, for a central load W on BC 
only 

M„ = 3^^WL. Pk=T2WL. 

For a central load W on KF only 

Mh = 7'2WL 

Other Cases. A, B, C, and D all fixed vertically. A, B, C, and D 
all hinged, A and D fixed vertically, B and C hinged, all form inter- 
esting cases with possible applications, and may be worked out on 
similar lines to those given. 

In frames consisting of two stanchions with several equally 
spaced cross-girders symmetrically loaded, points of inflexion in the 
stanchions would fall approximately midway between the girders, 
and a single storey would reduce to the case of A, B, C, D all hinged 
and /?=i, where L is the distance between successive girders. If 
only a single cross-girder of the series were loaded, the length L 
might be taken as twice the distance between successive cross- 
girders. 

164. Secondary Stresses.^ Stresses calculated upon the supposi- 
tion that frame joints are frictionlcss pins the axes of which are situ- 
ated cxcictly at the intersection of all the elastic lines of the members 
meeting in each joint, may be called primary stresses, and are first 
approximations to the stresses in the members of a fiTime. Actual 
frames differ materially from ideal conditions (1) in having either 
riveted joints, or pin joints which are far from frictionless; (2) in 
having members the elastic lines of which at some particular joints 
do not meet in a point, the members being thereby subjected to 
eccentric pulls or thrusts. Frames with riveted joints are really 
statically indeterminate, but second approximations to the stresses 


^ For a much fuller treatment of secondary stresses see Secondary Stresses in 
Bridge Trusses, by C. R. Grimme. 
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in such frames may be calculated after the primary stresses, and the 
sections are known by estimating approximately the secondary 
stresses, i.e. the stresses produced by deviations from the above ideal 
conditions. Rigidity of the joints will also considerably modify the 
deflections (see Art. 145) calculated on the assumption of friction- 
less joints. Any full treatment of the computation of secondary 
stresses is necessarily lengthy and beyond the scope of this volume, 
but secondary stresses have received much attention, and an 
elementary insight into the principles involved in their estimation 
may be instructive. 

Stresses arising from Rigidity of the Joints. TTiis is perhaps t^e 
most important type of secondary stress. If we assume th^ft, 
instead of being free to turn at their ends, frame members are rigidly 
held in the same relative angular positions at the joints although the 
joints may have small angular movement due to the strain of the 
frame, we can estimate the fixing couples at the ends of the members, 
and hence the secondary bending stresses resulting from the lack of 
free angular movement. 

Thus, for example, a triangular frame ABC (Fig. 235) supports a 
vertical load at A, the joints A, B, and C being rigid. To simplify 
the problem, suppose BC is infinitely stiff or that B and C are 
rigidly fixed to rigid supports. Let AB=r, BC=a, AC = 6, and let 
the primary unit tensile stresses in b and c as found by simple statics 
be pi, and respectively, so that the extension of b and c are 

5h=bx^J, bc=cx^ 

E E 

C a B where E is Young’s 

Modulus for the ma- 
terial. 

Let A' found by arcs 
of radii A +6/) and c+Sc- 
about C and B re- 
spectively be the new 
positions of A after 
strain shown much ex- 
aggerated in Fig. 235. 
The angles a, p, y at 
A, B, and C remain 
unchanged, and in con- 
sequence the members 
p,f; 235 bent, the tangents 

to the members at A', 
B, and C being inclined to the sides of the triangle A'BC. Let 
a-|-6a, p-l-Sp, and y-|-5y be the angles at A', B, and C of the 
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triangle A'BC. Then, knowing 6h and 6c, the total increases, 
6a, 6p, and 6y are easily calculated geometrically from a diagram 
or by differentiation of the relation 


cos p=(a^+c^— 62)-^2flc . . . . (1) 

For if only b varies, differentiating with respect to b 
—sin p(6p/c/6) = — 6/ac 

hence partially 


6p = . 


ac sin p b 

And if c varies alone, differentiating (1) with respect to c 


- / — =^(cot a + cot y) 
sin a sin y E 


( 2 ) 


—sin P 


_c^—a^+b^ 
dc 2ac^ 


b 

= - cos a 
ac 


hence partially 

6p = — — cota=— ^cota .... (3) 

c E 

And from (2) and (3) the total variation is 

SP={Pi,(cot a+cot y)— P i cota}/E ... (4) 

a similar value holding for 5y 

5y = iPi(cota+cotP)— Pi cota}/E ... (5) 

while from (3), with the necessary modification for a 

6a=— (piCOtp+PiCoty)/E .... (6) 

If a varies, the modifications in (4), (5), and (6) are easily made. 


e.j?-. 

5a=((p,.-Pi) cotp+(p„-Pi) cot y}/E 

similar values holding for 6p and 6y. 

We may now write the angle which the strained member makes 
with the line joining its ends, following as far as possible the conven- 
tion of signs in Art. 78; thus in Fig. 235 

/„=-h6p. AD ic = -^Y- -(8) U' = +^a+U. .(9) 

/a being unknown. 

Then if M with suffixes stands for bending moments at the joints, 
from (10) and (1 1), Art. 88 (putting A =0) 

Mn=2(2/u-f/A)El/c Mc= -2(rA-h2/c)El/ft . . (10) 

Ma=-2(/;,-1-2/a)EI/c=2(2/'a + /c:)E1//> . . . (11) 

which gives four equations to find the four unknown quantities, Ma, 
M,j, Me, and U- Reducing (1 1) by substituting the values (9), we 
get 

,A=(-66p-|-r5y-2c6a)^2(ft-fc) . . (12) 

iA=(-h6p-|-c6y-t-266a)-r2(h-|-c) . . (13) 
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Whether secondary stresses of this amount will exist in pin- 
connected frames depends upon whether the friction moment exerted 
by the pin is capable of withstanding the moments calculated above 
for the various joints. 

Example. Take a=5 ft., 6=3 ft., f=4 ft. Load = 10 tons, 
sections of AB and AC rectangular 2 x 1 in., the shorter side being 
perpendicular to the figure. 

From a simple triangle of forces, as in Fig. 211, the primary unit 
stresses are a = 2=4 tons per sq. in., />f =2 =3 tons per sq. in. 

And from the triangle ABC, which is right-angled at A I 
cota=0 cotp=f coty = J ^ 

Substituting in (4) > 

5j3=(4x|-3xO)/E=3/E 

and from (5) 

By=(3xf-4x0)/E=4/E 

and from (6) 

6a= -(3 X t +4 X J)/E= -7/E 
Hence from (7), (8), (12), and (13) 

/n=3/E /c=-4/E /a=9/2E /a'=-5/2E 

And from (10), since I=-i '2 x8 = ^ 

MB=:r8(6-l-|)l=T-8 X5 = 24 ton-in. 

Ma = — /8(3-i-9)I = — i lon-in. 

Me =-3^1- +8)1 =18 ton-in. 

Hence, since/ the tensile secondary bending stress per square inch 
on the fibres = M -eZ, where Z = J x 4 = ^ 

at B /=A xf =/e=0 4375 ton per sq. in. 

at C /='0 X ‘2 =xj=0'583 „ „ 

at A /=_.jxi = -i = -0-50 „ „ 

If instead of being 2x1 in. the member had been 4x4 in., these 
bending stresses would have been twice the above values, for 1 and 
consequently M would have been four times greater, and Z being 
doubled / would have been doubled. The more slender the mem- 
bers, i.e. the smaller the ratio of breadth in the plane of bending to 
the length, the smaller the secondary stresses due to rigid Joints. 

Stresses arising from Eccentric Connections. Fig. 236 illustrates 
a case of secondary stress arising from non-concurrency of the centre 
lines of members at a joint. Let the axes of the two slender dia- 
gonals intersect at a distance h from the axis of a substantial upper 
boom of a girder. Then, if F is the resultant of the pull and the 
thrust in the two diagonals, the action is equivalent to a change of 
direct stress F in the boom together with a moment F . h divided 
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equally between the two adjacent panel lengths of the upper boom 
and thcr efore exerting a bending stress such as arises from a bending 
mornent \¥h. Such stresses may reduce or may augment these due 
joints, and may be estimated separately, neglecting the 
rigidity of the joints. Actually the eccentricity will modify the 
angles at the joints and affect the secondary stress, but we assume 
in Fig. 236 that the boom section is so great compared to that of the 
web members that it withstands practically all the bending moment, 
which is equivalent to taking the case of web members freely 
jointed to the boom. If the web members are to be taken into 
account, we should divide the total amount Fh among the members 



Tig. 236 


meeting at the joint in their ratio of their values of I//, where I 
represents the moment of inertia of their cross-sectional areas, and 
/ their lengths, taking the conditions of end fixture the same for 
each. 

There is very frequently a secondary stress of this kind in light 
members, such as angles in which the line of rivet centres does not 
coincide with the elastic line or gravity axis ” of the member, e.g. 
the angles in their attachments in Plate I. 

Experimental determinations of the extreme stresses in tie-bars 
eccentrically loaded by the pull of plates to which their ends were 
riveted, were made by C. Batho.^ The position of the line of 
resultant pull at a given section was found by strain measurements 
at several points on the section, which established the fact that the 
stress varied uniformly, i.e. according to linear law. The maximum 
unit stress was then found (1) from the linear distribution over the 
section, (2) by calculation according to (4) of Art. 100, from the 
estimated position of the centre of loading. The two values were 
in close agreement, and were in many cases more than twice the 
mean intensity of stress on the section. 

^ “ The Dislnbution of Stress in Certain Tension Members,” Trans. Canadian 
Soc. of Civil Engineers, vol. xxvi, p. 224, April, 1912. See also “ The Effect of the 
End Connections on the Distribution of Stress in Certain Tension Members.” 
Journal of the Franklin Institute, August, 1915. 
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EXANfPLES XVI 

1 . A trussed purlin, 1 8-ft. span,is made of a British StandardTee4 X 4 x J in. 
with centre steel strut 1 in. diameter and 12 in. long. The tie-rods are i in. 
diameter round steel; estimate the uniform load per foot length if the unit 
stress in the Tee is to be limited to 6 tons per sq. in. What is then the unit 
stress in the ties and in the strut? 

2. Estimate the maximum bending moment on the stanchions of a shed 

carrying a roof, due to a wind pressure which is 40 lb. per sq. ft. on the wall 
and 24 lb. normal to the roof. Length of stanchions 15 ft., rise 8 ft., span 
32 ft., distance between principals 20 ft. The roof is hinged to the stanchions, 
which are firmly anchored at their bases. The distributed horizontal wind 
load is carried directly by the stanchion. , 

3. Solve Problem No. 2 if the wind load on the walls is transferred to^hc 
stanchions at the cap and the base, and an intermediate point midway between 
the cap and the base. 

4. Two vertical steel posts 15 ft. apart and 15 ft. long made of 5x3 b. 
British Standard beam sections (see Appendix, Table 1) are hinged at their 
bases, and their caps are connected by a beam of the same section rigidly 
attached to each. If this beam carries a central vertical load of 1 ton, 
estimate the maximum bending moment on the beam and on the pc'sts. 

5. Estimate the deflection of the beam in Problem No. 4. E= 12,500 tons 
per sq. in. 

6. Solve Problem No. 4 if the bases of the posts are firmly fixed. 

7. Solve Problem No. 5 if the bases of the posts are firmly fixed. 

8. Find the maximum bending moment on each of the posts and the beam 

in Problem No. 6 if the load of 1 ton is placed 3 ft. 9 in. from one post. 

9. Find the deflection of the posts from the vertical in Problem No. 8. 

E= 12,500 tons per sq. in. 


4 
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FRAME MEMBERS AND STRUCTURAL CONNECTIONS 

165. Determination of Sectional Areas. Chapters xii to xvi are 
mainly devoted to the determination of the gross pull or thrust in the 
members of frames. When this pull or thrust has been determined 
the area is found by dividing this total force by the working unit 
stress. Any corrections for bending due to the weight of members 
between their ends or other secondary stresses ^ must then be made. 
The working stress under various conditions of loading causing 
fluctuations may be fixed by a specification. Some idea of its usual 
values and its variation with circumstances has been given in 
Chapter ii, but we are now in a position to understand more fully 
the significance of the various methods of allowing for fluctuation 
in the load, and Art. 31 may with advantage be again referred to, 
and further illustrated. The simplest method is to use an equiva- 
lent dead load (see (2), Art. 31) equal to the maximum load plus k 
times the variation of load, whether k is unity or some other factor, 
such as those given in Art. 31. In this case a working unit stress 
independent of variation with fluctuation of the load is then em- 
ployed. 

If a member is subjected to both tension and compression the area 
necessary as a tie and as a strut should be calculated, and the greater 
value used. 

Example 1. Find the sectional areas required for the member 
CR, Fig. 1 87, with the loads given in the example at the end of Art. 
132, the unit stress being 7-5 tons per sq. in. (a) Using the dynamic 
stress formula, (h) Using an impact coefficient of (range of load) -i- 
(maximum load). 

(a) From the example quoted, maximum tension =88 tons 

Range=88-0— 16'3=71-7 tons 
Equivalent dead-load stress =159-7 tons 
Area required = 159-7/7-5 =21 -3 sq. in. 

Which may be provided by say 4 angles 6 x4 x | in. placed back to 
back in pairs as in the girder of Plate II. 

(b) Impact allowance=71 -7/88 X 71-7=58-4 tons 

Equivalent load=88 4-58-4= 146-4 tons 
Area required = 146-4/7-5 = 19-5 sq. in. 


' See Arts. 164 luid 174. 
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Example 2. Find the sectional area required for the member EP, 
Fig. 196, with loads as in the example of Art. 132. Unit stress 
7-5 tons per sq. in. in tension, 7-5— 0-025///c in compression. Take 
{a) Dynamic method or impact coefficient unity. (A) Impact 
coefficient = range of load -r maximum load. 

{a) Range of load=36-5 + 15-6=52-l tons 

Equivalent dead tensile load =36-5 + 52-1 =88-6 tons 
Area required 88‘6/7-5 = l 1 *8 sq. in. 

Equivalent dead-load thrust 15-6-1- 52 1 =67-7 tons. 

Assuming that Ijk will be about 80 (never exceeding 100), the work- 
ing unit stress is 

7*5 — 80 x0'025 = 5*5 tons per sq. in. ' 

Area required 67-7/5*5 = 12-3 sq. in. 

Thus the section will probably be determined for the thrust. 
When the member section has been settled, and Ijk is delhiitcly 
known, a check is required to ascertain whether the unit stress is 
within the required limit 7-5--0 025/yA'. 

(6) Equivalent dead tensile load = 36-5 + (52-1)2/36-5 = 110-9 tons 
Area required 110-9/7*5 = 14-8 sq. in. 

Equivalent dead load thrust = 15-6 + 74-4=90 tons. 

Probable area required 90/5-5 = 16-4 sq. in., the thrust again 
deciding the area. 

This example also illustrates the fact that the design from the 
above impact coefficient will in the case of reversed stresses give a 
larger area than the use of the impact factor unity, i.e. than the 
dynamic method. 

166. Riveted and Pin-jointed Frames. In Great Britain riveted 
girders for bridge work are used in almost all cases to the exclusion 
of pin-jointed frames. In America pin-jointed bridge girders have 
been much in favour for all comparatively short spans for a variety 
of reasons, such as cheapness, facility of rapid erection with little 
work at the site, and limitation of the secondary bending stresses 
(see Arts. 164 and 174) in the chord members. Recently, however, 
riveted trusses have been employed more freely; this may be ac- 
counted for by many reasons, such as means of handling larger 
completed pieces, and use of shorter spans owing to diminished cost 
of piers. Frequently some riveted web members are used in bridge 
trusses containing pin-connected eyebar members; such cyebars 
may sometimes be used to avoid the difficulty of a splice in a very 
large section. 

167. Form of Sections for Members. The forms of section most 
suitable for the different members of a frame are necessarily deter- 
nndned largely by experience, and the types and ranges of section 
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available. Practical design of structures involves not only a know- 
ledge of structures, but of methods of manufacture and erection and 
of costs, matters of prime importance which are outside the scope of 
this volume. A small selection of important types of braced girder 
members is, however, given to illustrate many of the points already 
dealt with in the previous chapters. Typical examples of pin and 
riveted connections for roofs have been given in connection with 
Plate I, Chapter xn. 

Boom Sections. Fig. 237 shows typical sections for booms, 
{d) being applicable to rather small girders, (b) and (c) with many 
modifications to larger ones. The side plates and angles of (6) are 
often replaced by channel sections, as in the girder of Plate II shown 
in section in Fig. 244. As shown at (r). Fig. 237, latticed channels 
are also used. The top chord is usually closed by plates as at (6), 
while the bottom chord is generally latticed, or quite open to pre- 
vent the accumulation of w^ater, being stiffened by transverse dia- 



Fig. 237. — T>pical boom sections 


phragm plates at intervals, attached by angles to the side of the 
vertical channels or plates. The minimum depth of a boom section 
is often limited to -^C) of panel length. 

Web Member Sections. The ties are usually flats or angles in 
riveted trusses, while in pin-connected frames they are eyebars (see 
Art. 1 74). The struts are of very varied design, including several of 
those shown in Tig. 167. The attachment of web members to the 
booms is sometimes direct, but more frequently by means of gusset 
plates as in Plate II. 

168. Riveted Joints. Fig.s. 238 to 239 inclusive show the com- 
monest forms of riveted joints. Lap joints are seldom used in 
structural steel frames, as they obviously involve eccentricity of the 
stress in the members. Fig. 242 shows four ways in which rupture 
may take place, the illustration being drawn from a single riveted 
lap joint: (a) shows shear of the rivet, in this case exposed to single 
shear, i.e. shear across one section only, (A) illustrates tearing of the 
plate, (c) crushing of the plate (or the rivet) due to too great a 
bearing pressure, while {d) shows bursting of the plate due to too 
small an overlap, which is easily avoided. 

It should be recognized at the outset in dealing with riveted joints 
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that the distribution of sheaiing stress over the cross-section of a 
rivet is not known, nor is the distribution among a group always 
uniform, and that any quoted stress refers to the average over the 
whole area. A similar remark refers to the direct stress in the 
plates between rivet holes, and the resistance of the remaining plate 
is reduced by making the rivet holes. Another factor in the resist- 
ance of riveted joints is the frictional resistance of the parts to rela- 
tive movement. This always strengthens the joint, but is never 
taken into account. It makes the stress calculations in an additional 
degree conventional.^ It is often specified that rivet holes shall ibe 
drilled, or punched so much below the required diameter, and thipn 
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Fio. 238. — Single-nvetcd lap joint 



Fig. 239. — Double-riveted lap joint 


drilled out. The argument in favour of punching is that the in- 
creased cost of drilling if put into extra metal in the members more 
than makes good any loss of strength resulting from punching, 
except in very long spans where dead load becomes increasingly 
prominent. 

Single and Double Shear, In Figs. 238 and 239, and the single- 
cover butt joint of Fig. 240, the rivets are in single shear, the 
stress per rivet on either side of the joint is resisted only by one 
section of a rivet, while in Fig. 241 and in the double-cover butt 
joint of Fig. 240 the rivets are in double shear, i.e. the pull or thrust 
per rivet on either side of the joint is resisted by two sections. It is 
usual to allow in cases of double shear a total stress of from 1-5 
times to twice that allowed for single shear, specifications varying 
upon the allowed ratio; 1-75 may be taken as a usual value. 

Resistance of a Riveted Joint, {a) To Tearing 

b m t • fl ( 1 ) 

where /=working tensile stress in a perforated plate, /=thickness 

1 Very interesting attempts have been made by Prof. Cyril Batho to find theoretic- 
ally, by the methods applicable to statically indeterminate structures, and experiment- 
ally by extensometer measurements on the plates, the portions of the total load borne 
by different members of a group of rivets. See “ The Partition of the Load in Riveted 
Joints,’* in the Journal of the Franklin Institute ^ Nov., 1916. 
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of plate, and 6= available resisting breadth of plate, i.e. the whole 
breadth minus the diameter of each rivet hole which is effective in 
reducing the tearing resistance. It is usual to take the diameter of 
the hole as in. greater than that of the rivet before driving. 

(6) To Shearing. In single shear 

0‘1854ndY, ( 2 ) 

where ai= number of rivets on each side of the joint, rf= diameter of 
rivets, working unit stress in shear allowed in rivets. 

In double shear — conventionally taken to be about 

0-7854 Xl-75«rf2y; (3) 

It is usual to add a proportion, say 10 to 25 per cent., of rivet area 
for all rivets driven during erection called “ field ” rivets. 

(c) To Crushing. 

n.d.th (4) 



Fig. 240. — Singlc-rivctcd butt joint Fig. 241. — Doublc-rivctcd butt joint 


where /fr=the allowable unit stress for bearing reckoned on the 
longitudinal or axial section of the rivet. The stress is usually 
taken as 2/,. The ratio of f to j\ is often specified for riveted 
Joints, and may be taken as about T2 to 1-4.^ 

The number of rivets required in a given case of direct pull or 
thrust may be found by equating the smaller of the two resistances, 
to crushing (4), or shearing (2) or (3), to the resistance (1) to tearing. 
With the above values a double-covered butt joint will be weaker in 
shearing so long as 0*7854 x 1 -75^/ is less than It, i.c. so long as 

d is less than l *46r, or / is greater than 0'685rf. 

Usual dead-load values for fi for mild steel are 6 to 7*5 tons per 
sq. in., and for 4*5 to 5*5 tons per sq. in. 

* Lower apparent values are deduced from tests to destruction of riveted joints in 
which the rivet resistance is augmented by friction. 
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Fig. 242. — Possible failures 
of lap joints 


Size of Rivets. There is no invariable rule as to the size of rivets 

for structural work. The diameters 
■ 1 ^ according 

to the thickness of plate and con- 
>-(a) venience. The rule d=\ ‘2\/t may be 

/ 1 ^ taken as some indication of a suitable 

^ I (O - s diameter, but this may be con- 

? ! ? siderably varied to suit circumstances 

such as a convenient pitch. 

^ j T 1 Limits of Pitch. Three-inch pitch 

^ < I O - ? (b) or possibly three times the rivet d^a- 

1 i ! j meters is about the minimum spate 

into which ^-in. rivets can coh- 

I I ^ ^ veniently be placed. And to avoid 

^ < I opening or bulging of the plates a 

* 1— J maximum of about sixteen times the 

C ; 7 thickness of the thinnest plate in the 

I — }^(d) joint is frequently specified for tension 

! \ and compression, with limits some- 

times of 8 in. and 6 in. for these 
'■ rcspccUvdy. 

169. Grouping of Rivets. The tear- 
ing resistance of the plates of a joint containing a given number 
of rivets depends upon the arrangement of the rivets. For 
example, in Fig. 243 the form (a) reduces the edective breadth of 
the plate to the whole breadth, minus three rivet-hole diameters. 
The form (b) is stronger and only makes a reduction of two holes 

breadth, while (r) is the 

[ OO ;oO 7 strongest form and only reduces 
OO lOO — ^Ua) the strength to the extent of one 

) I O O I O O I 1 hole. For before the plates can 

pull asunder at a section through 

1 j 1 — ^ rivets 2 and 3 the rivet 1 must be 

\ O O O ! O O O sheared, and this generally offers a 

j O O O I O O O ( resistance at least equal to the 

tensile resistance of the correspond- 

ing breadth of plate. ^ Similarly, 

1 O^I O q 7 fracture of the plate across the 

( o^^ diameters of rivets 4, 5, and 6 is 

) \ 3^ ^ Z 1 resisted by the rivets 1, 2, and 3. 

243 cover plates, on the other 

hand, are not so assisted, and their 
combined thickness must be such that after perforation their area 
exposed to tension is at least equal to that of the plate section through 

I Except in the case of a thick plate with relatively thin riveLs. 
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the rivet hole 1. Their combined thickness generally exceeds that 
of the plates by 50 per cent. 

Example 1. Arrange a suitable double-covered butt joint to 
splice a |-in, tie-plate 10 in. wide. Use i-in. rivets. 

Taking the tensile load at 7*5 tons per sq. in., equivalent tensile 
dead load, allowing one rivet hole y|-in. diameter is 

(10-H) X I X 7-5 =42-5 tons. 

Stress per i-in. rivet in double shear, say 

5 X 1 *75 X 0-7854 x (i)2 = 5 -26 tons. 

Number of rivets required =42-5 -=-5-26 = 8*1, say 9 rivets. The 
joint is shown in Fig. 244. 



Example 2. The member CR (Fig. 187) is subject to an equiva- 
lent dead load of 159*7 tons as in Example 1, Art. 165. Allowing 
7-5 tons per sq. in. in tension, and 5-5 tons per sq. in. in shear stress 
in ^in. rivets, arrange the section and joints to the booms. 

Net area required 159*7 -f 7-5=21-3 sq. in. 

Using four standard unequal angles 6x4x| in., Table IV, 
Appendix, gives with one rivet hole in each a net area of 4(5-86 — 
16 ' X |)=21*12 sq. in. If 6 x4 x in. angles are used there will be 
a margin above the specification. Using two angles attached to 
each side of the boom, each joint must withstand 159-7 -r2=79*9 
tons. In single shear the resistance of each rivet is (J)^ x 0-7854 x 
5-5 = 3-31 tons. 

Number required if in single shear 79-9 -=-3 -31 =24-1, say 25. 

Resistance in bearing per rivet, say ^ x | x 1 1 =6-01 tons. Num- 
ber required 79-9-r6-01 =say 14 or with i^-in. angles, say 13. The 

R 
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details of a joint are shown in Plate II, member S3, which is of some- 
what similar strength to this calculation, having at the upper joint 
passing through the gusset plate twelve rivets in double shear and two 
in single shear. But the allowable tension in the member for bear- 
ing stress in this joint would be only ixMx^xll =67-4 tons, the 
gusset-plate being i in. thick; |-in. plates would allow the full 
79-9 tons. 

170. Oblique Attachments. The centroid of the cross-sectional 
areas of a group of rivets should so far as possible lie on the centre 
line or gravity axis of the member which the group attaches to 
another member. Otherwise the resistance of the rivets will exett 
an eccentric force on the member, thereby subjecting it to bending 
as in Art. 100. Fig. 245 shows at (a) an undesirable arrangement; 


(a) p' (b) (c) 

^ 



assuming that all the rivets resist equally, the members are jointly 
subjected to a moment P/i =P' . /i when the pull passes at a distance 
h from the centroid Gj of the group of rivets. (See also Art. 164.) 
The grouping shown at (6) is frequently adopted as being the only 
possible plan to get in the necessary rivets, but across the section XX, 
which is reduced by one rivet hole, the pull is not through the cen- 
troid of the section of the member, and bending stress accordingly 
arises. The symmetrical form of grouping (about the centre line 
of the sloping member) shown at (c) will obviate bending stresses, 
except such as arise due to rigidity of the joint, as explained in Art. 
164. 

171. Flange or Boom Splices. In making a splice in a boom 
consisting of several pieces it is desirable while making the joint in 
each piece to come under one set of covers, to arrange that no two 
pieces lying next to each other should have their joints at the same 
section. A typical boom joint is shown in Fig. 246 (which repre- 
sents the joint in the top chord of the girder shown in Plate II, but 
is placed on Plate IV). The channels and the intermediate i-in. 
flange-plate make joint at the same section, but joints of the J-in. 
mainplate and the outer -A-in. plate lie on either side of this section. 
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172. Torsional Resistance of Rivet Groups. It frequently happens 
that the attachment of one member of a structure to another by a 
group of rivets is subjected to a direct pull or thrust, and in addition 
to a moment in the plane of the rivet cross-sections. In other 
words, the resultant force transmitted does not pass through the 
centroid of the rivet cross-sectional areas, but is eccentric. Exam- 
ples occur in members of a riveted truss the joints of which being 
rigid cannot turn as if on frictionless pins, and are subject to moments 
which cause secondary stresses (Art. 164). More obvious cases 
occur in the attachment of a bracket to a stanchion or in the attach- 
ment of a cross-beam to the stanchions 
Take Fig. 247 to represent a bracket 
attached to some support by, say, five 
rivets. A, B, C, D, and E, the centre of 
gravity or centroid of their cross- 
sectional areas being at G, two-fifths of 
the distance between the two centre lines 
from B. Let h be the eccentricity of a 
load P from G. Then the rivets jointly 
resist (1) a direct force P, and (2) a 
moment PA. The exact distribution of 
these actions among the rivets cannot be 
calculated with any great certainty for 
many reasons, such as the inexactness of 
fitting and filling the holes. Taking pro- 
bable conditions with good fitting, each 
rivet will exert on the bracket (1) a 
force equal to one-fifth P and parallel to 
the direction of P, (2) a force perpendicular to the line joining its 
centre to G and proportional to the distance from G, the sum of the 
moments of such forces being equal to and balancing the torsional 
moment PA. Let R be the distance from G to the centre of the most 
distant rivet A, and let F be the force exerted by the rivet A in con- 
sequence of the moment PA or M. Then the force exerted by any 


rivet such as E, say distant r from G, is 

FX'/R (1) 

and the total moment M=Fl(r2)/R for all the rivets, hence 

F=MRH-5:(r2) (2) 

while the force exerted by any rivet E is 

M.r^I(r2) (3) 


in such a direction as to oppose the moment M=PA of P, i.e. so as 
to have, as in Fig. 247, a contra-clockwise moment about G. The 
total force exerted by any rivet such as E is found by adding 


or to beams at its ends. 



Fig. 247. — Eccentric thrust 
on group of rivets 
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geometrically the above force (3) to the force one-fifth P opposing P, 
This addition may be made graphically or by trigonometrical 
calculation. 

More generally, the forces acting on any rivet of az in a group will 
be 1//I of P and M . r-i- 

Approximation for a Large Group. The process of finding 
for a large group will be tedious. It may be taken as nk^ where k is 
the radius of gyration of the circumscribing area about an axis 
through the centroid G and perpendicular to the cross-section of the 
group, the area being extended by half a pitch beyond the centre 
lines in each direction, e.g. for nine rows of rivets, 3-in. pitch, witl 
nine rivets in each row. The true value of S(r2) (taking the sum 
the squares of the distances from two perpendicular axes) is 

2 X 2 X 9(122 +92+62 + 32) =9,720. 

For the area 27 x27 in., — 272 = 121*5, nk'^ — ^\ x 121*5 =9,841, 

which differs from 9,720 by just over 1 per cent. 

Example 1. Fig. 248 shows one of a pair of angle cleats 6 x 3i x i 



13 Tpnsf 


Fig. 248. — Maximum stress in rivets of angle-cleat connection. 

in. by which each end of the webs of an I beam carrying a uniformly 
distributed load of 26 tons is attached by bolts to supports at its 
ends. Find the maximum stress taken by any of the five rivets 
attaching the two cleats to either side of the beam. 

Assuming a purely vertical reaction of 13 tons (half the load) at 
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the back of the angle, ^ exerted by the bolts, the eccentricity is 
2i+| x 2:J:=3-15 in., hence the moment is 13 x3-15=40-95 ton-in. 
Any term in ^(r^) may be estimated by the sum of the squares of 
horizontal and vertical components, hence taking these component 
values, 

2(^2) = { 3 X (0-9)2 } -b { 2 X (1 -35)2 } -!-{ 2 X (3i)2 } 4- { 2 X (1 } 

=41-25 sq. in. 

Distance R of rivet A from G (the centroid) = V(3-752 4-0-92) =3-855 
in. Hence from the relation (2) the resistance of rivet A to torsion 
about G is 

40-95 X 3-8554-41-25=3-82 tons 
which is inclined G to the vertical where 

tan e=^^|=4-16, i.c. 6=76-5“. 

In addition the rivet exerts on the two cleats a vertical downward 
force 13-7-5=2-6 tons. Hence the resultant force exerted by the 
rivets on the pair of cleats, found graphically or as follows, is 

•v/(3-8224-2-62-1-2x 3-82 X 2-6 X cos 76-5“)=5-10 tons 

which even taken in double shear is a full allowance for a :J-in. rivet, 
and is a high rate of bearing pressure in passing through a ^-in. 
web, viz. 4-874-(ix ^) = 13 tons per sq. in. 

If the resulting force for the remaining rivets be similarly deter- 
mined and a polygon offerees be drawn, the resultant will be found 
to be 13 tons vertically downwards, and if by a funicular polygon its 
position be determined it will be found to act in the same straight 
line as the 1 3 tons upward force at the back of the cleat, thus check- 
ing the calculations. 

Example 2. One hundred 1-in. rivets arranged in the form of a 
square at 3-in. pitch, in directions parallel to the sides of the square, 
resist a moment of 2,000 ton-in. Find the load on the four rivets 
at the corners of the square. 

Distance R to the corners = 13-5 x -v/2= 19-1 in. 

For a circumscribing square 

length of side=27-f 3=30 in., A:2 = lx302 = 150 
hence I(r2) is 100 x 1.50 approximately = 15,000 

and from (2) — =2-55 tons 

J Generally, there will be a considerable clockwise moment exerted on the angle 
cleat by the supports, consisting of a thrust at the bottom and tension in the upper 
bolts; tliis will reduce the moment exerted on the rivets and the resisting moment 
exerted by them. Unless there is siiflkient play in the connection or the supports to 
allow the end tilt given by (6) and (7), Art. 82, there would be a large contra-clock- 
wise moment exerted by the cleats on the rivets. 
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more accurately 
and 


2(/-2) =2 X 2 X 10 X 9(4-52 +3.52+2.52 + 1 .52 + 
0-52) = 14,850 


„ 2,000x19 1 


=2-57 tons 


173. Design for N or Pratt Girder. Plate II shows the elevation 
of half of a riveted N or Pratt truss, forming one of the main girders 
of a double-track railway bridge for which the Author is indebted to 
Sir Wm. Arrol and Co., Ltd. Part of the cross-section is shown jn 
Fig. 249. Actually, as shown on the plan, the bridge forms a skelw 
span, the angle of skew being 42°, but the design corresponds fairW 
closely to that for a square span. (Of the nine panel points in the 
girder only two will be appreciably affected by the angle of skew^ 
viz. the two nearest the abutments at the acute end of the span. Th6 
loads on these points will be diminished because the cross-girders 
there do not traverse the full breadth and in consequence do not 
carry the full load.) The cross-section and enlarged elevation of the 
splice of the top chord are shown in Fig. 246 on Plate IV. 

The dimensions on the drawing give the reader many examples in 
design. As a basis of calculation the following data may be used. 
Effective span, 92 ft. 1 in. Effective height, 1 1 ft. 6 in. Panel 
length, 9 ft. 2^ in. Dead load, 0*6 ton per foot per main girder; 
equivalent moving load per girder, 1*5 ton per foot plus 23 tons 
concentrated in the most influential position. For chord members, 
replacing the concentrated load by twice the amount uniformly dis- 
tributed, we may take l-5 + |“ 2=2 tons per foot run. Equivalent 

dead-load stress on any member =max. stress + ~ , 

max. stress 

which is equivalent to using an impact factor (see Art. 31) equal to 
range of load -r max. load. On loads so increased for dynamical 
contingencies, unit stress of 9 tons per sq. in. in tension, 9— 0 03//A: 
in thrust, and 7 tons per sq. in. shear in rivets with 14 tons bearing 
stress may be used. These really correspond to much lower work- 
ing unit stresses reckoned on the maximum load, e.g. for chord 
members the stress is increased in the ratio 2-6 +22/2-6 to 2-6, i.e, 
414 to 2*6, hence the tensile allowance reckoned on the maximum 
loads is 9 x2-6/414=5*65 tons per sq. in. 

The rivets attaching a web member to a gusset-plate have to carry 
the whole pull or thrust in that member, but the rivets attaching a 
gusset -plate to a continuous chord at a joint have only to carry the 
increment of chord stress at that joint, i.e. the resultant force exerted 
by the web members meeting at that point. 

174. Pin-joints. Eye-bars. Such joints were formerly very 
common in roofs but are now generally replaced by riveted joints. 
In America pin-joints have largely been used in bridges, the tie 
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members being made of several eye-bars symmetrically placed with 
respect to the centre of the length of the pins. The proportions of 
the forged ends and pin-holes in eye-bars vary somewhat, but the 
form illustrated in Fig. 250, in which the hole diameter JA, where 
A is the depth of flat bar and the thickness 
r= represents about the usual proportions. 
The head is always made large enough to be 
stronger than the parallel bar. When the pin 
is a slack fit in the eye-bar holes the bearing 
pressure is very unevenly distributed; in any 
case the bearing pressure allowed is less th^n 
on rivets, being often about 8 tons per sq. iip. 
If the ends are not thickened, for equal 
bearing and tensile resistance 

f, .h . t=d . t 
hence dlh=f,l/^ 

where f, and yi are the working unit stresses 
for tension and bearing respectively. 

Maximum Bending Stress in Eye-bars with 
Pin-joints. Pin-joints are sometimes said to 
eliminate any serious degree of secondary stress due to bending 
from lack of free turning movement at the joints. Let P be the 
total primary stress in an eye-bar of a pin-connected frame. Then 
if the whole pull P comes on the pin, the total frictional resistance 
at the circumference of the pin before movement takes place is 
M . P, where m is the coefficient of friction between the pin and the 
hole. 

Maximum bending moment at the ends M = m . P . if/ 

Maximum bending stress =iiJiP . d-h-2. 



=\\xVd^ltir- = 


3pPf/ 

//l2" 


Z being the modulus of section for bending stress. Then in order 
that the bar should move round the pin to prevent a bending stress 
of, say, n times the primary unit stress (where « is a fraction) 

must be less than - 

tip- th 

M must be less than \nhld 

e.g. if d=^h, in order to prevent a secondary bending stress greater 
than 10 per cent, of the primary stress M must be less than 0-04, a 
condition very unlikely to be fulfilled in such a pin-joint. Again, if 
p is so low as 0-25 the secondary stress might reach 

p 

3x0-25xPx0-75h- ■th^=^ i.e. ys of the primary unit stress, 

th 



Art, 175\ STRUCTURAL CONNECTIONS 489 

before it is relieved by movement about the pin. It may be noted 
that in a pin-joint in a continuous chord the pin does not bear the 
whole chord stress but only the increment at the joint, which makes 
movement possible with lower bending stresses than for discon- 
tinuous eye-bars supposed above. 

Stresses in the Pins. In addition to the bearing and shearing 
stresses (the latter being usually low) in the pins, the bending stresses 
are important. The bending moments on a pin result from forces 
not all in one plane nor all parallel. The maximum bending 
moment may be found by resolving the forces exerted by each mem- 
ber hinged at the pin into tw^o perpendicular components, say 
horizontal and vertical. The component bending moments in two 
perpendicular planes may then be calculated as in Chapter rv, the 
component values along the pin axis being proportional to the 
ordinates of a polygonal diagram such as Fig. 54. The actual 
bending moment at any section will in general lie in some inter- 
mediate plane, and if at any section M/,=the bending moment in 
a horizontal axial plane and Mi,=the bending moment in the vertical 
axial plane, the resultant bending moment is M = 
the maximum bending moment will occur at the point of application 
of one of the forces, i.e. in the plane of the axis of some member 
hinged to the pin, and the place of its occurrence may be found by 
inspection. The varying bending moment along the pin axis may 
be conceived as represented by the radial ordinates of a winding 
surface, the generators of which are radial straight lines through the 
axis of the pin and perpendicular to it. The projections of such a 
surface on two planes through the pin axis give the diagrams of 
component bending moments in the respective planes. 

175. Beam and Stanchion Connections. The attachments of the 
ends of an I beam to a stanchion are usually made by “ cleats,” i.e. 
pieces of angle section riveted to the beam and bolted to the stan- 
chion. The supporting force which such a cleated connection may 
safely exert is measured by the shearing value of the bolts in single 
shear, the bearing and the shearing value of the rivets (in double 
shear), and the smallest of these three values taken. In estimating 
the shearing and bearing values of the rivets it is to be borne in 
mind that they are liable to some moment about the centroid of the 
group in addition to the direct force of the end reaction, in other 
words to an eccentric force. At an extreme estimate such a 
moment might be taken as the product of the end reaction into the 
distance of the centroid from the back of the web cleats; the effect 
of such eccentricity was estimated in Example 1, Art. 172, where it 
was pointed out that the action of the moment will to some unknown 
extent be neutralised by the moment exerted by the bolted attach- 
ment of the cleats to the stanchion. 
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The question may suggest itself as to whether such beam connec- 
tions do to any considerable extent correspond to the assumed end 
conditions of a “ built in ” beam.^ A rough numerical estimate will 
show that the moment value of the rivets would be quite inadequate 
to take the end moments involved, and that the conditions must 
approximate to those of a beam simply supported at its ends. 
Before such conditions can obtain, some local yielding must take 
place. If, for example, the central deflection of the beam is say 
0-001 of its length the average slope is 0-002, and the end tilt must be 
of the order of 0 004 of a radian. To accommodate this, if the rivetk 
are tight fits in the holes considerable local strain must occur, which 
may be distributed over the upper bolts in tension, the rivets in 
shear, and the rivets and rivet holes in bearing, particularly in the 
web. When once the end slope has been accommodated by slack- 
ness or by straining, the rivet stresses may be looked upon as not 
exceeding the values indicated in Example 1, Art. 172. But in any 
case the conditions are indefinite, and the computations of stress in 
these connections must be regarded as to a considerable extent 
conventional. 

So far as it goes, the experimental evidence shows that riveted 
connections may transmit moments suflicicnt to restrain the ends of 
cross-beams considerably and to subject stanchions to correspond- 
ingly large moments. Such facts greatly complicate the problem of 
design, particularly if a connection cannot be relied upon to behave 
like an experimental one which is nominally similar. 

Anchorage of Stanchions, Stanchions fixed” at the base must 
have holding-down bolls as well as riveted base connections capable 
of withstanding bending moments such as arise from wind and 
other horizontal loads calculated in Art. 156 and elsewhere in 
Chapter xvi. Let T be the total tension in the bolts on the “ wind- 
ward ” side of a stanchion base, let a be the distance of the bolts on 
the leeward and windward sides from the centre line of the column 
base. Let the straining actions at the base be reduced to an axial 
thrust V and a bending moment M. Then the axial thrust assists 
the anchorage bolts to resist the bending moment and, taking 
moments about the leeward bolts, 

T.2fl+V.a = M, or T=i^~-vj 

Pressure between Sole-plate and Foundation. The unit pressure 
may be assumed to vary uniformly and consequently, from Art. 100, 
if A is the area of sole-plate the greatest intensity at the leeward edge 

1 See Second Report of Steel Structures Research Committee, H.M.S.O. (1934). 
Also the Final Report (1936). The Committee’s recommendations are embodied 
in British Standard Specification 449, which may be modified in the light of further 
researches. 
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will be 

p^V Mvi 

A I 

where yi is half the width of the sole-plate from the leeward to the 
windward edge and I is a principal moment of inertia of the sole- 
plate area. 

Stress in Sole-plate. The overhang of the sole-plate beyond the 
attachment angles must be limited so that treated as a cantilever 
with a load varying as above the extreme stress on the face of the 
plate is within a working value. 


Examples XVII 

In Problems No. 1 to No. 5 inclusive, as in Art. 173, take the dead load 
0-6 ton per foot run, live load 1*5 ton per ft., together with 23 tons con- 
centrated in any position. Impact load= (range of load)Vniaximum load. 
Unit stress 9 tons per sq. in. in tension, 9-0 03///: tons per sq. in. in compres- 
sion. Rivet shear stress 7 tons per sq. in., bearing stress 14 tons per sq. in. 

1. Find suitable sections for the booms at the centre of the span of the 
girder in Plate II. 

2. Find suitable sections for the booms 20 ft. from the centre of the span of 
the girder in Plate II. 

3. Design the diagonals S2, S3, S4, and S5 in Plate II. 

4. Design the verticals P3 and P6, Plate II. 

5. How many ^-in. rivets are required to attach the gusset-plate at the foot 
of the vertical P3 to the lower boom? 

6. A beam is attached to end supports by the web cleats only, shown in 
Fig. 251. Assuming that a reaction of 14 ions acts at the back of the cleats, 
find the maximum force on any rivet in the web cleats. 

7. Twenty-five rivets arranged in the form of a square have a pitch of 
3 in. in each direction. What is the greatest stress on any rivet if the group 
resists a pull of 50 tons parallel to the side of the square and a moment of 
100 ton-in. 

8. Solve the previous problem if the resultant pull is parallel to a diagonal 
of the square. 
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PLATE GIRDERS AND BRIDGES 

176. Types and Proportions. The moment of resistance to 
bending of plate girder sections has been referred to and illustrated 
in Art, 50, which the reader may revise with advantage before pro- 
ceeding with the present chapter. The shear stress has been deal^t 
with in Art. 53 and the principal stresses in Art. 54. 

In the main, the flanges of a plate girder resist the bending moment 
and the web resists the shearing force; for a girder simply supported 
at its ends the bending moment to be resisted will be greatest about 
the centre of the span and the shearing force greatest at the ends. 
The plate girder represents a practical approximation to a beam of 
uniform strength, for its maximum moment of resistance with a full 
working unit stress allowance at any section is roughly proportional 
to the maximum bending moment which the girder has to carry. 
In some cases also the web section is varied, being greatest towards 
the ends where the shearing force is greatest. The variation in 
moment of resistance to bending is accomplished in two distinct 
ways, viz. (1) in parallel flange girders (Plates 111 and IV) by varying 
the section of the flanges, (2) in curved-flange girders (Fig. 251) by 




varying the height or distance between the flanges. Of the latter 
kind (Fig. 251) there are two types, (n) the fish-bellied girder with 
curved bottom flange loaded on the straight top flange such as is 
used in large travelling cranes and (b) the hog-back girder with 
curved upper flange loaded on the straight bottom flange as used 
occasionally in bridges. The parallel flange type is the simplest and 
most economical to construct and is the commonest type. The 
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curved types may in some cases save material and be lighter, and in 
some cases are used for the sake of appearance. 

Plate girder bridges are used for spans of from 20 to 80 ft. and 
their use tends to extend to larger spans of 100 ft. and more. 

The proportions vary considerably, but a depth of from to 
iV of the span is about the usual 
average y/ith single webs, the pro- 
portion being somewhat greater in 
short girders and less in long ones, 
and in girders having two web plates. 

The breadth of flanges varies greatly 
in different classes of work. The 
flange-plates should not overlap the 
angles by more than say 4 in. unless 
there are stiffeners at short intervals, 
otherwise there may be local buck- 
ling of the compression flange under 
thrust. For this reason flanges 
seldom exceed 20 or 22 in. in breadth 
even in very deep girders and they 
are frequently not more than 18 in. 

For small spans a width equal to 
about a third of the depth may be 
taken as an average proportion. 

177. Curtailment of Flange-Plates 
— ^Flange Splices. In order to re- 
duce the moment of resistance of a 
parallel -flanged girder in proportion 
to the bending moment, the several 
plates W'hich with the angles con- 
stitute the central and maximum 
flange section need not all be carried 
throughout the whole span. It is 
only necessary to carry any plate so 
far that the moment of resistance of 
the remainder of the section is not 
less than the bending moment to be 
resisted. A simple way of finding 
where the plates may be curtailed is 
shown in Fig. 252; BEFHD repre- 
sents the bending-moment diagram 
drawn to scale. Then if Ai, A2, A3, are the respective areas of 
section of say the top plate, second plate, and main plate including 
the angles, etc., the maximum bending moment and moment of 
resistance HK may be proportionally divided as shown into the 
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moment of resistance of the several parts of the flange by the well- 
known construction of setting off lengths along BC proportional to 
A3, A2, Ai. If Ai +A2+ A3 exceeds the total area A required at the 
centre to give the moment of resistance HK the point C joined to N 
must be such that BC represents the smaller quantity A where 
/xA Xt/=maximum bending moment, 


maximum bending moment 


d being the effective depth of girder. 

The length of the top plate necessary to keep the moment of resist- 
ance up to the amount of the bending moment is found by drawing 
PQ parallel to CN and a horizontal line through Q meeting tht 
bending-moment diagram in F and Then FF^ gives the length 
of top plate required, neglecting the connection to the remainder of 
the flange. The actual length of plate used often exceeds FF^ 
(empirically) by a length at each end sufficient to contain such a 
number of rivets that their resistance shall be equal to the total 
working stress attributable to the plate, generally some three or four 
times the length of the rivet pitch. 

The length of second and other plates is similarly determined. 
Examples are given in the designs in Arts. 181 and 182. 

The results may of course be calculated, for the length of any plate 
is obtained by equating the working moment of resistance of the 
flange sectional area below it to an expression for bending moment 
in terms of a variable distance x along the girder, and solving for x. 

Uniformly Distributed Load, Let w = load per inch run, /i = length 
of top plate, /=span,/=working unit stress due to bending in the 
flanges, then from the parabolic bending-moment diagram 


-^’{(//2)2-(/,/2)2}=/xt/xtA2+A3) ... (2) 

from which /j may easily be found. 

Or more simply 

/fA-JA.±A3ll ,3, 

/V A 

and if Ai+A2+A3=A exactly (which is seldom the case in prac- 
tice) 

/,=/V(A,/A) (4) 

In these formulae safety in approximate values of d lies in taking 
a high value; thus for the outer plate the reduction in moment of 
resistance is A— (A2+A3) multiplied by a quantity rather greater 
than the effective depth for the whole flange: the plate should not 
be curtailed before the sections at which the bending moment is 
similarly reduced. 
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In the case of girders of variable depth, such as those in Fig. 251, 
equation (2) holds good, d being a variable quantity. For the 
graphical method the ordinates of the bending-moment diagram 
may be all multiplied by the inverse ratio of the girder depths to 
that at the central or other section and the depths then taken as 
constant and equal to that at the chosen section. 

Equivalent Uniformly Distributed Loads. When equivalent uni- 
formly distributed loads have been determined applicable to centre 
sections only (see Art. 69), a different value and usually a higher one 
will have to be employed in constructing the flange diagram. The 
parabola so used would be that which would completely circumscribe 
the actual maximum bending-moment diagram. In order to give the 
plate lengths directly, without additions to allow for riveting, a still 
higher table of equivalent loads is sometimes used; an example is 
given in Art. 182 in which the load (56-5 tons) is about 8 per cent, 
greater than for the design of the central section. 

Flange Splice. The splice of a flange should not generally be at or 
very near the section of greatest bending moment in the girder. It 
is made in a similar way to that in Fig. 242 and not more than one 
member constituting the flange is broken at one place. 

178. Web Stresses and Stiffeners. ^ The magnitude and direction 
of the stresses in the web of a girder of I section have been dealt 
with in Art. 54. In plate girders of ordinary proportions the deep 
web alone is quite inadequate to resist buckling under the influence 
of the principal compressive stress arising mainly from the shear 
stress. It is therefore reinforced at intervals not usually exceeding 
the depth of web by stiffeners as shown in Plates 111 and IV. The 
spacing of the stiffeners depends upon the intensity of shear stress 
allowable in the web. The buckling resistance of the web subject 
to compressive and tensile stresses at right angles has sometimes 
been compared to that of a strut, so that if unsupported length of 
web plate between consecutive stiffeners and r=thickness of web, the 
line of thrust being taken as inclined 45° to the vertical stiffeners, 
applying Rankine’s formula (5), Art. 105, and putting 

l=V2.d, k^=iit\ a = l/30,000 

maximum allowable compressive stress =max. allowable web shear 
stress = 

maximum allowable compressive stress 

• • • u; 

which, if d and t arc known, gives a rule for checking the web stress, 
or, if t and the actual unit shear stress in the web are known, gives a 
rule for finding a suitable value of d. Thus if the allowable shear 

^ For working rules and stress allowed sec B.S.S. No. 153, Part 3 (1937 revision). 
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stress is half the tensile unit stress 

W/r)2= 1,250, rf=35r . : . . . (2) 
An American rule with a different constant is 


shear unit stre*^" compressive unit stress 

s ear uni s ress 


. (3) 


where d is the pitch of the stiffeners and therefore exceeds the length 
of unsupported plate by, say, 4 to 6 in. 

This, like Rankine’s formula for struts, might be reduced to the 
approximate form of, say, ; 

shear stress=max. direct stress x(l ”-0*0125rf/0 . (4) \ 

If rf=40 . these rules limit the shear to about half the direct' 
stress. 

Common requirements of specifications for plate girders are that 
stiffeners shall not be further apart than the depth of the web if the 
distance between the flange angles exceeds say 50 or 60 times the 
thickness of the web, with a further limitation to about 5 ft. whatever 
the depth of web. The maximum web shear stress is sometimes 
specified not to exceed half the allowable tensile unit stress; this 
clause is made with due regard to that for stiffener spacing and 
vice versa. 

Another function of stiffeners is to transmit the concentrated loads 
at the ends or at the cross-girders to the web of a main girder. 
Hence, stiffeners are required at every point of application of a con- 
centrated load. These stiffeners at load points and their rivets are 
required by some specifications to be capable of carrying the whole 
load applied by them, while by others they are required to be capable 
of carrying (as a strut) say two-thirds of the vertical shear on the 
girder at their point of attachment and the whole shear in the case 
of the end stiffeners, the length of strut being taken as two-thirds or 
three-quarters of the web length between flange angles. 

The stiffeners at points of concentrated loading and at web joints 
are often made of two angle sections, and a gusset-plate, bent over 
so as to support both flanges and the web, such stiffeners being used 
in pairs on opposite sides of the web. In other cases either Tee or 
angle section stiffeners are used either bent over knee shape as shown 
in Plates III and IV and {a). Fig. 253, when the breadth of flange 
allows, or as in (Jb) and (r), Fig. 253, bearing tightly against the 
flange angles, the vertical legs of which they clear either by having 
packing plates (American ‘‘ fillers ”) behind them (c), or by being 
“joggled ” or “ crimped ” near their ends (6). 

Stiffeners are generally placed on both sides of the web, and where 
cross-girders are used the inside stiffener is turned over and riveted 
to the top flange, as shown in Plate IV. 
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In box-plate girders, stiffening diaphragms are often placed inside, 
attached by angles to each web plate. 

For so complex a structure as a plate girder there can be no very 
exact theory as to the distribution of web stress, and the above rules 
relating to spacing must be regarded as largely empirical. Further, 
the pitch of stiffeners selected will frequently be influenced by the 
position of cross-girders and web splices. 

Some idea of the effect of different sectional areas and spacings of 
stiffeners may be obtained from experiments carried to the point at 
which the web buckles into wave form; such experiments have been 
made by Lilly,* who, regarding the stiffeners as analogous to the 
struts in a braced truss (see Fig. 187, say), deduced under certain 
assumptions a rule of the type (3). 




179. Pitch of Rivets Uniting Flanges to Web. The rivets 
attaching the flange angles to the web have to transmit the longi- 
tudinal shear between the web and the flanges. Let p be the pitch 
of the rivets and let R be the working resistance of one rivet. Neg- 
lecting any variation in intensity of the shear stress in the web and 
adopting the approximation mentioned in Art. 53, the intensity of 
shear stress, horizontally and vertically, is 

9=F/(iA) (1) 

where i=thickness, and A=depth of web, and F=gross shearing 
force on the section. In a distance p horizontally the total hori- 
zontal shearing force to be resisted is q .p . t, hence 

<7p/=R and/7=R/9l=R/j/F .... (2) 

These relations are often stated in the form horizontal force per inch 
length R//>= 9 t=F//j. They might also be obtained by taking 
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moments about a point P (Fig. 254) of the forces on a section of the 
web of length p, remembering that the only important force on the 
web is the shearing force F. But actually a small part of the longi- 
tudinal tension and compression is carried by the web, hence the 
moment about P to be balanced by R is less than that of F, and 
B.S.S. No. 153 permits that horizontal shear per inch length (F/A) 
to be reduced in the ratio of the flange section area to the sum of the 
flange section area plus i of the web section area. The expression 
above for the pitch p shows that in a girder of constant depth A the 
pitch may be made greater where the variable shearing force F jis 
smaller; for example, towards the middle of the span of a girdt^r 

carrying a distributed 
load. Often a pitcll 
suitable for the section 
of a maximum shearing 
force is used through- 
out for convenience in- 
stead of a variable pitch. 
The working resistance 
R of a single rivet may 
be its resistance to shear- 
ing or its resistance to 
crushing across a dia- 
meter. 

For attaching the angles to the flange-plates twice as many rivets 
will be necessary if the shearing resistance is the criterion, for the 
rivets are in single shear; this will require the same pitch p as before 
on either side of the web, there being then twice as many rivets as 
are used for attaching the angles to the web. If, however, resistance 
to crushing is the criterion throughout, a pitch 2p might be used to 
attach the angles to the flange. 

If the above rule indicates an inconveniently small pitch, larger 
angles with double (zigzag or staggered) riveting, a thicker web, or 
larger rivets must be used. 

180. Web Splices. The number of splices in a web depends upon 
the maximum length of plate of given width obtainable, and also 
upon conditions of manufacture and erection, great lengths of broad 
plate being difficult to handle in making and in transport. 

The commonest form of web splice is a double-covered riveted 
butt joint, as shown in Plates III and IV. The number of rivets 
provided is sufficient to carry the shearing force at the splice, the 
value of each rivet being measured by its resistance in double shear 
or in bearing whichever may be the least. 

When some one-sixth or one-eighth of the web section is for 
moment of resistance computation included in the flange area, i.e. 
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the web is relied upon to take a share in the moment of resistance, 
the web splice is calculated to resist the bending moment as well as 
the shear. But whether the web is assumed to resist any bending 
moment or not it will almost certainly carry some fraction, the 
upper limit of which may be taken as one-sixth of the web section 
divided by the total flange area, inclusive of one-sixth of the web 
(/ X one-sixth area x </= Or if A =flange area, including one- 

sixth td where l= thickness and depth of web, and M= bending 
moment at the section, the limit of moment carried by the web may 
be taken as 


The bending moment carried by the web is resisted by the rivets of 
the web splice, which are thereby stressed in the manner explained 
and estimated in Art. 172 in addition to the vertical shearing force 
which they carry. In British practice it is usual to neglect the stresses 
in the web-splice rivets resulting from the bending moment carried 
by the web; in consequence the rivets probably carry a rather 
higher stress than that computed, unless the joint is relieved by 
slight movements corresponding to the bending strains in a seam- 
less web, throwing absolutely the whole bending moment on the 
flanges. But as in Plates III and IV the web splices are almost 
invariably made under web stiffeners, the rivets being ample in 
number all take their share of the resistance offered by the joint. 
Such a joint, from experience and from theoretical computation so 
far as it may reasonably be attempted in such a complex structure, 
is entirely satisfactory. In America web splices estimated to carry 
bending moment have sometimes been constructed with six plates — 
two pairs with their lengths horizontal (one plate being in contact 
with each of the four flange angles), and the third pair with their 
lengths vertical and filling the space between the other two pairs: 
the joint covers forming an 1 shape on each side of the web. The 
object of such a joint is to place the rivets advantageously {i.e. far 
from the centroid of the group) to resist bending moment without 
being thereby highly stressed. Another plan is to use a single 
pair of vertical plates, but to space the rivets closer together 
near the flanges and further apart near the centre of the depth of 
the web. 

Such joints may, apart from extra constructional cost, be advan- 
tageous if made where the bending moment is great and the shearing 
force insignificant, but if a web has also to resist considerable vertical 
shearing force a concentration of rivets near the flanges may cause 
an unnecessary concentration of stress in that part of the web which 
is already (see Fig. 102) most heavily stressed. A uniform distribu- 
tion of rivets corresponds most closely to the distribution of material 
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in the web and will tend least to disturbance or secondary stress in 
the web. If the joint has to withstand bending moment and shear- 
ing force the rivets should of course be sufficient for both purposes. 
It is well to recall the fact that all calculations on riveted joints are 
conventional for various reasons, including the neglect of friction, 
which is always present to a great but unknown extent. 

181. Plate Girder Deck Bridge. The various points in the four 
preceding articles are illustrated in the numerical computations for 
the design of the girders shown in Plate III. The deck type is orije 
of the most economical, but requires a sufficient available depth fdr 
the girders. \ 

Data, To carry a single line of railway. Construction depths 
5 ft. 8 in. (i.e, overall from rail level to underside of bridge super- 
structure). Effective span, 40 ft. Depth over angles, 4 ft. Equiva- 
lent uniformly distributed load 2-4 tons per ft. =96 tons for bend- 
ing moment, with 15 per cent, more for shear. Working unit 
stresses, 7*5 tons per sq. in. tension; 5 tons per sq. in. shearing; 
10 tons per sq. in bearing; all reckoned for dead loads. Variable- 
load unit stress by dynamic formula (Art. 31) or the equivalent rule 
of adding to the maximum stress, impact stress equal to the range of 
stress (impact coefficient of unity). Allowable dead-load stress in 

the web exceeding 3 tons 

per sq. in., where rf=unsupported distance between stiffeners, which 
are not to be spaced further apart than the depth of the web. No 
section to be less than i in. thick. 

Dead Load. Ballast, permanent way, steel 
flooring, bracing, etc. (see tabular esti- 
mate below) 12-25 tons per girder 

Assumed weight of girder, checked after 

design (see below) 7-25 „ 


Total .... 19-5 tons. 

Live Load. Per girder 96/2=48 tons. 

Girder Flanges, Equivalent dead load (taken uniformly dis- 
tributed) 

48-f-48-f-19’5 = 115-5 tons. 


Central bending moment = 


115-5x40 

=577-5 ton-ft. 

8 


=6,930 ton-in. 

Modulus of section required = ^-^-=925 (in.)^ 
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Flange area required with effective depth 48 in.=V8~=19-25 sq. 
in. The flanges are taken rather broad at 22 in. The main plate 
is extended by 2^ in. overlap on each side to allow attachment of 
floor plating, giving a total breadth of 27 in. 

Top Flange. Two angle bars 4x4x-\m. (see Table V, Appendix) 
less four rivet holes, taken in. over the rivet diameter (see Art. 50) 
gives 5-625 sq. in., leaving 19-25— 5-625 = 13-625 sq. in. Taking a 
in. main plate (the minimum suitable thickness for a flange-plate 
which stands alone) 27 x ^ in. allowing for rivet holes, gives 9-461 
sq. in., leaving 13-625—9-461 =4-164 sq. in. 

Thickness required for second plate 22 in. wide, deducting four 
4-164 

rivet holes is '^^nce |-in. plate is used. The full 

area provided is then 

2 angles bars less 4 rivet holes -J-f in. diameter . . . 5-925 sq. in. 

1 main plate less 4 holes in. and 2 holes in. diameter 9-461 „ 

1 outer plate less 4 holes in. diameter 6-844 „ 


Total .... 22-230 


Bottom Flange — 

2 angles as above 

Ys in. main plate 22 in. less 4 holes in. 
^-in. plate 22 in. less 4 holes { -o in. 


5-625 sq. in. 
7-984 „ 


6-844 




20-453 


Resistance of 22 x | in. plate at 7-5 tons per sq. in. 

22 X ^ X 7-5 =61 -875 tons. 

Resistance of 2-in. rivet in single shear =0-61 x 5=3-01 tons. 
Number of rivets equal to resistance to outer plate 


6 1-87 5 

3-01 


=21 rivets. 


The outer plates are (empirically) prolonged at each end suffi- 
ciently to contain 21 rivets beyond its length given by the flange 
diagrams (Fig. 255). 

Moments of Resistance for Flange Diagrams. 

Top flange: 

2 angles give 5-625 x7-5 x 4 = 168-75 ton-ft. 

Main plate 9-461 x7-5 x 4 =283-83 „ 

Outer plate 6-844x7-5 x 4 = 205-32 „ 


Total . . . 657-90 

Central ordinate of parabola 577-5 ton-ft. 
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2 angles, as before = 168-75 ton-ft. 
^ in. main plate 7-984 x 7-5 x 4 =239-52 „ 

f in. outer plate, as before =205 -32 „ 


Total . . 613-59 



Fig. 255. — Flange resistance diagram (units ton-fect) 

The moments of resistance of the various parts and the bending 
moment are shown in Fig. 255. The lengths of the outer plates 
prolonged to contain 21 rivets are shown in Fig. 255 and in Plate 
III. 

Web and Stiffeners. 

End shear for dead load 19-5/2=9-75 tons. 

Equivalent uniform live load for shear 1-15 x 48 =55-2 tons. 

End shear for live load =27-6 tons. 

Equivalent dead-load shear for any section in the left half of the 
span (negative shearing force) = dead-load shear -1- maximum live- 
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load shear + range of shear. The range of shccir without regard to 
sign is the sum of the extreme opposite shears. Hence the equiva- 
lent dead-load shear equals the dead-load shear-|-2(maximum live- 
load shear) -1- minimum live-load shear (i.e. the maximum value of 
opposite sign), all three parts taken with like signs. In Fig. 256 the 
extreme vertical ordinates across the diagram give for the left-hand 
half of the span the dynamically increased or equivalent dead-load 
shearing forces : AM =(27-6 x 2) ; and the parabola MKA' is drawn 
on the base AA' having ordinates proportional to twice the negative 
shearing force. The ordinates of the curve EHL from the sloping 



Fici. 256.-- 'Diagram of equivalent dead-load (or dynamically increased) 
shearing force on left-hand half of span 

base-line EF represent the positive shearing forces, while ordinates 
of the line ED represent the dead-load shears. 

Web lengths of 8 ft. are taken as convenient lengths with about 
12 in. extra on the end sections to cover the bearing plates, the full 
length of girder being about 42 ft., the effective span for calculation 
40 ft., and the clear span between the bearing plates about 38 ft. 
Placing a stiffener over the inner end of the bearing plate leaves 
7 ft. 4 in. to the first joint; one intermediate stiffener would give too 
wide a spacing, so two may be used with spacings of 28 in., 28 in., 
32 in., as shown; these distances being exact multiples of the rivet 
pitch. 

The end shear is 27-6-|-9-75-l-27-6=64-95 tons. If we allow for 
the first pair of intermediate stiffeners to take i of this at the full 
allowance of 7-5 tons per sq. in., the total area required would be 
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64-95 -7- 7 -5 =5 -8 sq. in. Two tees 6x3 x| in. (see Appendix) 
give 6-52 sq. in., and these sections may be used throughout for the 
intermediate stiffeners. The stiffeners over the end plates and at the 
web joints are of much more ample strength, consisting of pairs of 
angles with |-in. gusset-plates the full width of the flanges; these 
gusset-plates serve for attachment of the cross-bracing. The maxi- 
mum unsupported distance between stiffeners at the ends =28— 6= 
22 in. 

Assuming i^-in. web 

shear stress =2-41 tons per sq. in. 

48x9 I 'i ^ 

6 ' 
Allowable shear stress =:p-; — ^ — ^ g--,=3 07 tons per sq. in. 

which is further limited to 3 tons per sq. in. by the specified condi- 
tions. 

Assuming 1-in. rivets, resistance per rivet in double shear 
=0-785x1 •75x5=6-85 tons. 

Resistance per rivet in bearing 

= 1 X 1^x10=5-625 tons. 

Hence from (2), Art. 1 79, pitch of flange rivets 
5-625x48 

= — Q?— =4-16, say 4 in. 

64-95 

Bearing resistance of a ^-in. rivet 

=T X j’o 10=4-92 tons. 

Shear resistance in 48 in. depth at 4-in. pitch of l-in. rivets, from (2), 
Art. 179 

4-92 X 48 -o _ . ^ 

= =59-04 tons 

4 

which is greater than the shear (from Fig. 256) 2 ft. from the end. 
The rivets are therefore changed to i-in. at the next stiffener. 
Shear at joint B (Fig. 256) scales 42-3 tons, or, calculating from the 
parabolic and straight-line equations 

(|)2-|-55-2-|-0-6 X 9-75-|-(i)2 X 27-6=42-3 tons. 

Assuming i-in, webs 

42-3 

shear stress = -- ?:-? = l'764 tons per sq. in. 

48 X 0-5 

Allowable stress with stiffeners spaced i of 8 ft., i.e. 2 ft. 8 in. centres, 
or 2 ft. 2 in. apart 

b-rjl+TeVo X 1=6-^2-69=2-23 tons per sq. in. 


=59-04 tons 
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Assuming ^-in. rivets, resistance in bearing 
=0-875 X 0-5 X 10=4-375 tons. 
4-375x48 . 

p= — — =4-96 in., say 4-in. pitch. 


Number of rivets required (for shear alone) in web joint 42-3/ 
4-375 = 9-7. Nine rivets are provided, but the stiffener has surplus 
rivets. Shear at joint C (Fig. 256) scales 26-3 tons or 

(1)2 X 55-2+0-2 X 9-75 +(|)2 x 27-6 =26-3 tons. 


With i-in. web, shear stress = 


26-3 
48 X 0-5 


= 1-10 tons per sq. in. 


Allowable stress with stiffeners spaced 4-in. centres, i.e. 42 in. apart 
6-^|l +rsW^^^^ |=6 -h 5-4=1-11 tons per sq. in. 

The 4-in. pitch for ^-in. rivets is continued to the centre. 

Other Details. The cross-bracing of the two main girders, the 
floor plating, ballast plate and its supports are sufficiently shown in 
Plate III. The side clearances and lack of parapet girders at the 
outside of the track take this design outside the usual British railway 
practice. 

On the other hand, the provision of a steel-plate floor, low unit 
stresses (taking account of the high allowance for dynamic incre- 
ment of live-load stress) and ample scantlings and rivets for stiffeners 
and webs are typical of the practice of first-class British railways 
which design bridges with a view to long endurance under proper 
maintenance. It has been remarked that the plate girder bridge 
ranks next to the brick or masonry arch as a durable structure, and 
with proper facilities for painting and effective drainage it is prob- 
ably economical to allow some provision for a long working life. 
A feature which might cause comment is the attachment of the floor 
plating underneath the main flange-plate, thereby putting the rivets 
in tension ; this is sometimes done for more effective drainage and 
the prevention of leakage at the joint. But in many cases the floor- 
ing is placed over the main flanges; the matter is one of opinion 
based on practical experience rather than of theory. 

The following Table (overleaf) shows an estimate of weights to 
check the assumed weight of girder. Had there been any serious 
under-estimate the design would have required modification 
accordingly. 

Example. Estimate the possible maximum stress on any rivet of 
the web joint nearest the abutments in the above design, assuming 
the joint to resist bending moment as well as shear. 

Bending moment at 0-2 of the span from the end =6,930x0-2 x 
0-8 + (0-5)2 =4,440 ton-in. i of the web area = i x48 x0-5=4 sq. 
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Weights of Main Girders and Flooring 


Piece 

Number 

required 

Length 

Total 

length 

Weight 
per ft. 

Weight in lb. 





ft. 

lb. 


Flange . . 

*t • • • 

r 10" xr 

99 

1 

1 

2r4" \ 
25' 8" / 

48 

28-05 

1,346 


2' 

1 

43' 0" 

43 

40-16 

1,727 


4"x4"xi" 

4 

41' ir 

167-67 

12-75 

2,138 


I'lO’x-.v 

1 

42' 0" 

42 

32-72 

1,374 

Bearing pi. . 

r ]0"xi" 

2 

2' 0" 

4 

56-1 

224 1 

Web . . . 

4'0'x.V 

2 

8' Hi" 

17-92 

91-8 

1,645 . 

■ 

Covers . 

4'0'xr 

4 

8' 0" 

32 

81-6 

2,611 \ 

12" xr 

8 

3' 4" 

26-67 

15-3 

408 \ 

End pis. . 

V 10" xi" 

2 

4' 0" 

8 

37-4 

299 ' 

End angles 

4"x4"xV 

2 

2 

5' 4" 1 
5' ir / 

20-92 

12-75 

267 

Tees . 

6"x3"xr 

9 

9 

5' 4" \ 
5' \V j 

94-12 

11-08 

1,043 

Gusset pis. . 

loi'xr 

12 

3' 111" 

47-5 

13 39 

636 

Gusset angles 

»y 

Packings 

3"x3"xr 

12 

12 

5' 4" -1 
5' 1+ ] 

125-5 

718 

901 

6i'xr 

18 

6" t 






12 

61" 1 

16-83 

11 05 

186 

tt 

ti 

4 

4" i 










14,805 





Add 5% 

rivets 

740 







15,545 







= 6t. 18c. 3q. 51b. 

Flooring — 







Plate . . 

3' 3"x*" 

6"xr 

2 

43' 0" 

86 

27-52 

2,367 

■ ■ ■ 

1 

43' 0" 

43 

58-01 

2,494 

Covers. 

9f 

12 

6 

rr 1 

2' 10" J 

I 

7-65 

230 

Tees 

6*x3"xr 

5 

10 

2' 10" \ 
rr / 

25 

11-08 

277 

Angles. 

3"x3"xr 

12 

24 

2' 10" 1 
1'6" / 

70 

7-18 

503 

Bracing tees 

6"x3"xr 

12 

5' 4" 

64 

11-08 

709 

pis. . 

r 5"xr 

6 

r ir 

6-75 

21 68 

146 

Ballast pis. 
Ballast angl 

12"XyV 

e 

2 

43' 0" 

86 

17 85 

1,535 

bars 

3"x3"xr 

99 

2 

43' 0" 3 




Angles 

24 

5' 3" 1 

232 

7-18 

1,666 

Drips . 

9 9 

2 

10' 0" J 



33 

Packings . 

3'x.iV 

4 

r 10 " 

7-33 

4-46 







9,960 





Add 5% 

rivets 

498 







10,458 

Or 5,229 lb. per girder. 





=4 t.l3c.lq.l41b. 


Ballast 9 in. deep— 200 sq. ft. at 120 lb. per cu. ft. gives 18,000 lb. per girder. 
Asphalt 1 in. thick, 2,600 lb. and permanent way, say 87-5 x 40= 3,500 lb. Total 
dead load= 15,545 +5,229+ 18,000+2,600+ 3,500=44,874 lb.=20 tons per girder 
instead of 19-5 tons as used in the calculations. 
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in. equivalent area at the depth of the flange. Total equivalent 
hange area approximately=21 +4=25 sq. in. Upper limit to 
moment of resistance of the web =^ x 4,440 =710-4 ton-in. 

For the group of 19 rivets on one side of the joint approxi- 
mately =2(4^ + 82 + 122 + 162 + 22 + 62 + 102 + 142 + 1 82 ) = 2,280. 
Hence from Art. 172 (2) approximately (neglecting the distance 
between the two rows of rivets) the stress on the outermost rivet is 
710x18/2,280=5-60 tons. 

Force per rivet due to vertical shear stress=42-3/19=2-23 tons. 

Total on the outer rivet taking these components as perpendicular, 
V{(5-6)2+(2-23)2} = 6-03 tons. 

Probably no such amount of stress would be developed, because 
either the joint would yield and locally relieve the web of its share of 
bending stress or the friction of the joint would offer a great resist- 
ance to bending moment. Allowing for the resistance of bending 
moment by the joint rivets, to keep the force per rivet down to the 
specified 4-375 tons would require an extra row of rivets and 
correspondingly wider cover plates. 

182. Plate Girder Through-Bridge. Plate IV represents a 
through-bridge for a single railway track with a floor consisting of 
rail-bearers or stringers supported on cross-girders, the whole being 
covered by plating. 

Data. Effective span 40 ft. Construction depth limited to 3 ft. 
Moving loads uniformly distributed, on 40 ft., 105 tons for central 
section flange area computation, 1 13 tons for estimating the curtail- 
ment of flange-plates (allowing for overlap), 1 30 tons for shearing 
force. Cross-girder centres 8 ft. apart, for which length of rail- 
bearer allow uniformly distributed 44 tons for flange areas and 
58 tons for shearing force. Maximum pressure per rail on cross- 
girder 14 tons. Working unit stresses for dead loads, 6-5 tons per 
sq. in. for tension, 5 tons per sq. in. for shear, 10 tons per sq. in. for 
bearing. For web stress 

6/{l +rf2/( ] ,500/2)} tons per sq. in. 

where /= thickness and i/= distance between stiffeners which are to 
be placed at all points of concentrated loading, and elsewhere with 
centres not further apart than the depth of the web if the ratio of 
depth to thickness of web exceeds 40. For varying stresses the 
dynamic formula to be used or impact stress equal to the range of 
stress to be added to the maximum stress for use with the dead load 
unit stresses. 

Rail-bearers or Stringers. (See separate elevation, Plate IV.) 

Flanges. — Estimated dead load on 8-ft. length, including ballast 
10 in. deep, asphalt, rail, chairs, floor plating. Tee stiffeners 

and weight of rail-bearer (1,000 lb.) =2-8 tons. 
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Live load per rail, i of 44 =22 tons. 

Equivalent dead load 2-8 +2x22=46-8 „ 

Central bending moment =561-6 ton-in. 

O 

Modulus of section required 561-6+6-5=86-3 (in.)^. 

Taking the depth over the angles as ^4 in., and effective depth 
13-5 in., say, 


Flange area for central section 86-3 + 13-5=6-40 in. 
Assuming |-in. rivets for flanges and 3-in. for flooring attachmerjt, 
the width required to get in angle and flooring rivets (see (A), Fig. 
257) is about 13 in.; net width, allowing 4 rivet holes, about 9-5 i^. 



Fig. 257, — Junction of rail-bearer and cross-girder 


Two angles 3 x 3 x | in. (see Appendix), less 4 rivet holes, give 2-81 
sq. in., leaving 6-40— 2-81 =3-59 sq. in. 

Thickness 3-59/9-5 =0-38 in., say -rV-in. plate. 

Rail-bearer Rivets and Web. Assume |-in. web. 

Dead-load shear at the ends ^x 2-8 = 1-4 ton. 

Live-load shear at the ends -^ 2 ^= 14-5 tons. 

Equivalent dead-load shear at the ends = 1-4 +29 =30-4 tons. 
Assuming 1 -in. rivets, resistance (in bearing) = 10 x 0-625 =6-25 tons. 
Pitch />=6-25 x 14/30-4=3-in. pitch. 
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To begin 4-in. pitch, try 2 ft. from the ends 

Dead-load shear x 1 •4=0-70 ton. 

1 Live-load shear=(i)2x 14-5=816 tons. 

1 Range of shear ={(J)2-{-(J)2) x 14-5 =9-07 tons. 
Equivalent dead-load shear =17-93 tons. 

pitch p =6-25 X 14/17-93=4-9 in. 

Hence 4-in, pitch may begin at the stiffeners, which are placed 
2 ft. from the ends. 

Rivets required to transfer the whole end load to the cross-girders 


Shear stress in web 


30-4-^6-25 = 5 rivets. 
30-4 

14x0-625 


— =3-47 tons per sq. in. 


Unsupported distance 24 in.— 7 in. = 17 in., allowable stress 

=6-;-|l 1=4-0 tons per sq. in. 

but even more would be allowable on account of the small depth 
between the flange angles. 

Cross-Girders. The effective span is taken as the distance be- 
tween the main girder centres = ll ft. 3 in. 

Flange Areas. The estimated weight of a cross-girder, together 
with ballast plate and angles, is equivalent to I ton, all uniformly 
distributed. 

Dead load at each rail from stringers, as above, 2-8 tons. 

Live load at each rail (given) 14 tons. 

Equivalent dead load at each rail 2-8-I-2 x 14=30-8 tons. 
Central bending moment (see Example 3, Art. 40) =97-7 ton-ft. 

= 1,172 ton-in. 

Modulus of section required l,172/6-5 = 180-3 (m.)^ 
Taking the depth over the angles as 15 in. and effective depth 
14-75 in., 

Area required = 180-3/14-75 = 12*23 sq. in. 

Two angles 3ix3ixi in., less 4 rivet holes, give 4*63 sq. in., 
leaving 7-60 sq. in. 

Bottom Flange. Width required for rivets 13 in. (see (B), Fig. 
257), net width 9*25 in. 

Thickness 7-60/9-25 =0-82 in. 

say i in. consisting of i-in. main plate and |-in. outer plate (see 
cross-section in Plate IV). 


1 As the load on 8-ft. lengths is considerably concentrated, if 14-5 ions is a proper 
amount for the maximum end shears, the intermediate maximum shears will be 
greater than those given which arc the ordinates of a parabola, but will be less than 
the ordinates of a straight line (see Arts. 61, 62, 65). 
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Top Flange. Main plate to take the flooring requires 13+5 = 
18 in, width (see (B), Fig. 257). The main plate must be in. to lie 
even with the rail-bearer without packing. Main plate 18 in., 
less 4 holes ^ in. and 2 holes if in., gives 5-52 sq. in., leaving 7‘60— 
5-52=2-08 sq. in. for the outer plate; this being 13 in. wide requires 
a thickness 

2 08/9-5 =0-22 in. 

and f-in. plate is used. 

The flange diagram is shown in Fig. 258, in which the weight lof 
cross-girders, etc., being a small proportion of the whole load,\is 



taken as acting at the rail-bearers, at each of which the total equiva- 
lent dead load is then 2-8+0-5 + 14x2 = 31 -3 tons. Bending 
moment at and between the stringers, 31-3 x 3 125 x 12 = 1,173-8 
ton-in. (Compare with 1,172 with distributed load.) 

Each square inch of metal in the section represents a working 
moment of resistance of 6-51 x4-75=96 ton-in. Hence the total 
provided is 

Angles, 4-63 sq. in. equivalent to 4-63 x 96 =445 ton-in. 
18-in. by W-in. plate 5-52 sq. in. equivalent to 5-52 x 96 =530 ton-in. 
13-in. by f-in. plate 3-47 sq. in. equivalent to 3-47 x 96=333 ton-in. 

1 3-in. by f-in. plate 4-625 sq . in. equivalent to 4-625 x 96 =444 ton-in. 

The curtailment of the outer plates might easily be calculated, for 
if X is its distance from one end, 31-3^=445 + 530, hence x=31 in. 
for the top flange, and 31-3x=445+444, x=28 -4 in. for the bottom 
flange. 

The live load of 14 tons per rail is a sufficient allowance to give 
gross lengths, including riveting to the main plate. 
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Cross-Girder Rivets and Web. Assuming i-in. web and 1-in. 
rivets. 

Dead-load end shear, 2-8-t-0-5=3-3 tons. 
Equivalent dead-load end shear 3-3-1- 28=31-3 tons. 
Resistcuice of 1-in. rivets in double shear 0-785 x 1-75 x 5 =6-87 tons. 

Pitch /7=6-87 X 15/31-3=3-3, say 3-in. pitch. 

The rivets are changed to i^-in. with 4-in. pitch between the 
stringers where the shearing force is very small. 

Shear stress in web 31-3/(15 x 0-75) =2-78 tons. 

Connection to Main Girder. 

1-in. rivet in single shear, 0-785x5=3-93 tons. 
Number required to transmit all the end shear 31-3/3-93=8. 

Main Girder. Take the depth over the angles 4 ft. and flanges 
21 in. wide. Length over all 42 ft. Estimated weight of girder 
7 tons, ^2=0-167 ton per foot run, or 1-333 ton for8-ft. lengths. 
This weight may be taken as concentrated like the other loads at the 
cross-girders without any material error. 

Dead Load. Pressure at cross-girder ends 2-8 4-0-5 =3-3 tons. 
Total dead load at each cross-girder 3-3 -HI -333 =4-633 tons. 

Live Load. For central section flange area, ^-=52-5 tons per 
girder. The central section is worked out in Example 5, Art. 50. 

Flange Diagram. Fig. 259. 

Live load per cross-girder 56-5 X 4 '’o = ll'3 tons. 

Equivalent dead load per cross-girder=(ll -3 x2)-)-4-633=27-233 

tons. 

Equivalent bending moment at a and a' 

8x2x27-233=435-7 ton-ft. = 5,228 ton-m. 

Equivalent bending moment at b and b' 

24x27-233=654 ton-ft. =7,848 ton-in. 

One square inch of flange section represents a moment of resist- 
ance of 48 X 6-5 =31 2 ton-in. Taking the section from Example 5. 
Art. 50 

Angle bars give 5-62x312 = 1 ,754 ton-in. 

Main plate in. X 17-25 in. gives 9-71 X 312 =3,030 „ 

Outer plate ix 17-25 in. gives 8-625x312 =2,690 „ 

Total at central section =7,474 „ 

As shown in Fig. 359, the total moment of resistance at the centre 
is less than 7,848 ton-in., the value between b and 6'; but this is 
only the value of the bending moment for the flange diagram, 
reckoned on the 56-5 tons load. On the 52-5 tons load used for the 
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central section design, Example 5, Art. 50, the central bending 
moment is 615 x 12=7,380 ton-in. 

Main Girder Web and Rivets, 

Live load per cross-girder, 65 x 4 %= 13 tons. 

Equivalent dead load per cross-girder =(1 3 x 2) -I- 4-633 = 30-6 tons. 
Equivalent dead-load end shear =2 x 30-6=61-2 tons. 



Assuming i-in. web and 1-in. rivets, the resistance per rivet in 
bearing being 0-5 x 10=5 tons, 

rivet pitch for flanges p =5 x 48/61 -2 = 3-92 in. 
hence 3 -in. pitch is used at the ends. 

The web length for the first panel is 8 ft. - 1 - 1 ft., hence stiffeners 
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are conveniently placed at i of 9 ft. =2 ft. 3 in. centres (exact 
multiple of pitch). Over the end plate and at cross-girders and at 
the web splice two angles and a gusset-plate are used, but for inter- 
mediate stiffeners 6 x 3 x | in. Tee sections are used. 

61 "2 

Shear stress in wcb= - -- =2-55 tons per sq. in. 

48x0*5 

Allowable shear stress at 27-in. centres, i.e, 21 in. unsupported 
length 

6h-|i +TToo^^-.^j 1=2-75 tons per sq. in. 

Using the conventional method of Art. 132 for the shear in the 
second panel both for the maximum value and the range, the 
equivalent dead-load shearing force 

=4*6-|-f x3 X 13-1- 5 ’X 13+1 x3 X 13 = 38*4 tons. 
Assuming ^-in. rivets and -J-in. web, resistance per rivet being (for 
bearing) 

1 0 X 0*875 X 0*5 =4*375 tons 
pitch 77=4*375 x48/38*4 = 5*47 in. 
hence 4-in. pitch is used. 

38*4 

Shear stress in web — r — ;r^ = 160 tons per sq. in. 

48x0*5 


Using two intermediate stiffeners in the second panel gives centres 
2 ft. 8 in., or 26 in. unsupported. 


Allowable stress, 6-i-|l +-f |=2*13 tons per sq. in. 

38*4 

Rivets required for shear only in web joint 


The shear in the middle panel is small although changing in sign; i-in. 
web may be used with stiffeners 4 in. apart, i.e. equal to the depth 
of the web, with 2“in. rivets at 4-in. pitch. Dead-load shear nil. 
Live-load shear=(y+f) 13=7*8 tons. 

Range = 15*6 tons. 

Equivalent dead-load shcar = 7*8 + 15*6=23'4 tons. 

23*4 

Shear stress = ;—~ ~ =0*977 tons per sq. in. 

48 X 0*5 


Allowable stress = 6 -r 



= 1*05 ton per sq. in. 


Other Details. The comments under this heading relating to 
stress allowance at the end of Art. 181 are again applicable to the 
design in the present article. 

183. Other Types of Bridge Floors. Bridge Bearings. Steel 
troughing placed longitudinally over cross-girders, or transversely 
s 
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in lieu of cross-girders, is widely used for bridge floors. Particulars 
of the various sections with their modulii are given in steelmaker’s 
handbooks. Messrs. Dorman, Long & Co.’s Pocket Companion 
contains several illustrations of its use for both rail and road bridges, 
with examples of the calculations which are very instructive. 

Bridge floors are also constructed on short-span brick and cement 
arches called “ Jack arches ” spanning from one cross-girder to the 




next in lieu of rail-bearers, or in road bridges sometimes from one 
main girder to the next, thus replacing cross-girders. 

Various types of bearings are used for bridges; sometimes a 
simple bearing or sliding plate attached to the lower flange of the 
girder rests on a bed-plate (see Plate II), bolted to the bedstone of 
the abutment; such a bearing has freedom to slide, guided by 
grooves, to take up expansion, if not prevented by friction. 

Roller and pin bearings are also used with the same object, but a 
very general type of bearing is illustrated in Fig. 260, which repre- 
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sents a rocker bearing. A cast-iron rocker rests on a cast-iron bed- 
plate bolted to the bedstone, a projection on the bed-plate working 
in a corresponding groove in the rocker. The function of the rocker 
is to transmit the pressure centrally to the bedstone, thereby fixing 
the effective span and preventing pressure concentration at the face 
edge of the bedstone. When expansion of the girder takes place 
the rocker may either slide or tilt (with increase of camber of the 
bridge). 

The allowable pressure on bedstone is about 12 tons per sq. ft. 
gritstone, and 1 8 tons for granite, reckoned on the equivalent dead 
load in both cases; from this and the end reactions the area required 
may be calculated. 

184. Skew Bridges. When the main girders of a bridge are not 
perpendicular to the abutments, as in Plate 11, and the cross-girders 
are placed perpendicular to the main girders, some of the cross- 
girders near the end of the span rest with one end on the abutment, 
and are shorter than those which span the full distance between the 
main girders. Consequently such cross-girders (which may be 
lighter than those of full length) transfer less than the full allowance 
of load to the panel points at their ends on the main girders. The 
effect on the main girder bending-moment diagram is to make the 
ordinates less where the acute angle between the girder and abut- 
ment falls inside the bridge than at the other end. Whether such 
diminution is worth taking into account depends upon the angle of 
skew, and the ratio of length of span to the breadth between the 
main girders. The bending-mornent diagram being not symmetrical 
with regard to the two abutments, the curtailment of the flange- 
plates is also unsymmetrical. In calculating the sections for such a 
bridge no new principle is involved. 

Examples XVIIT 

1. Find the lengths of the two outer plates in the girder in Problem No. 17, 
Examples V, without any end allowances for riveting to the inner plates. 

2. Find the length exclusive of attachment allowance, for the outer |-in. 
plate of the girder in Problem No. 18, Examples V. 

3. A plate girder of 50-ft. span has a web 38 in. deep and 0-5 in. thick, and 
carries a uniformly distributed load of 144 tons. Find the necessary thick- 
ness of flange plates 16 in. wide at the central section if 6x6x | in. angles 
are used and the working unit stress is 7-5 tons per sq. in. Jf three plates are 
used, the two outer ones being each i in. thick, find their lengths, allowing 
18 in. at each end for attachment. 

4. Find the pitch and diameter of rivets for double riveting, attaching the 
web to the flanges in Problem No. 3, allowing 5 tons per sq. in. in shear and 
10 tons per sq. in. in bearing. 

5. Find a suitable pitch for the stiffeners near the ends of the girder in 
Problem No. 3. 

6. Calculate the weight from the dimensions in Plate IV of (a) the main 
girder, (b) a cross-girder, (c) a rail-bearer. 



CHAPTER XIX 


SUSPENSION BRIDGES AND METAL ARCHES 

185. Hanging Cable and Relation to Linear Arch. If we may 

assume perfect flexibility, i.e. no resistance to bending, the form of 
the centre-line of a hanging chain or cable carrying vertical loads, is 
that of the funicular or link polygon for the loads and end supbort- 
ing forces, the horizontal pole distance from the vertical load'line 
being that representing the horizontal tension in the cable. ’l''hus 
if in Fig. 261 a cable of negligible weight is suspended from P and Q 
and carries the four vertical loads shown, a funicular polygon for 



the loading can be drawn to pass through P and Q and to satisfy 
one other condition such as that it shall pass through a point R, 
say, or that it shall have a given pole distance corresponding to a 
given horizontal tension in the cable. Let the funicular polygon 
shown in Fig. 261 be drawn starting from P for any pole o, and 
terminating at T on a vertical line through Q. A line o^h, from the 
pole O] parallel to PQ, determines h. Then the moment of all forces 
to right or left of a point in a vertical line through R is represented 
by MN, the height of the closed polygon in this vertical line, which 
is inversely proportional to the horizontal distance of oj from abode. 
But in the polygon required passing through P, Q, and R the height 
in the same vertical line must be SR, i.e. the vertical distance of R 
from the line PQ. Hence the horizontal distance of the required 
pole 02 from abode is MN/SR times the horizontal distance of oj 
from abode. And if the line hoi is determined as before, the 
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required pole 02 is completely determined by the intersection of hot 
with a vertical at the above distance from abcde. If the horizontal 
tension is given instead of the position of a point R on the link 
polygon, ot is found by marking off on the line hot a horizontal 
distance from abcde which represents the given horizontal tension. 
In all cases each vertical load is balanced by the tensions in the two 
segments of cable meeting on its line of action. The horizontal 
tension, which evidently cannot vary throughout the cable since no 
forces having any horizontal component are applied except at the 
ends, fixes the precise outline of the cable centre line and supplies 
the remaining condition to fix the pole position in the line hoi. 
For the horizontal distance of the pole from the line ae represents 
the horizontal tension to scale or the constant horizontal component 
of the tensions in the various segments represented by the lines 
joining the pole to a, b, c, d, and e. 

For a given shape of the hanging cable and given loads the hori- 
zontal tension and the 
position of the pole for 
the funicular polygon is 
thus determinate, but if 
all the loads and the 
horizontal tensions were 
altered in the same ratio, 
the same formation of 
cable would still hold 
good. Thus an infinite number of systems of loads having fixed 
ratios to one another would give a particular formation of cable. 
Also any given system of loads would give an infinite number 
of formations, viz. those corresponding to the various poles in the 
line ho 2 , or, in other words, those given by different horizontal 
tensions. Another simple illustration with uniform loading is 
given in Fig. 262. 

An arch supports vertical loads by material exposed to thrust. 
The funicular polygon represents the direction of resultant thrust 
at any section, just as for a suspension cable it represents the direc- 
tion of resultant pull. The funicular polygon in this case is called 
the line of thrust or linear arch for the given system of loads. 
Again, an infinite number of funicular polygons corresponding to 
any given system of loads may be drawn, and to fix the true line of 
thrust requires some condition additional to the positions of the end 
supports. There is an important difference between an arch and a 
flexible cable in that the line of thrust may pass outside an arch 
capable of resisting bending, while in the flexible cable the centre 
line and the line of resistance must coincide. Hence the cable, 
(1) if free to change shape, will accommodate itself to various 
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loadings; (2) if constrained to a particular shape will take up a 
corresponding system of stress; if this does not correspond to the 
loading determinable stresses will be exerted on the constraints. 

186. Uniformly Distributed Loads. When the load is uniformly 
distributed over the span, a case approximately realised in some sus- 
pension-bridge cables and in telegraph and trolley wires which are 
tightly stretched and loaded by their own weight, the form of the 
curve in which the wire hangs is parabolic. 

If the uniform loads are applied at short intervals the funicular 
polygon would be circumscribed by the parabola corresponding to 
continuous loading, i.e, the points of application of the load wduld 
lie on a parabola which the cable would follow if the loading w^re 
continuous. When the loading is continuous and easily expres^d 
as a function of some convenient variable, algebraic investigation 
of the curve is most convenient; the uniformly distributed con- 
tinuous load is the simplest case of this kind. 

Let w be the load per unit length of horizontal span, T the tension 
at any point P (Fig. 262), and H the constant horizontal component 
tension. Take the origin at the lowest point O, and the axes of 
X and y horizontal and vertical respectively. Then the length of 
wire or chain OP is kept in equilibrium by three forces, viz. T, H, 
and its weight wx^ where ;c=ON, the horizontal projection of OP. 
Then from the triangle of forces, or moments about P 
H X MA'2 


wx 


= or 


( 1 ) 


( 2 ) 


2y ' 2H 

which is the equation to a parabola with its vertex at the origin O. 

2y 8rf 

where / is the span AB and d is the total dip. The tension anywhere 

T=V(H2 + m;2x2) (3) 

which at the points of support A or B reaches the value 

T=V(H2 + h'2/2/4) = '^-^V(1 + 16W) . . . (4) 

ad 

which does not greatly differ from H 
if djl is a small fraction. If the points 
of suspension are at levels differing 
by h (Fig. 263), and is the hori- 
zontal distance of the vertex of the 
parabola from the lower support B, 



and f/is the dip below that support, from (1) 

_ H'(/— 

2y “ 2rf “ 2(d-\-h) 


(5) 
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from which Xt may be found in terms of d, I, and h. The intensity 
of tensile stress in the wire. Fig. 262, is 

T 


where A is the area of cross-section, and neglecting the small varia- 
tion in T 


A sXd 


. ( 6 ) 


Note that for a hanging wire loaded only by its own weight, p is 
independent of the area of section A, since w is proportional to A. 
Also that if w is in pounds per foot length, / and d in feet, p is in 
pounds per square inch if A is in square inches. 

The length of such a very flat parabolic arc measured from the 
origin is approximately ^ 


hence the total length of cable s is 




^1 


(7) 


A change of temperature affects the length of such a hanging wire 
in two ways: the linear contraction or expansion alters the dip; a 
change in dip corresponds to a change in tension, but owing to 
elastic stretch or contraction a change in tension corresponds to a 
change in length independent of temperature changes. The change 
in dip and in tension resulting from a change in temperature is thus 
jointly dependent on the change of temperature, coefficient of linear 
expansion, and the elastic properties of the material. 

When the dip is very small the elastic stretching greatly modifies 
the influence of the temperature changes.^ For such dips as are 
used in suspension bridges this effect is negligible. 

Let Jo be the initial length of the wire, Jq tbe initial dip, p^ the 
initial intensity of tensile stress, t the rise in temperature, a the 
coefficient of linear expansion, >v the weight per unit length, A the 
area of cross-section, wjA is then the weight per unit volume 


So = l+z-r- 


wF 


■ ■ < 8 ) 


1 If v=rjc2, 


dx 


=2cjt 




dy ■. „ <*=(1 +2c=Jt2)<*c j=;«:+-5c2x3=;«:-h5^'-. 


approximately if ^ is small , 

2 Numerical examples are given in the author’s Strength of Materials, 
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After a change of temperature, neglecting the elastic change in 
length 

j=Jo(l+otO or =(/+!->- )(l+a/) . . (9) 


or to a first approximation, reducing 

d^=d(p'(\ +at) + latl'^=do'^ + loitl- (when at is small) . (10) 

11 

or expanding d—d^—^^at- (11) 

«o I 


The proportional decrease in stress is 

p^-p (1/rfo-l/^) d-d^ 2 J IV . ..L 

= - approximately . (U) 

Po ^/do d \do/ 

Similarly if the cable without a change of temperature is stretched 
by an additional distribution load w the fractional stretch is 


~ = — ~ = — (constant) nearly, when the dip is small, 
E AE AE 


hence we may write in place of at, and the change of dip is 
AE 

approximately 


d-do 


3 H II 
' ' AE ‘ rfo 


or 


__ 3 _ 
1 2 8 


wl*_ 

AEf/2 


(13) 


Example. A steel cable has a span of 100 ft. and a dip of 10 ft. 
Find the tension due to a load of 20 tons uniformly distributed hori- 
zontally over the span, and also find the length of the cable and the 
increase of tension due to a fall of temperature of 50° F. if the 
coefficient of expansion is 00000062. 

Taking moments about a terminal of the cable 

H =iV X 25 X 1 0 = 25 tons. 

T= V(252 -I- 102) =, y'725 =26-9 tons 
total length from (7)=100-l-§Xyao = 102-6 ft. 

= 102 ft. 8 in. 

fractional decrease in Iength=0 0000062 x 50 =0-00031 
Hence f . :^ = 102-6(1 -0-00031)-100 

=!x}^S-0-0318 
t/2= 100- 1-19 = 100(1 -0-0119) 
fractional increase in stress = + x 0-01 19=0-00595 

total increase in stress =25 x 0 00595 =0- 1487 ton 
which may be checked by (12). 


187. Simple Suspension Bridge. — In the case of a chain carrying 
a horizontally uniformly distributed load by uniformly spaced 
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hangers as shown in Fig. 264 by the funicular and force polygons, 
the shape of the chain is a polygon inscribed in a parabola, i.e. 
having vertices on a parabolic curve. It may be noted that con- 
centration of loads at the end of a panel (giving nine concentrated 
loads for ten panels) with two half loads carried directly at the sup- 
ports, gives funicular ordinates within the parabola except at panel 
points, whereas concentration at the centre of segments giving as 
many concentrated loads as panels, as described in Art. 41, gives 
ordinates outside the parabola except at junctions of segments. 

In Fig. 264 the tensions DO and OC balance the vertical load CD, 
the triangle of forces for the point CDO being cdo. 

In a suspension bridge the cable is made either of strands of wire 
which has high tensile strength, or of eyebars pinned at the panel 
points forming links in a chain. 

In a simple unstiffened suspension bridge the load is carried by a 



relatively flexible platform or roadway, RS (Fig. 264). If the dead 
loads being fairly uniformly distributed give initially a parabolic 
form to the cable, a relatively heavy moving load for different 
positions would, by giving very unequal pulls on different hangers, 
cause the cable to take up shapes varying greatly during the passage 
of the load. Such variations would cause variations in the shape 
and gradient of the platform and would be obviously an impossible 
condition for heavy traffic such as a railway. Such simple unstiff- 
ened suspension bridges are, in fact, only used for footbridges and 
similar light loads for which the dead load is sufficient to prevent 
great variation in the shape of the bridge. Under uniformly dis- 
tributed load, in addition to the dead load, the cable would be in the 
form of the arcs of two or three parabolas, 
s* 
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Relation oj a Suspension Cable to Girder carrying the Same Load. 
If we resolve the end tension T at Q into vertical and horizontal 
components V and H, then taking any section of the cable as at N, 
and considering the portion to the right of N, the moment of the 
external force is the same as the bending moment on the correspond- 
ing section of a rigid girder simply supported at P and Q. In the 
girder the bending moment (here contra-clockwise) is balanced by 
the clockwise moment of resistance. In the cable the same clock- 
wise moment is supplied by the horizontal tension at Q, viz. If . y, 
where y is the depth of N below Q. 1 

Stresses in Anchorage Cables and on Piers. Occasionally suspen- 
sion bridges have side spans between the piers and the shore in 
which the anchorage cables will form approximately arcs of parabolas 
similar to that in the centre span. Frequently, however, the cables 
pass in a straight line (neglecting the sag due to their own weight) 
from the tops of the piers to anchorages in masonry. If the cable 
passes over a fixed pulley or fixed rollers at the top of the piers, the 
tension in the cable is unaltered at those points except for friction 
of the pulleys. If T is the tension (Fig. 264), then T =H coscc a, 
and the horizontal (inward) pressure at the top of the piers is 

H— T . sin |3=H(1 — sin p cosec a) ...(]) 
This horizontal force at the top of a pier will produce bending 
moments on the pier which will have to be allowed for in the design. 
The vertical pressure on the pier is 

T(cosa-|-cosP) = H(cota-|-cosP coscc Qc) . . (2) 

where half the load may be substituted for T cos a if the loading is 
symmetrical and P on the same level as Q. 

Frequently to avoid horizontal pressure on the piers the cable 
passes over saddles free to run on rollers on the tops of the piers. 
In this case the horizontal pre.ssure is limited to the frictional 
resistance to the movement of the saddle, and neglecting this the 
horizontal components of the tensions are the same for the anchor- 
age cables as at the ends of the central span. If T'=tension of 
anchorage cables, 

H=T' sin p=T . sin a or T'=H . cosec P . . (3) 

The vertical pressure on the pier 

=T . cos a-fT' . cos p 

=T(cosa-l-sinacotP) or H (cota-|-cot|3) . (4) 

Bridges with Stiffening Rods. Sloping stiflening rods from the top 
of the piers to the feet of the hangers have been used; these rods do 
not carry much of the load on the platform but reduce oscillations 
set up by change in shape of the cable due to alteration in position 
or amount of the load. 
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Example, If the cable in the example of Art. 1 86 passes over a 
saddle on rollers at a tower and then to an anchorage at an angle of 
45° to the horizontal, neglecting friction, find the tension in these 
backstays and the pressure on the pier. 

The slope of the cable at the pier is easily found from the fact that 
for a parabolic cable it is twice the average slope between the vertex 
and the point considered (verify by differentiation), viz. the slope 
is 2 X3^=0*4=cot a. Hence, using the previous result, 

tension in the backstay = 25 x V2 = 35-35 tons 
pressure on pier=25(0-4 + 1) = 35 tons 

188. Stiffened Suspension Bridges. To make a suspension bridge 
suitable for heavy traffic, it requires stiffening to resist changes of 
shape in the roadway. This is accomplished mainly in three ways: 
(a) by carrying the roadway on a girder hinged at the two ends of 
the span, see Fig. 268; (h) by two girders each taking half the span, 
hinged at the piers and hinged together midway between the piers, 
sec Fig. 265; (c) by replacing the cable by two stiff suspension 
girders hinged together midway between Ihe piers; these virtually 
form an inverted three-hinged arch, see Figs. 271-274. The first 
two produce statically indeterminate structures, but the third is 
statically determinate. 

In suspension bridges carrying the roadway on stiffening girders 
the moment of the external forces to either side of a vertical section 
is balanced in part by the moment of resistance of the girder, and in 
part by the moment of the tension of the cable at the section. The 
distribution of resistance between the two depends upon their stiff- 
nesses or elasticities, viz. of the cable and hangers in tension, and of 
the girder in flexure, and is in accordance with the principles dealt 
with in Chapter xiv. A treatment on such lines is necessarily 
lengthy and is outside the scope of this volume. The bending 
moments and cable stresses are usually estimated on certain simple 
assumptions as to distribution, but in any given case the results 
should be used with caution, as their validity will depend upon the 
relative proportions of cable and girder. 

189. Three-hinged Stiffening Girder. It is assumed that whatever 
the live load on the girders the chain retains its parabolic form 
which it assumes under the uniformly distributed dead load; such 
form and the carrying of all the dead load by the cable can be secured 
by adjustment of the length and tension of the hangers during erec- 
tion. If the cable remains parabolic, the pull of the hangers, down- 
wards on the cable and upwards on the girders, must be uniformly 
distributed along the span for all loadings. The function of the 
stiffening girders is to so distribute the load. The assumed condi- 
tions would be approached by very stiff girders and hangers which 
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are equally elastic, i.e. the cross-sections proportional to the lengths. 
Temperature stresses will be to a considerable extent reduced by the 
central hinge, but the structure is not really statically determinate on 
account of the hangers. 

Let Fig. 265 represent such a bridge, the cable suspended from A 
and B, and the girders hinged to F and E and together at C. Then 
taking A as origin, and measuring y downwards, ACB being a 
parabola with vertex at C, 

y=Adx{l—x)jl'^ ...... (1) 



ITg. 265. — Suspension bridge with Ihrce-hingcd stiffening girder 


Then for any live load let M be the bending moment on the girder at 
the vertical section through any point P on the cable. Let u be the 
bending moment for a girder simply supported at its ends on the 
span FE with the same loading. Let m’' be the load per foot run 
transferred to the cable by the hangers, giving an upward vertical 
reaction \w'l at A, the upward vertical reaction at F' due to the load 
on the beam FE being relieved by an equal amount. Then taking 
moments, say, to the left of a vertical section through P, and ignoring 
the equal and opposite forces w' and their reactions, 

M = n+H.y (2) 

where u will be a negative quantity according to the convention of 
Art. 42 for downward loads, and M may be positive or negative. 
The value of H, and hence of w', is determined from the fact that 
M=0 at the hinge C where y=c/, for 

0=Pc+Hrf or li = — iicld .... (3) 

and as in Art. 186 by moments of forces on the cable, 

hence (4) 
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hence from (2), 

M=m-Jhc (5) 


Hence to draw the bending-moment diagram for the girder it is only 
necessary to draw the diagram of bending moments (la) as for a 
beam simply supported at F and E, and subtract from each ordinate 
a quantity equal to the central value cn of \x reduced in the ratio of 
the cable depth to the central dip, which is done by drawing a 
parabola with vertex at passing through the ends / and e. The case 
illustrated in Fig. 265 is that of a single concentrated weight at W 
distant nl horizontally from F and A. 

The graphical aspect of the matter is that the funicular polygon, 
whether parabolic or otherwise, which shows the form of cable also 
represents to scale the diminution of bending moment, H . y, i.e, 
the upward-convexity bending moment on the girder due to the 
hanger tensions. The bending-moment diagram (p) for a beam FE 
with any loading may be drawn by a funicular polygon (see Art. 41) 
with any pole distance, but to use this polygon for superposition on 
the cable polygon it must be to the same scale, i.e. have the same pole 
distance representing H. This may be found by calculation or a trial 
polygon may be drawn and the central ordinate reduced to the depth 
d to pass through C, the pole distance being altered in the inverse 
ratio of the central ordinates; the ordinates measured from the cable 
polygon to the polygon for the bending moments on a simply 
supported beam, then give the bending moments on the stiffening 
girders. Or since from (2) and (3), 

M-h(^+^)— h(£..-,) ... (6) 

the negative bending moment at any section is equal to the hori- 
zontal thrust multiplied by the length represented to scale by the 
excess of the load polygon ordinate over the cable polygon ordinate. 

Bending Moments for Simple Loads. Consider the bending 
moment on the girder at any section G distant nl, say, less than 
froin the end F (Fig. 265), due to a load W in all positions. Let 
a: = distance of the load W from A; we may find the bending 
moment M on the girder from (2), remembering that from (3) 
H=Wx/(2c/), and using the value (1), 

H>'=2Wn(l-n).x (7) 

Then for values of x less than nl, 

M = -W(l -n)x+2'Wn{l -n)x:= -W(I -n){-2n)x . (8) 

For values of x greater than nl, 

M = -V/ng-x)+2Wn{l-n)x=Wn{{3-2n)x-l} (9) 
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If X is greater than \l, 

H=W(/-x)/ 2£? and = 2 W/i( 1 -«)(/- x) (10) 

hence from (2), 

M= -W/2(/-^)+2W«(1 -/j)(/-x)= +W«(1 -2n)(/-x) (11) 

Since (8) is proportional to x, and (11) to (/— x), and (9) is linear 
in X, we may easily draw the influence line fpqse (Fig. 266). Writing 
x=nl in (8) or (9) gives the ordinate 

-W///(l-«)(l-2/2) (12) 

at g, and writing x=i/ in (9) or (1 1) gives the ordinate ^ 

+iW/rt(l -2n) (13) 



Fig. 266.— For thrce-hingcd stiffening girder 


at c. Thus gp and cs differ numerically only in the factors 1 —n 
and i, and as « is less than 1 —n is greater than i, and the ordinate 
gp is numerically the greatest, i.e. the maximum bending moment at 
any section occurs when the load is over the section. 

Maximum Moments for Concentrated Loads. The maximum 
negative bending moment is found by differentiating (12) with 
respect to n and equating to zero, giving 

6„2_6„ + l=0 or «=0-5 ±0-289, i.e. n/=0-211/ or 0-789/ . (14) 
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distant 0-211/ from F and E. And substituting in (12) the maxi- 
mum negative bending moment anywhere is found to be 


0096W/ (15) 

The positive bending moment for all sections, from (1 1), reaches 
a maximum for x=\l, viz. which is the greatest for 

and has the value 

A- W/ (16) 

This is apparent also from Fig. 265, for the maximum positive 
ordinate is midway between c and e for all values of n, and on the 
cable diagram is ld—\d=ld. which multiplied by the maximum 
value of H for W at C is i^/ x W//4r/= AW^- The maximum bend- 
ing moment curves from (12) and (13) are shown in Fig. 266. 

Maximum Moments for Uniformly Distributed Load. As in Art. 
88, we may apply the influence line (Fig. 266) to a uniformly dis- 
tributed load M' per foot by writing W = 1 and taking the area between 
the line and the base line. From (9), for M=0, x=//(3— 2/j), the 
length to be loaded for maximum negative bending moment at G. 
Then maximum negative bending moment at G 


= wX&Tea fpq= 


w / ^ /«(! — «)(1 — 2 / j ) 

2 ■ 3=^1 ^ r 


(17) 


_ wD rt(l — 7j)( 1 — 2n) 

"" ~2~ ' T-2n 

Differentiating this with respect to n and equating to zero gives 
8/73-24/1* -I- 18/7 -3=0 hence /7=0-234 . . (18) 

And substituting in (17) the maximum negative bending moment 
anywhere is 

— 0-01883u72 or — Au’/^ (approx.) at 0-234/ from the ends 

he leaded length being 0-395/. 

For maximum positive moment the loaded length qe is 

, . 2(1-77) , 

3— 2/7 

and the maximum positive bending moment at G is 


(19) 


w 2(1 —/7)/ /n{l—2n) »'l-n(l —n)(l —2n) 

w X area qse=- . ' . = = — — c 

^ 2 3-2/7 2 2(3 -2/7) 


( 20 ) 


which is the same as (17) except in sign, hence as before the maxi- 
mum positive bending moment anywhere is 

-|-0-01833m’/ 2 or -|- 5^3 w/^ approx. 0-234/ from the ends . (21) 

the loaded length in this case being =0-605/. The maximum 
bending-moment curves from (17) and (20) are shown in Fig. 266. 
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Shear Influence Line and Maximum Shears. For a single rolling 
load the positive shearing force (as defined in Art. 42), on the girder 
is increased by the vertical component of the cable tension, which, 
if a vertical section be supposed, is additional vertical force on the 
girder section, hence since the tangent of cable slope is dyjdx, the 
shearing force 

Y=f+Udyldx (22) 

where f is the shearing force for a simply supported beam on a 
span /. And at nl from the end F, differentiating (1) for dyjdx] and 
putting x=/i/ I 

F=/+H^|^( 1-2/0 (2j) 



Fio. 267. — Influence lines for shearing force in three-hinged stiffening girder 


For a rolling load W, since for the two halves of the span H = 
W(/-x) 


F=/+2W(l-2//)^ and /•+2W(1 -2n)~ 


These consist of two terms, the first,/, is the influence line shown 
in Fig. 102, and also \sy fpse. Fig. 267, and the second is the line fte 
discontinuous at / shown in Fig. 267. The two parts being super- 
posed, the influence line ordinates are measured from the line fte 
across the shaded area to the line fpse. The diagram takes the 
different shapes according to the value of n. 
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The maximum shearing force curves for a single rolling load may 
be deduced from Fig. 267. 

The maximum shearing force curves for a uniformly distributed 
load may be easily found, also from the areas in the influence 
diagram, the loaded lengths for the different maximum values being 
the projections of the areas of like sign in Fig. 267. The positive 
and negative areas are equal for any value of n, and, consequently, 
the positive and negative maximum curves are similar. The most 
important value is the end shear (a 2=0), a particular case of the 
diagram showing n less than i in Fig. 267; then ^j=W = l, the 
loaded lengths are from / for maximum negative shear at /, and 
j,l from e for maximum positive shear at /, both values being 

At the centre of the span dyjdx being zero it follows from (22) 
that the maximum shearing force is as in Fig. 85, viz. \wl. The 
complete curves are left as an exercise to the reader. 

190. Two-hinged Stiffening Girder. (Fig. 268.) The girder is 
hinged to the piers at each end. It is usually assumed that the cable 
remains in the form of a parabola to v'hich it is adjusted by the 
hangers so as to carry the whole dead load. Such an assumption 
may be approximate for light loads on a stiff girder, but is not a 
very reliable assumption without investigation of the proportions 
of the cable and girder. If the girder were very flexible the parabolic 
form of the cable would not be retained, and the load would not be 
uniformly distributed; on the other hand, if the girder were infi- 
nitely stiff it would transfer the whole load to the end supports. 
The assumption is that the hangers carry the whole load, and that 
the end reactions for unsymmetrical loading are equal and opposite. 

Adopting the notation of the previous article (189) for a single 
load W distant x from F, taking moments about the hinges, 


R^=W(;c-i/)//=-RF (1) 

Also . /=W (2) 

Then as before, M = m + Hy (3) 


1^72 \y/ 

but H=— = — (a constant, independent of the load position) (4) 

8a id 

Hence the bending-moment diagram (not shown) is found by the 
difference of the ordinates of the bending-moment diagram (tri- 
angular in this case) for a load W on a simple beam span FE and 
those of a parabola H;' the central ordinate of which is ^W/ (when 
y=t/). The triangle will intersect the parabola and give some posi- 
tive ordinates for all positions except the central one, for which it is 
tangential at the ends. 

For other types of loading the same principles hold, the \x 
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diagram for a simple span is reduced by parabolic ordinates 
w'P W/ 

or --- . y where W=total load on the span. 
oa ad 

Influence Line for Bending Moment. At a distance nl from F the 
bending moment due to a load distant x from F is from (3), 


u+H/=u+-- v=M+ - 4^/w(l— = /?) . (5) 

oa ad 




the first term p represents the (negative) ordinate of the influence 
line for the simple span (Fig. 100), while the second term, jW//7(l — «), 
is constant for all values of x, hence the influence line is as shown in 
Fig. 268 ; it may be looked upon as the triangle pqs with the rect- 
angle p/es superposed. 

Maximum Bending Moment. Due to a single load W, it follows 
from the influence line diagram that the maximum bending moment, 
both positive and negative at nl from f is iW//i(l —a). For different 
values of n this gives ordinates of a parabola, the central maximum 
ordinate being iW/ (for n=i). The diagram is shown in Fig. 268. 

For a uniformly distributed load w per foot it is evident from the 
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influence line that the load must extend over a length tv for maxi- 
mum negative bending moment, and over lengths ft and ve for 
maximum positive bending moment; in either case writing W = 1 
the magnitude is w x area=iw . i/ . ^1 —n)n = iwF(\ —«)//, the 
ordinate of a parabola reaching a maximum value ^2^1^ at the 
middle of the span where /i=i. 

Influence Line for Shear; and Maximum Shear. As in the 
previous article adding the vertical pull of the cable to the shearing 
force for a simple beam, 

dv W/ Ad 

F=/+H/=/+ .7(l-2//)=/+iW(l-2/2) . (6) 

dx od I 

The influence line (sec Fig, 268) is as in Fig. 102 with the ordinates 
iW(l — 2 a 2 ) added, or the base line lowered from ps to fe. 

The maximum positive shearing force for a single load is, for a 
distance nl from F, /7W-|-iW(i — 2 a/)==^W, and the maximum nega- 
tive shearing force has the same magnitude. The maximum shear- 
ing forces are therefore the same for all sections. For a uniform 
load w per foot the maximum positive shearing force is 
iv{iA22/+-iw/(l-2/z)+ixi(l-2«)2/} = H’//8 


which is independent of n and therefore the same for all sections. It 
has been pointed out in Art. 188 that the actual stresses depend upon 
the relative sections of the cable and the girder; the above theory is 
only a rough approximation. Obviously the bending moment and 
shears pf and se in the influence lines of Fig. 268 should be zero. 
The superposed rectangles pfes should in fact be curves on the bases 
ps, the ordinates depending upon the relative sections of the cable 
and girder. The assumptions and results of the previous article for 
the centrally hinged girder will be more reliable than those for the 
girder without the intermediate hinge. 

191. Temperature Stresses in Stitfening Girder. If the resistance 
of the girder is small compared to the cable resistance so that the 
cable remains parabolic, the girder must sag or rise with the cable 
due to temperature variations in such a way as to take a uniformly 
distributed change of load. Hence we can calculate the change in 
chord stress in the girder due to changes in dip of the cable. This 
change is estimated to a first approximation in Art. 186 (11) as 
at l^ldi), which will be increase of dip for an increase t° and 
decrease dip for a fall of temperature But from (16), Art. 79, 
writing D for the depth of the girder, the change of bending stress 
is . ED/7- X central deflection. Hence, 


f— 2 4 
J 5 • "^2 



0 

1 0 



. . ( 1 ) 


where /is in the same units as Young’s modulus E, the sag da being 
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in the same units as the girder depth D, It is interesting to note that 
this is independent of the length of span and the section of the girder 
chords, and is proportional to the depth of the stiffening girder. 

The temperature stresses in the centrally hinged girder are of about 
equal magnitude. For from (1) Art. 189, putting jc=i/, the depth 
of cable is Id. Hence the change of sag is about three-quarters of 
the change at the centre; but due to turning about the central hinge 
the change in level is half the change of sag at the centre, hence the 
central change of level producing stress is one-quarter of that in the 
case of the girder not hinged at the centre; hence for the half-span 
length i/, (1) becomes \ 

J — 4 ^5 ' ^ 1 — i 0 • “7 ■ Foc^ . . . (2) 

wo wo 

In either type of girder a fall of temperature reduces the sag and 
causes positive bending moment, i.e. tension in the top chord and 
thrust in the lower chord, while a rise in temperature causes 
moments and stresses of opposite signs. 

Example. A steel suspension bridge has a span of 100 ft., dip 
10 ft., and the stiffening girder is 4 ft. deep. Find the change in 
chord stress due to a change of temperature of 50'" F.; take E = 
13,000 tons per sq. in., coefficient of expansion 0 0000062. 


From(l) or(2)/=T%.-A-x 


13,000x62x50 


10 ^ 


= 1*45 tons per sq. in. 


192. Stiffened Cables. The suspension bridge in which the cable 
is replaced by two braced girders hinged together at the centre of the 
span forms a statically determinate structure. It has great pos- 
sibilities of economy for long spans. The determination of reac- 
tions and stresses is exactly analogous to those in the three-hinged 
arch treated in Art. 194. 

193. The Metal Arch and Arched Rib. An arch may be looked 
upon as a curved girder, either a solid rib or braced, supported at its 
ends and carrying transverse loads which arc frequently all vertical; 
the arch as a whole is subjected to thrust. The line of resultant 
thrust or linear arch for an arch carrying vertical loads can easily be 
drawn when in addition to the vertical loads we know the horizontal 
component of the thrust of the abutments. The vertical components 
of the reactions at the abutments are determined algebraically or 
graphically as for a straight beam and are not affected by the hori- 
zontal thrust if the abutments are on the same level, as is evident if 
we consider moments about an abutment. 

Thus in Fig. 269, representing an abutment of an arch with vertical 
loads AB, BC, CD, if the horizontal thrust H is known, and the 
vertical reaction V has been determined algebraically or graphically, 
and the vertical loads ab, be, cd, etc., and the reaction oa=oh+ha 



METAL ARCHES 


533 


Art. 193] 

are set off as shown, the line of thrust AO, BO, CO, etc., can be 
drawn by starting from the centre of the abutment and drawing lines 
parallel to oa, ob, oc, etc., terminated by the force lines AB, BC, CD, 
respectively. At the section shown the resultant thrust of the re- 
mainder of the arch on the portion shown is DO represented by do. 
The first step to the solution of the stresses in an arch is to deter- 
mine the horizontal thrust. In one type — the three-hinged arch — 
the horizontal thrust is statically determinate, but with the two- 
hinged and not-hinged types the horizontal thrust is statically inde- 
terminate and the structure is subject to indeterminate initial stresses 
and stresses due to changes of temperature. 

The arch may also be compared with a girder with a curved loaded 
top chord; when the bending moment curve ordinates are propor- 



tional to the heights of the girder (see Art. 127) there is no stress in 
the diagonals, and the vertical shear is carried by the curved top 
chord in thrust. In the arch the external thrust of the abutments 
replaces the tension of the lower chord of the girder. If the loading 
alters, the curved arch has to withstand not the whole bending 
moments which would arise in a straight girder, but a relatively 
small difl'erence between them and bending moments of generally 
about the same average amount over the span. The possible 
economy of material in the superstructure is obvious; on the other 
hand, the cost of abutments to withstand the thrust of the arch may 
more than neutralise this. Steel arch construction is very fre- 
quently adopted to span sleep gorges, the sides of which provide 
natural abutments of ample resistance. 

The straining actions at any normal cross-section are conveniently 
resolved into a bending moment and a shearing force, as in the case 
of a straight beam carrying transverse loads, with the addition in the 
arched rib of a thrust perpendicular to the section; for, unlike the 
case of the straight beam, the loads not being all perpendicular to 
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the axis of the rib, the resultant force perpendicular to a radial cross- 
section is not zero. Thus, at a section AB (Fig. 270) of an arched 
rib the external forces give rise to (1) a thrust 
normal P through the centroid C, (2) a 
radial shearing force F on the transverse 
section AB, and (3) a bending moment M. 
These three actions are statically equivalent 
to a single thrust T through a point D, in the 
section AB produced, where T is the, re- 
sultant of all the external forces to the r(ght 
of a section through C, i,e, the resultan^ of 
the rectangular components F and P of the 
force exerted by the right-hand on the 
left-hand portion of the structure. The distance CD = M/P. For 
continuous loading the linear arch will be a curve having the direc- 
tions of resultant thrust as tangents. The straining action may thus 
be specified by the normal thrust, the radial shearing force, and the 
bending moment, or simply by the linear arch, and when the strain- 
ing actions are known, the stress intensities in the rib can be cal- 
culated. As in straight beams, the shearing force may often be 
neglected as producing little eflect on the stresses. The curvature of 
the rib not being great, it is usually sufficient to calculate the bending 
stresses as for a straight beam, as in Art. 46. The uniform com- 
pression arising from the thrust P is added algebraically to the bend- 
ing stress, as in Arts. 99 and 100, and the radial and circumferential 
shearing stress arising from the radial shearing force may be cal- 
culated as in Art. 53, and, if necessary, combined with the bending 
and other direct stress to find the principal stresses, as in Arts. 18 
and 54. 

In all types, if y is the height of the axis of the arch at any section, 
and [X is the bending moment calculated as for a straight horizontal 
beam under the vertical forces only, the actual bending moment M 
at this section of the arch (conforming to the convention of Art. 42 
as to sign) is the algebraic sum of \x and the eflect H . y of the hori- 
zontal thrust, or 

M = p + H.y (1) 

where u will always have a negative value for downward loads. 

194. Three-hijiged Arch, In this statically determinate structure, 
having a hinge at each abutment or springing, and also at the crown, 
the horizontal thrust H, and hence the line of thrust or linear arch, 
are found from the fact that the bending moment at the crown hinge 
as well as at the springings is zero, i.e, the line of thrust passes 
through this hinge. 

Graphically. In Fig. 271 let ACB represent the axis of the arch 
and W or EF a single load ; then since there is no load on the por- 
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tion CB, the thrust at B must pass through C and be in the direction 
BC. Hence if BC meets the vertical line EF in Z and the line ef is 
set off to represent W, then completing the triangle efo by drawing 
fo parallel to BZ and eo parallel to AZ (since Z is the point of con- 



currency of the three forces), the reactions oe and fo are completely 
determined, and the horizontal thrust H is their common horizontal 
component oh. 

The graphical problem for the case of several loads is to draw a 
funicular polygon through the three given points A, B, and C. In 



Fig. 272 a trial funicular polygon APSXZA is drawn for any pole oj, 
and then taking a pole distance 02 /* =SZ/ CD x horizontal distance 
of o\ from efgkl, a line of thrust which is the funicular polygon for 
the pole 02 if started from A will pass through C and B. 

Algebraically. In Figs. 271 and 272, if Ho=bending moment for 
vertical forces, at the centre D of a span AB, since the bending 
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moment at C is zero 

Mc+H . j^c= 0 or H = - Mc/yc 
Hence for any other section 

M = +Hj’ = h — he X 

Eddy's Theorem. All ordinates of the linear arch from the base 
AB are proportional to the bending moment of the vertical forces 
alone, and the ordinate at C is equal to H . jc or H multiplied by the 
ordinate of the linear arch; hence the value of u everywhere is 
-H X ordinate (z) of the linear arch (QT representing z to scale) ; 
and the actual bending moment for a section through any poiht U 
on the axis of the arch is — Hz+H>’= — H(z— >’), i-e. — H multiblied 
by the height (z—y) of the linear arch above the axis of the arch. 
If the linear arch lies below the axis of the arch the bending morpent 
is positive, the signs being as in Art. 42. (Positive moments tend 
to produce increased convexity of the axis upwards.) The inter- 
cepts between the arch axis and the linear arch represent the bending 
moment to the same scale on which CD represents H . yc, viz. 
p . g . 02 h Ib.-ft. to 1 in., where the other scales are p lb. to 1 in., 
q ft. to 1 in., and Oih is measured in inches (see Art. 33). 

The normal thrust at U, say, may be obtained by multiplying the 
resultant thrust (represented by ^ 02 ) by the cosine of the angle 
between the tangent to the arch axis at U, and the direction of thrust 
GO (or go 2 ) ; the transverse or radial shearing force may be obtained 
by multiplying the resultant thrust {go^ by the sine of its inclination 
to the tangent of the arch axis at U. 

Algebraically the resultant thrust may be obtained by compound- 
ing the constant horizontal thrust H with the vertical shearing force 
determined as for a straight horizontal beam. 

It is evident that if the centre line of the arched rib is of the same 
form as the curve of p, the bending moment M is everywhere zero, 
e,g. in the case of an arched rib carrying a load uniformly spread 
over the length of span the bending-moment diagram of p is a 
parabola (Art. 40, Fig. 49) symmetrically placed with its axis per- 
pendicular to and bisecting the span ; if the rib is also such a parabola 
the bending moment is everywhere zero. 

Example 1. A symmetrical parabolic arched rib has a span of 
40 ft. and a rise of 8 ft., and is hinged at the springings and crown. 
If it carries a uniformly spread load of \ ton per foot run over the 
left-hand half of the span, find the bending moment, normal thrust, 
and radial shearing force at the hinges and at \ span from each end. 

Taking the origin at D, Fig. 272, say, the equation to the curved 
axis or parabolic curve of the centroids is 

jc2=:c*(8— y) andatA, jc=20 y=0 hence c = 50 
and jc2=50(8— y) or y=8— xr^/SO; dyldx——xl25 

which gives the tangent of slope anywhere on the rib. 
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The vertical components of the reactions are evidently 
VA=ix20xi=7-5 tons VB=2-5tons 
Taking moments about C 

7-5x20-10x20xi-Hx8=0 H=6-25tons 
Normal Thrust at A. 


Resultant thrust Ra = V'{(7-5)2+(6-25)2}=9-763 tons 


Tangent of inclination to horizontal 


7-5 

6-B 


1 -2=130 50-20° 


Tangent of slope of rib from dyjdx is 

20/25 =0-8 =tan 38-67“ 

Inclination of Ra to centre line of rib=50-20— 38-67 = 1 1-53“. 

Normal thrust at A =9-763 X cos 11 -53“ =9-56 tons 
Shearing force at A=9-763xsin 11 -53“ = 1-95 tons 

Between A and C at a- ft. horizontally from D 

M = -7-5(20-A)+-J(20-A)2+6-25y=-2-5A + J.v2 
This reaches a (negative) maximum for a = 10 when M = — 12-5 
ton-ft. The vertical shearing force is then 7-5 — 10x1=2-5 tons 
(upward external force to the left), the slopes of the rib and the 
thrust are the same, viz. tan“i 0-4, and the normal thrust is equal to 
the resultant thrust, viz. 

V{(6-25)2+(2-5)2}=6-73 tons 

At the crown, vertical shearing force = — 7-5 + 10=2-5 tons (down- 
ward to the left). 

Thrust Tc = V{ (6-25)2 +(2-5)2) =6-73 tons 

The direction and magnitude of the thrust on all the right-hand side 
of the rib is constant, being in the line BC (as in Fig. 271). 

At 10 ft. from B the bending moment, which is evidently the 
maximum value on BC, is 

-2-5 X 10+6-25 X 6 = + 12-5 ton-ft. 


i e. 12-5 ton-ft. tending to produce greater curvature of the rib. 


At B, tangent 


2-5 

of inclination of thrust=-— =0-4=tan 

6-25 


21 - 8 “ 


and tangent of inclination of rib (as at A) is 

0-8=tan 38-67“ 


Inclination of reaction at B to centre line of rib=38-67— 21-8 
= 16-87“ 


Normal thrust at B=6-73 cos 16-87“=6-44 tons 
Shearing force at B=6-73 sin 16-87“ = 1-95 tons 
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195. Thrcc-hinged Spandrel-braced Arch. When the reactions 
have been obtained algebraically or graphically, as described in the 
previous article, the determination of the dead load stresses in the 
members of this structure, illustrated in Fig. 273, gives rise to no 
special point. The stresses may be found by the method of sections 
or by a stress diagram, half of which for uniform panel loads is 
shown at (o) in Fig. 273. 





The use of influence lines will make the determination of the 
moving load stresses clear. Taking a vertical section through the 
panel GF, the stress in GF is found from moments about E. Now 
from (1), Art. 193, the bending moment at E=Me=m- 1-H>’. Hence 
taking unit load, say, the influence line for E is found by super- 
posing the influence line A'OB'(Z>), Fig. 273, for a beam of span / 
(see Fig. 100), and that for the terms Hy in which y is a constant 
(height of E above AB) and H=— Pc/.)’c. so that Hy= — Pc3'/>’c> 
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The influence line for Pc is a particular case of that in Fig. 100, and 
has a central ordinate when the load is at C of — //4; hence the 
influence line for Uy has a central ordinate ND'= +>'//(4>^c)- The 
complete influence line is shown at (b). Fig. 273, the base line being 
A'NB'. 

The projections of the shaded triangular areas (see Art. 73) show 
the portions to be loaded with uniform moving load for maximum 
negative and positive bending moments at E, corresponding to 
maximum thrust and tension respectively in GF. And if expres- 
sions be written for these areas they give the extreme bending 
moments at E for unit load per foot, and hence the stress in GF for 
any uniform load w per foot by multiplying by w and dividing by 
FE. The projection of the intersection Z' gives the section at which 
a concentrated load would give zero bending moment at E. This is 
also shown at Z, the intersection of AE and BC, for a load over Z 
has a reaction in the line AE which is the only external force to the 
left of E, and has zero moment about E. If the load moves to the 
left or right of Z, the reaction line moves above or below E, giving a 
negative or positive moment at E. 

The influence line for the point F, say, will be the same as regards 
the line A'QB', but will differ in having the point N raised above 
A'B' in the ratio that F is higher than E above the line AB. 

If all the panel points on the curved rib AECB lie on a parabola, 
it follows that with uniformly distributed load the Maximum oppo- 
site (positive and negative) bending moments at any of these points 
are of equal magnitude, for they arise from loadings on comple- 
mentary portions of the sSpan, and if both these portions are loaded 
simultaneously, the linear arch is a parabola passing through these 
panel points and causing zero bending moment at them. 

For the moving load stress in the diagonal GE, take moments 
about T the intersection of GF and KE. Let r=the perpendicular 
distance of T from GE, and let u—aT^ l—u—bT. Then for unit 
load moving from to G for the structure to the right of a vertical 
section we find 

Tension on GE = { Vu(/— M)/r— H/7} = Vd(/— w)//*— H . hjr 
where h =height Aa =Bb. 

The first term is represented by the line A'X, a part of A'b\ in 
Fig. 273 (c), reaching a value (for unit load) at 6. The 

second term is represented by the line A'N'B'. For loads from F 
to 6 the first term becomes Va . w/'', and is represented by the line 
B'U, a part of BV/', reaching ujr for unit load at a. The variation 
in tension arising from vertical loads passing over GF is evidently 
linear, hence joining UX completes the influence line for the first 
term. Superposing the negative ordinates of A'N'B' on the positive 
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ordinates of A'XUB' gives the resultant influence line for tension in 
GE measured from A'N'B' as a base. The areas give the magni- 
tudes for the tensions for unit load per foot with loads over the por- 
tions of the span projected vertically from the shaded areas. The 
distance along the span to the change point W might also be found 
by the intersection of AT with BC produced. 

The influence line for stress in a vertical member may be deduced 
in a similar manner. 

The uniformly distributed load equivalent to any given train Joad 
will not be that for a simply supported girder; the effect of !joad 
concentration will be very strongly marked in its effect on the exti^eme 
stresses. \ 

Approximate Method, The foregoing stress calculations for 
uniform loads from influence line areas may be described as exact, 
but as in Chapter xiii, a conventional calculation may be made by 
assuming full panel loads. Thus for the maximum negative moment 
at E, instead of taking a load from ^ to a point over Z and Z\ full 
panel loads at a, G, F, and S may be assumed. And for maximum 
positive bending moment at E, full panel loads from the centre to b. 
Or again, for maximum live load tension in GE, instead of load over 
the horizontal length between the change points Y and W, full panel 
loads at F and S only, may be assumed, and for maximum live load 
thrust, full panel loads at a and G and from the centre to h. When 
the stresses in all the members are required, it is convenient to 
tabulate stress coefficients, i.e, stresses for unit loads at each panel 
point in succession. The dead load and maximum and minimum 
moving load stresses are then easily selected by adding the appro- 
priate coefficients and multiplying the results by the actual panel 
loads. 

Example, Fig. 274. Find the dead load and extreme moving 
load coefficients for stress in members FG and FQ. 

The coefficients are given in tabular form, and the reader is left to 
work out the results for other members. The position of the 
moment centre and their distances from the members may be scaled 
from a drawing or calculated. 

The points A, P, Q, S, etc., lie on a parabola, hence the full live 
load and the dead-load bending moment and top-chord stresses are 
zero, and the (complementary) extreme live-load stresses in the top 
chord are equal and opposite. And, considering the top joints, the 
diagonals evidently carry the horizontal components of the top-chord 
stresses; hence they also have zero full-load stresses and equal and 
opposite maximum and minimum stresses. Also at full loads the 
verticals must just carry the panel loads, and the arched lower chord 
must have a constant horizontal component throughout, and 
vertical components just equal to the vertical shearing force. These 
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tests form satisfactory checks for the tabulated stresses in any mem- 
ber of the structure. It is instructive to check the calculations by 
the more exact method, using the influence-line areas. 


350 



Table of CoEPnciENTS of Tensile Stress for Unit Panel Loads in Fig. 27^ 
For member FQ,T is in PQ produced, FT X 50 = 114 ft. FQ = v' (502+412) = 
64-65 ft. Distance of FQ from T= 1 14 x = ^2-3 ft., which may also be obtained 
by drawing to scale. 


Unit load 

Va 

H 

Member FG, moment centre Q, 

Member FQ, moment centre T, 

at 



arm GQ=41 ft. 

arm 72-3 ft. 

F 

0 

T 

2 5 

90 

- (4^ X 250—41 X 80) = -0-363 

—’;^( 4 X 186-4’ X 121 ) = -0-0683 

G 

5 

“7 

n 

-0-363x2 = -0-726 

~ (4 X 1 64 - II X 1 21) = +0-7487 

J 

4 

i 

2 5 

3 2* 

-;5L(+xlOO-4ix80)=+0-131 

.^(4xl64-|iXl21) = -0-0113 

K 

3 

■7 

2 5 
~3~2 

X 8 O -4 X 100) = +0-480 

^ 1 64-11 X 121) = -0-3350 

L 

2 

7’ 

JLl 

4 B 

ix 0-480= +0-320 

—|-x0-3350= -0-2233 

M 

1 

y 

2 5 

9 0 

>x 0-480= +0-160 

-4x03350= -0-1117 

f,g,j,k, 

3 

2 5 
"jj” 

0 

[ 0 (approximately) 

L, M 





F,G 



-1089 

— 

J, K, L. M 



+ 1-091 

— 

G 



— 

+0-7487 




— 

, -0-7492 

M 




1 


Deflection. The deflection of the central hinge C and all other 
points may be found as described in Arts. 145-147. Adopting the 
graphical method of Art. 147, the two halves of Fig. 273 may be 
treated separately as if Aa and remained vertical, say, and their 
lower ends flxed. The changes in length in AC and BC are thus 
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found, and hence, applying the graphical method again to the 
triangle ABC, A and B remaining fixed, the deflection of C is found, 
and, if desired, the deflection of all other points may be drawn in. 

196. Flexural Deformation of a Curved Rib. The bending of a 
curved rib results in an alteration in the shape, and in particular, 
chords joining points on the original centre line may be consider- 
ably altered in length. Let ACB (Fig. 275) represent the centre line 
of a curved rib which is subjected to a variable bending moment. 
To find the alteration in the length AB, consider the effect pf the 
bending of an element of length ds \ if the remaining part of tpe bar 
were unchanged while the element ds turned through an an^le dl 



the rib at A being supposed fixed in position and direction, B would 
move to E, the horizontal projection of this displacement being 

EF = EB cos BEF=CB . di . cos BEF =di . CB cos BCD=DC. di 
or y . di. 

And from Art. 78 the change of curvature 

di/ds-=M/(m) or di = (M;E\)ds 

where I is the moment of inertia of cross-section, and E is the 
modulus of direct elasticity. 

Hence the alteration EF in the chord AB resulting from the bend- 
ing of the element ds is (M/FJ)y . ds ; and the total alteration due to 
bending is 

( 1 ) 

the integral or sum being taken between limits corresponding to the 
ends A and B. Bending moments producing greater curvature 
evidently cause decrease of length of the chord, and those producing 
decrease of curvature cause increase in length. 

Similarly, the displacement of B perpendicular to AB is 

j(MA:/EI)£/j (2) 

where x is measured along BA from B. 

If A represents a hinge fixed in position about which the rib can 
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freely turn, and if B instead of being free is constrained to move in 
any given locus, the position of B after strain may be found by find- 
ing its displaced position, say, B', by components (1) and (2) as if 
the rib were fixed at A, and then striking an arc with centre A and 
radius AB' to intersect the given locus. For small strains, as in 
Art. 147, the arc will be a straight line perpendicular to the original 
chord AB. Hence the actual strained position of B is found by pro- 
jecting perpendicularly to AB. Hence, taking A fixed in position 
and B constrained to remain in the line AB the shortening of the 
chord AB due to flexure is as given by (1). 

If the strain due to a variable thrust T along a rib of cross-section 
A is taken into account, an arc ds is shortened by an amount 
Tdsj{AlE.), and if 0 is the inclination of the rib to the chord, the 
corresponding shortening of the chord element dxis Tdscos 0/(AE) 
or Tdxl(AE). Hence the additional shortening of the chord is 


I 


T cos 6 , 
AE*'’ 


or 




( 3 ) 


where /=total length of chord. 

In a vertically loaded arch rib the constant horizontal thrust 
U=T cos 6, hence the decrease in the chord is 



i/£ 

AE 


or 


HS 

AE 


(4) 


where S=total length of arch rib along the axis. 

The correction (4) is small and is only important for very flat 
arches or deep ribs ; it omits a correction due to the change in curva- 
ture which is itself only important for arches of great curvature. 
Thus for very approximate results correction (4) may be added to 
(1) for flat arches and omitted in other cases. 

Deflectiun oj the Crown Hinge of a Three-hinged Arch Rib. The 
deflection of C in Fig. Ill may be found by calculating the changes 
in AC and BC by (1) corrected by (4) if necessary, and then proceed- 
ing as in Art. 147 (Figs. 212 and 216). The integrals in (1) may not 
be easily calculable algebraically; in such a case they may be found 
by approximate methods, dividing the arcs into a number of short 
lengths and taking for M the values at the centres of the short 
lengths. 

197. Arched Rib hinged at the Ends. A rib hinged at the ends 
differs from one having three hinges, in that bending stress may 
result from expansion or contraction of the rib if the hinges at the 
ends are rigidly fixed in position. The stresses in such a rib are 
statically indeterminate unless some condition beyond the zero 
bending moment at the two hinges is assumed. It is usual to sup- 
pose that before loading the rib is free from stress, and that after the 
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load is applied the hinged ends remain at the same distance apart as 
previously, i,e. the span remains unchanged. This condition allows 

of the horizontal thrust being 
calculated from the principle 
of displacement. With the 
notation of Arts. 193 and 
194, let M be the bending 
moment at any cross-section 
of which G, Fig. 276, is the 
centroid ; then 

M = p+H.v . ^1) 
and from Art. 196 (l)i the 
total decrease of span, neglecting the cflect of the normal thrust, is 



M .,v 
. El 


ds = 


([x+Hy)yds 

EX 


where 1 is the moment of inertia of cross-section and ds represents 
an element of the arc AGCB ; and by the assumption that the hinges 
remain in the same position 


or 



/ 




El 


cis=0 


2 

E-."' 


and 







. ( 2 ) 

. (3) 


the summations being taken over the whole length of the rib. In a 
large built-up arched rib 1 will generally be variable, but if not, and 
E is constant, (3) reduces to 


Jy^ds' 


(4) 


If y, M, and dx can be expressed as functions of a common variable 
this value of H may be found by ordinary integration, and in any 
case it may be found approximately when the curve of y has been 
drawn by dividing the arc AGCB into short lengths 6 j and taking 
the sums of the products u . y . 5^ and y^ . 6 .y, using values of u and 
y corresponding to the middle of the length 65 . If I varies, products 
(p/I)y . 5s and (y^/l) . 5j must be used in the summations. 

In a circular arch y, ds and horizontal distances can easily be 
expressed as functions of the angle at the centre of curvature, and 
if the moment y can be expressed as in Chapter rv as a function of 
horizontal distances along the span, the integrals in (4) can easily be 
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found. In the case of concentrated loads the integral containing \x 
can be split into ranges over which p varies continuously. When H 
has been found, M and the normal thrust P may be found from (1) 
as in the previous article, or graphically from the linear arch drawn 
by a funicular polygon with a pole distance proportional to H. For 
a very flat arch the correction (4), Art. 196, may be added to the left 
side of (2), which adds a term S/AE to the denominator in (3) and 
a term IS/A or to the denominator of (4). 

Alternative Method. As an alternative, to find H we may adopt 
the principle of minimum strain energy (Art. 96). Again neglecting 
the deformation due to normal thrust, from ((5), Art. 96), the total 
strain energy U is 

U=iJ’ MJ/ + 

and since 


dJJ 

dU 


= 0 , 


X 

II 

^ds or H = - 

•1- 

JEI J 

EI J 

lEl j 



(3a) 


Movement of Supports. If the two hinges instead of remaining a 
constant distance apart are forced a distance 5x apart by the thrust, 
6x must be added to the right-hand side of equation (2) and to the 
numerator of (3), or El . 5jc to the numerator of (4). 

Graphical Method. If the force scale is p lb. to 1 in., the correct 
pole distance foi drawing the linear arch is /z=H/p, and if the linear 
scale is q in, to 1 in., P' (Fig. 276) being a point on the linear arch or 
line of thrust 

— p = P'Q xp . q . h (Art. 41) and y=q . GQ 


hence from (3) 


fP'O X GQ j j - 
H =pli = -I 


I 


GQ2 

El 


dsxq^ 


theieforc 


f- 


GQ2 

El 


If the diagram of bending moments n be drawn to any scale, the 
ordinates PQ being n times the true ordinates P'Q 

*PQ . GQ 
El 


/' 


, ds 


1 


GQ2 

Ef 


-=n 


. ds 
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To get the true ordinates P'Q of the linear arch, each ordinate such 
as PQ must be altered in the ratio 1 to n or multiplied by 1/n, 
i.e. by 

J?Q_oQ, 

a ratio which can be found for any case graphically, by approximate 
summation after subdivision of the curve into a number of qqual 
lengths. 

Reaction Locus; Single Load W. In dealing graphically witl) the 
effect of concentrated loads, such as live panel loads on a tWo- 
hinged arch, it is sometimes convenient to construct a locus of the 
intersections of the reactions. Let Fig. 271 represent a two-hin^d 
arch, in which BZ does not necessarily pass through C, and let z 
be the height of Z above AB, then if the horizontal distance of W 
from A is nl, by similar triangles 

nroii^ H H ” 

W 

and z=«(l — n)/ . — the locus required . . (5) 

H 

Parabolic Rib; Single Load W. The case of a parabolic rib is 
much simplified if we make the reasonable supposition that the 
value of I varies proportionally to the secant of the angle of slope of 
the rib, which is unity at C (Fig. 276), I = lo say. Then elsewhere 
ds 

I=lo-:-, and substituting this value in (3), E being constant gives 
dx 

\\ = -\\iydx-r\y^dx (6) 

Then in Fig. 271, for a rw-hinged arch, with single load W, nl 
from A, y=^ycx{l—x)jl^, splitting the integration into two ranges, 

Jo 'Jo I J nl 

hence from (6) 

H = (7) 

yc 

and substituting this in (5), we get the locus 

^=yc-j7rT and z<,= l -28>’c . . (8) 

5(1 +n—n^) 

Circular Rib ; Single Load W. Using the notation of Fig. 27 1 , 277 
or 301, but taking the rib as hinged at both ends, the load being in 
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the angular position 6 =p, i.e. R sin |3 to the left of the centre of the 
span, the value of H is easily found by taking half the value for two 
loads, W, symmetrically placed at angular positions, p and — p. 
From jc=0 or 0 =a to jc=a or 6=p, |ji=Wjc=WR (sin a— sin 0), and 
from x=a or 0=p to x=\l or 0=0, pi=Wa=W(sin a— sin P), and 
writing y=R(cos 0— cos a) and ds= — Rc/0, equation (4) gives 


ria. ra. 

— I pyRrf0 I p>’J0 

H=i it — ■ 


7 “ 




W 

''2 


/2a 

yW0 

0 

R^Pcsina —sin 0)(cos 0— cos aV/0 + R2(sin a— 5mp)J (cos 0 
— cosa)rf0 


R^r (cos 0— cosa)2rf0 

J 0 


— \Y Ksin^ g — sin 2 p) + cos q(cos p — cos a— a sin a+p sin P) 


g— 3 singcosg+2r/ cos^g 


. ( 9 ) 


which takes the simple form (W/Tr)cos2 p for a semicircular arch 
when g= 90®. 

198. Temperature Stresses in Two>hinged Rib. If an arched rib 
were free to take up any position it would expand, due to increase 
of temperature, and remain of the same shape. But if the ends are 
hinged to fixed abutments the span cannot increase, and in con- 
sequence the rib exerts an outward thrust on the hinges, and the 
hinges exert an equal and opposite thrust on the rib; a fall in tem- 
perature would cause forces opposite to those called into play by an 
increase. In either case the horizontal reactions arising from tem- 
perature change produce a bending moment as well as a direct 
thrust or pull in the rib. The change in span arising from these 
bending moments and that arising from temperature change neu- 
tralise one another or have a sum zero. 

Let a be the coefficient of linear expansion (see Art. 27), and / be 
the increase of temperature of the rib; then the horizontal expan- 
sion, being prevented by the hinges, is 

at. I 


where / is the length of span. Hence if M is the bending moment 
produced at any section of the rib, the centroid of which is at a 
height y above the horizontal line joining the hinges, and ds is an 
element of length of the curved centre line of the rib, from Art. 
196 (1) 


( 1 ) 
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hence 




or H = 


atl 


and if E and I are constant, this becomes 

Elar/ 






H = 


jy^ds 


( 2 ) 

(3) 

( 4 ) 


t^ y. 


the integrals being taken in either case over the whole span. 

The bending moment anywhere, H . ,v, being proportional 
the ordinates of the centre line of the rib measured from the heiri- 
zontal line joining the hinge centres are proportional to the bending 

moment, thus giving a 
bending-moment dia- 
gram; the straight line 
joining the hinges is the 
line of thrust or “ linear 
arch ” for the tempera- 
ture eflects. The stresses 
at any section due to 
bending, and due to direct 
thrust or pull, may be 
calculated separately and 
added, the former being 
the more important. If 
h is the rise of the rib 
above the hinges at the 
highest point or crown, 
and d is the depth of the section, taken as constant and sym- 
metrical about a central axis, the maximum bending moment due to 
temperature change is 

H.h 



EIa///z 


ly^ds 

and the resulting change of bending stress at outside edges of this 


section IS 


^ I 2 


Eatlhd 

l^y^ds 


(5) 


In the case of a circular rib the term 


J »-a 


y'^ds in the notation of 


Fig. 277 may be replaced by R3(a— 3 sin a cos a+2a cos^ a) as in 

ds dx r ^ 

(9), Art. 197. In the parabolic rib, if - ‘ =-' , using y'^dx, the 

1 lo .) 0 

value is 
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Example. A circular arched rib of radius equal to the span is 
hinged at each end. Find the horizontal thrust resulting from a 
rise of temperature of 50° F,, the coefficient of expansion being 
0-0000062 per degree Fahrenheit. If the depth of the rib is ^ of 
the span, and E= 13,000 tons per sq. in., find the extreme change in 
the bending stresses. 

From Fig. 277 

/=R sin a=i cosa=-^ ds=—KdQ 

6 2 

j=R(cose-v/3/2) 

M — a ra 57T— 9-\/3 

y^ds = 2 R ’Ccos2 e - VS cos 6 + |)f/0 - R J ^ 

J 9-a Jo 12 

=000996R3 

hence, from (4), the horizontal thrust 

Ela/R _5Qx00000062ET_ . El 

000996R'^ 0-60996R2 ' R^ 

The bending moment at the crown is 

H R(l - \/3/2) =0-03 112x0 1 34EI/R =0 0041 7EI/R 
hence the extreme change of bending stress is 

0 00417-^^ x-^^ =0 0000521 X 13,000=0-677 ton per sq. in. 

199, Two-hinged Spandrel-braced Arch. This is a statically 
indeterminate frame of the kind dealt with in Art. 149. A pre- 
liminary design may be based on a known structure or on calcula- 
tions from reactions deduced from (3) or (4), Art. 197, taking the 
braced arch as a rib having a constant value of I. The stresses in 
the members of such a design may then be calculated after the 
horizontal thrusts H have been determined for each position of the 
load by (6), Art. 149, assuming an infinitely stiff member between 
the hinges to take all the horizontal force. This will necessarily be 
tedious for all the live loads, but the work is much facilitated by 
determining the locus of the reaction lines with the panel load lines. 
This may be done by determining the intersections for say three 
points on the half-span (including the centre) and drawing a smooth 
curve through them. Tabulation from conventional whole-panel 
loads, as in Art. 195, or influence lines, may be used. 

200. Arched Rib fixed at the Ends.* The arched rib fixed or 
clamped in direction at both ends is statically indeterminate, and 

i For a mclhod of solution applicable to a braced arch with fixed ends, including 
a worked-out example, see Paper No. 4037, by Mason, in the Proc, Inst. C.E., 
vol. cxciii, 1912-13, part iii. 
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bears to the rib virtually hinged at each end much the same relation 
as that of the straight built-in beam to the beam simply supported 
at each end. The principles of Chapter viii hold good for the built- 
in arched rib. In order to draw the linear arch or otherwise find 
the bending moment at any section X of such a rib (Fig. 278), it is 
necessary to know the fixing couples applied at the built-in ends 
and the horizontal thrust, or three other quantities which make the 
problem determinate from the simple principles of statics. 

First Method, We may write, as in Arts. 87 to 91, allowing for 

the effect of horizontal thrust I 

\ 

m=m+Ma+(m„-Ma)'J+H:k .... (il^ 

where p is the bending moment on a straight horizontal freely sup- 
ported beam carrying the same vertical loads, Ma and Mb are the 
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fixing couples at the ends A and B respectively, H is the constant 
horizontal thrust, and y is the height of the rib at X above the 
supports A and B. Bending moments being reckoned positive if 
tending to increase convexity upwards as in Art, 194, the fixing 
couples Ma and Mb will generally be positive quantities, as in 
Chapter vin. 

The three unknown quantities Ma, Mb, and H may be found from 
the following three conditions: 

(1) The assumption that A and B remain fixed leads, as in Art. 
197, from (1), Art. 196, to the equation 

Jf ■ ® 

the integrals being taken over the complete length of the curved 
centre line of the rib; if E and I are constant they may be omitted 
from each term. 

(2) The assumption, as in Art. 88, that the total bending or change 
from original direction over the whole length of an arch is zero when 
the ends are firmly fixed gives 
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the integrals being over the whole length of the curve, and El being 
omitted when constant. 

(3) If the ends A and B remain at the same level, as in Arts. 88 
and 196 (2), 




xds Mb — Ma 
Ei i 


. ,4) 


the integrals being over the whole length of curve between A and B, 
and El being omitted when constant. 

The three equations (2), (3), and (4) are sufficient to determine the 
three unknown quantities Ma, Mb, and H. If all the variables 
entering into the integrals can easily be expressed in terms of a single 
variable, ordinary methods of integration may be used. If not, 
some approximate form of summation by division of the arch AB 
into short lengths Ss, or graphical methods such as are explained in 
Art. 88, may be used. 

In the case of symmetrical loading, Ma = Mb and equation (4) 
becomes unnecessary; in that case equations (2) and (3) reduce to 




- . (5) 
. . ( 6 ) 


which are still further simplified if E and I are constants. 

Second Method. Just as (I) represents a modification in the 
bending moment [x for a simply supported beam, we may, as in Art. 
88 and Fig. 148, look upon the rib fixed at both ends as a curved 
cantilever fixed at A (Fig. 278) and carrying certain loads, and in 
addition the otherwise free end B subjected to (1) a vertical sup- 
porting force Vb, (2) a horizontal thrust H, and (3) a fixing couple 
Mb- Let m be the bending moment produced at any section if the 
rib at B were free. Then 


M=m— Vu(/— - v) + Md+H . y . . . , (7) 

The conditions staled for equations (2), (3), and (4), taking El as 
constant, give 

\Myds=^myds-yaiil-x)yds+MBtyds+Hly2ds=0 . ( 8 ) 

VbJ(/— A:)A'</. v+MnjA’rf.v+Hjjf>’4iy=0 . (10) 

In the case of symmetrical loading VD=half the load, and (10) 
may be omitted. 

As in Art. 197, the equations (2) to (10) inclusive may easily be 
deduced from the principle of minimum strain energj- by writing 
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u= 



and substituting for M from (1) and then putting 


dXI 

dU 


= 0 , 


t/U 


= 0 , 


dU 

t/Mu 


=0 


Symmetrical Arches. In the (usual) case of symmetry of the 
curved centre line about the vertical centre line, we may simplify the 
equations. For writing for the whole length J^/.y=S, [;Y/y=y^. S. 
where y is the mean height I 

^(I—x)yds=^xyds=\l^yds=\l . y^ds = \l . . S ' 

l{l-x)ds=^xds=\llds=\l . S. Also ^ y^ds =2^ y^ds 

Inserting these, equations (8), (9), and (10) become 

jmyds-il . y . S . V,, + M„ . T . S +Hf =0 . (8^) 

^mds-il . S . Vi, + Mi, . S + V . S . H=0 . (9a) 

^mxds-ar- . S-Jx2A)Vj, + M,, . i/S + i/y . SH=0 . (10 a) 

H is independent of the third condition, for from (8a) and (9a) 


y\ mds--\ myds 
Jo Jo 

^ rjs 

2 y^ds-{y'Y^ 

J 0 


or 


J^m(y-y; 


•)ds 


,'!S _ • • 

2 y^~ds-{yy.S 
J 0 


(ID 


Vb is independent of the first condition, for from (9a) and (10a) 


Vb = - 


/rmt/i— f ; 

*Lo_ ® 

7 : 


mxds 


. ( 12 ) 


x'-ds-WS 


and from the symmetry 


J x^ds=2j^ i\l—x)^ds+^^ S (sec Theorem 1, Art, 34) 
hence (12) becomes 

J m{\l—x)ds 




ris 


x)^ds 


. . (12a) 
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(13) 


Also from moments about the crown the bending moment there is 

Mc = H(A— .v)—^ r mds-k-m^: . . . . (13a) 

SJ 0 

Approximate Summations. If the above integrals cannot be easily 
calculated algebraically, approximate summations may be made. 
If the whole length S be divided into 2n equal parts, it is only neces- 
sary to write 5! for J, for ds. In . 6.y for S, ^y^sjn for y, and divide 
out the factor 5^ common to the numerators of (11), (12), (12a), 
and (13). 

Varying Moment of Inertia. If the moment of inertia (I) of cross- 
sections of the rib is variable, the factor l/I will be retained in each 
of the equations (8), (9), and (10), and the subsequent summations. 

It may happen that y = \Qdsldx approximately, where dsldx = 
secant of inclination of the rib, and 1 = 1 o at the crown. In this case 
the common factor Iq disappears, and ds is replaced by dx and the 
limit S by /, and y becomes the mean height of the enclosed area 
instead of that of the curved boundary. In approximate solutions 
the lengths 5s must not be equal but inversely proportional to the 
value of 1 at the centre of each length Bs, i.e. so that 5.s'^I =constant 
for each length chosen. The factor then may be divided out 
from the expressions for H, M^, and Vb. 

Single Concentrated Load. For a single concentrated load W 
distant a horizontally from A (Fig. 278 or Fig. 301), from A to the 
load /72 = W(a— jc), and beyond the load /?7=0; hence, writing 
equations (11), (12a), and (13) for ordinary integration or for 
approximate summation when the centre line is divided into 2n equal 

parts, remembering that > =;^ ^(y) for the whole length or -2;(y) 

2n n 


for the hall'-span 

H=W 



r— J 


i) 


{a —x)yds 
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or 


V„=iW 


i/ (a— A'M j— A(a — aWj 

Jo Jo 

fis 

^^{(a-j:)(i/-x)} 


W 

2' 


z>- 


xY 


(15) 


which is equal to Vc, the vertical shearing force at the crown, if 
there is no change between B and the crown, i,e. if a is less than \l\ 
and for a load W similarly placed on the right-hand half of the irch 
Vc is merely changed in sign, V being equal to the vertical upward 
external force to the right (or downward to the left) of any section 
in accordance with the convention for F in straight beams (Art. 42). 



Vu-Hv-^ {a-x)ds 


or 


. (16) 

Also 

M c = H (A — j) — ^ {a — x)ds 


or 

1 nX—,0 J 2n^o 

. (17) 


The advantage of these forms of H, Vu, and is that the limits 
over which the summations are to be taken are short; consequently 
in tabulating numerical values there are few terms. The values 
derived from (2), (3), and (4) involve more terms in the summations 
since p is not anywhere zero, although some reduction is obtained 
by taking the value of H for two loads symmetrically placed 
apart from the crown. 

Movement oj Supports, If the support B moves relatively to A, 
the movement can be taken into account by adding suitable terms 
to the fundamental equatjons. If B moves 6 a horizontally from A, 
dy downwards below A, and rotates 6/ clockwise, the terms 6 a, 6/, 
and 5>' will have to be added to the right-hand sides of equations 
(2), (3), and (4) respectively, or El times these terms to the right- 
hand sides of equations (8), (9), and (10) respectively. 

Correction due to Shortening oj Rib by Normal Thrust, As for 
the rib hinged at both ends, approximately for very flat ribs the 
correction (4), Art. 196, may be added to the left side of equation (2) 
or El times this amount to the left side of equation (8). 

Stresses, etc. When H, Vr, and are determined, the bending 



METAL ARCHES 


555 


Art. 200] 

moment anywhere is obtained from (7), and the normal thrust as 
explained in Arts. 193 and 194. If it is desired to draw the linear 
arch, the vertical line is drawn and the pole set off from Vu and H. 
A starting-point is found either at a distance Mn/H vertically below 
B or Mb/Vu horizontally to the left of B, or Mc/H below the crown. 

Example 1. Find the unknown quantities for a parabolic arch, 
rise of centre line A, and distance between centres of fixed ends /, 
carrying a load W distant a horizontally from the left-hand support 
centre, taking \ = l(4sldx. 

It is only necessary to write dx instead of ds in (14), (15), and (16). 
The equation of the centre line is 

y=^x(l—x) and y = lh. 


r (a^x)dx=ia^, f (a—x)ydx = ^^’( x{a- x)(l—x)dx = 
Jo Jo FJ 0 


a^h{2l—a) 


3/2 



l^6/j2n' 

/“Jo 


iEx^-llx^+x*)dx = 




/■ 


x-(« — x)dx = 

0 


■'(i/-A)2rfjC = */3 


0 


Substituting these in (14), (15), (16), and (17) with dx for ds, we 
find 

„ 15W aHl-a)^ ^ ^ ^aH3l-2a) 


Wa2 

Mb=- Ol-5a)il-a) 


Wa2 

Mc.= 4“3{5(/-a)2-2/2} 


Example 2. Find the horizontal thrust in a symmetrical circular 
arch, radius R, fixed at the ends, and carrying a single load W. The 
arch subtends an angle 2a at the centre of curvature, and the arc 
between the crown and the load subtends an angle p. Notation as 
m Fig. 277 or Fig. 301, j=R(a-e), ds=-Kdh. 

S=2Ra >’=R (cos 6— cosa) (a— x:)=R (sin 0— sin P) 

ra 

i/— x=R sin 0 )'=R| >'t/0-rRa= -(sin a— a cosa) 

Jo “ 

J (a— x)(y— >')f/5=R-’|* (sin 0— sin P)j®^^— cos 0ji/ 

The remaining integrals in (1 1) are simple, and the result is 
y _ W sin a(2 cos P -1^2|^sin p— 2 cos a— a sin a) —a sin^p 
~2‘ a2+asinacosa— 2sin2a 
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The calculations of and Mjj offer no difficulty, 
y _W 2(a — p) — sin 2a + 4 cos a sin p — sin 2p 
** 2 2a— sin 2a 

Mc = Mb— i . Vb . /+HR(1 —cos a) 

cosa— cosP+(a— P) sinp 




For a numerical example of the approximate method, see Aft. 
207. I 

201. Temperature Stresses in Fixed Rib. With the same notatibn 
as in Art. 198, for the direction AB (Fig. 278), in which expansiomis 
prevented as for the two-hinged rib ■ 


( 1 ) 

Also, as in (3), Art. 199 (2) 

J El 

and as in (4), Art. 199 (3) 

J El 


Let H and V be the vertical and horizontal thrusts at either end 
of the span resulting from a temperature change of t degrees (V is 
equal and opposite at the two ends and is taken positive when up- 
wards at A), and let Ma be the fixing couple at the supports due to 
the temperature change; then 

M = Ma— V . x-hH . y (4) 

This value of M substituted in the three equations (1), (2), and 
(3), gives the necessary equations to find Ma, V, and H. The 
bending moment anywhere in the rib then follows from (4). 

If the rib is symmetrical about a vertical axis through the middle 
of the span, V is zero, and the two equations (2) and (3) reduce to 
one, and equation (4) becomes 


M = MA+Hy , . 

which, being substituted in (1) and (2), gives 




and 


M 




(5) 

( 6 ) 
(7) 


from which Ma and H may be found. 

The “ line of thrust ” in this case is a straight horizontal line the 
distance of which above AB (Fig. 278) is 

— ^^='^~=mean height of centre line (if El = constant) 

H fas 
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In the uncommon case of an unsymmctrical rib the line of thrust 
would be inclined to the line AB, passing at distances Ma/T and 
Mfl/T respectively from A and B, where T is the thrust the compo- 
nents of which are H and V, and Md is the fixing moment at B, viz. 
Ma-V./. 

The necessary integrals for equations (6) and (7) have been given 
in the preceding articles for the circular rib and for the parabolic 
rib in which ds/l =dxllo. 

Example. Solve the problem at the end of Art. 198, in the case of 
an arched rib rigidly fixed in direction at both ends. Find also the 
points of zero bending moment. 

In this case 

e-^ji/0=R2^1 =0-0931R2 

>'Vj=0 00996R3(see Art. 198), i/.y= R = 1-0472 R 

J J O — ir/Vt ^ 

Substituting these values in (6) and (7) 

00931Ma . R2-f0 00996R3 . H -0-0003 1EIR=0 
1-0472Ma . H+0-09310R2H=0 

_Ma HR =0-08890HR 

hence H =0 1845E1/R- Ma = “00164EI/R 
At the crown (Fig. 277) y=(l - V3/2)R=0-134R 
and Mc= -0 0164EI/R + 0 I845 x0 134EI/R= -1-0 0083EI/R 
The maximum bending moment is Ma at the supports, and at 
those sections the extreme change in bending stress is 

X — =0-000205 X 13,000 
21 2RI 40 

=2-665 tons per sq. in. 

which is nearly four limes the value for the similar hinged arch in 
Art. 198. 

The points of zero bending moment occur when Hy= — Ma. 
y =- Ma/H = 0-0889R = R(cos e - V3/2) 
cos 6=0-0889 -4-^3/2=0-9549 6 = 17-3° 

Distance from support=A:=R(i— sin 6)=0-2026R or 0-2026 of 
the span. 


Examples XIX 

1 . Limiting the dip to onc-tenth of the span, find the greatest span which a 
uniform steel wire may have without exceeding a stress ot 7-5 tons per sq. in. 
due to its own weight — viz. 0-28 lb. per cu. in. 
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2. A suspension bridge cable of 80-ft. span has to support a total load of 

1 ton per foot of span, and its dip is 8 ft. Find the maximum pull in the steel 
cables, and their cross-sectional area and length if the working stress is to be 
5 tons per sq, in. If the cable passes over a saddle and the backstay is 
inclined 30" to the horizontal, find the tension in the backstay and the pres- 
sure on the pier. If the cable passes over a pulley, find the horizontal and 
vertical pressures on the pier, and draw triangles of forces for both cases. 

3. A chain consisting of eyebar links has a span of 99 ft., and 10 hangers 
which divide the span into 1 1 equal parts, and each hanger carries a load of 

2 tons. The right-hand end is 16 ft. and the left-hand end is 4 ft. above the 
lowest point in the centre line of the chain. Draw the form of the chain, ^land 
write down the tension in the successive links from the left-hand end. t 

4. A suspension cable of 100-ft. span and 10-ft. dip is stiflened by a thVee- 
hinged girder. The dead load is J ton per foot run. Determine the maxi- 
mum tension in the cable and the maximum bending moment in the girder 
due to a concentrated load of 5 tons crossing the span, assuming that the 
whole dead load is carried by the cable without stressing the girder. Find 
the bending moment in the girder at one-tenth of the span from either pi6r 
when the concentrated load is 25 ft. from the left-hand pier. 

5. If the girder in Problem No. 4 is traversed by a uni form load of iV ton 
per ft., find the maximum positive or negative bending moment in the left- 
hand half of the girder due to live load and the lengths covered by the load 
when these maxima occur. 

6. Find the maximum shearing forces at i, j of the span with the data 
in Problem No. 4. 

7. Solve Problem No. 6, but using the loads of No. 5. 

8. Solve Problem No. 4 if the central hinge is omitted. 

9. Solve Problem No. 5 if the central hinge is omitted. 

10. Solve Problem No. 6 if the central hinge is omitted. 

11. Solve Problem No. 7 if the central hinge is omitted. 

12. Find the change in the stress in the chords of a two- or three-hinged 
stiffening girder of a suspension bridge due to a change of 60' F. in tem- 
perature if the dip is 20 ft. and the depth of the girder 7 ft. (E= 13,000 tons 
per sq. in. Coefficient of expansion 62 x 10“’.) 

13. A symmetrical three-hinged arch rib is of circular form, has a span of 
50 ft. and a rise of 10 ft. If the uniformly distributed load is 1 ton per foot 
of span, find the horizontal thrust and the bending moment at i span (hori- 
zontally) from one end. 

14. A parabolic arched rib, hinged at the springings and crown, has a 
span of 50 ft. and a rise of 10 ft.; if the load varies uniformly with the hori- 
zontal distance from the crown from ^ ton per foot of span at the crown to 
1 ton per foot run at the springings, find the horizontal thrust and the bending 
moment at i span. What is the normal thrust and the shearing force 5 ft. 
from one of the abutments? 

15. If the rib in Problem No. 14 has a concentrated load of 5 tons, 12-5 ft. 
from one support, find the horizontal thrust and the bending moments on the 
rib at the ^-span points; also if it has 5-ton loads at 12*5 ft. from each end 
support. 

16. Find approximately in terms of the panel loads W, say, the extreme 
live-load stresses in EF and EP (Fig. 274). 

17. Find by the exact method the extreme moving load stresses in FG 
(Fig, 274) for a uniform load w' per ft. 

18. Find the horizontal thrust for the arch in Problem No. 14 if it is hinged 
at the ends only. 

19. A parabolic two-hinged arched rib has a span of 40 ft. and a rise of 
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8 ft., and carries a load of 10 tons at the crown. The moment of inertia of 
the cross-section of the rib is everywhere proportional to the secant of the 
angle of slope of the rib. Find the horizontal thrust and the bending moment 
at the crown, 

20. Solve Problem No, 19 if the load is at {a) i span, (6) 5 span. 

21. A circular arched rib 40-ft. radius hinged at both ends and subtending 
an angle of 90^" at the centre carries a load of 1 ton at a horizontal distance of 
20 ft. from midspan. Find what horizontal thrust is caused by this load. 

22. Find the maximum intensity of bending stress in a circular arched rib 
50-ft. span and 10-ft, rise, hinged at each end, due to a rise in temperature of 
60° F., the constant depth of the rib being 12 in. (Coefficient of expansion 
f X 10“®, E= 12,500 tons per sq. in.) 

23. Solve Problem No. 19 if the rib is fixed at both ends. 

24. A semicircular arched rib of span /, and fixed at both ends, carries a 
load W at the crown. Find the bending moment, normal thrust, and shearing 
force at the ends and crown. 

25. Solve Problem No. 21 if the rib is fixed at both ends. 

26. A piece of steel 1 in. square is bent into a semicircle of 20 in. mean 

radius, and both ends are firmly clamped. Find the maximum bending 
stress resulting from a change in temperature of 100° F. in the steel. What 
is the angular distance of the points of zero-bending moment from the crown 
of the semicircle? (Coefficient of expansion 62 X 10“^ E=30x 10^ lb. per 

sq. in.) 

27. Solve Problem No. 22 if the rib is fixed at both ends. 
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EARTH PRESSURE, FOUNDATIONS, MASONRY 
STRUCTURES 


202. Earth Pressure. In order to compute the forces to which 
various foundations and masonry structures, etc., such as retaining 
walls, are subjected, the pressures exerted by and on plane facds of 
earth are required. There are numerous theories as to the pressure 
exerted, differing somewhat in the assumptions made and the expres- 
sions deduced. Most theories are based upon the supposition that 
earth is a granular mass entirely lacking in cohesion and having for 
each kind of earth a definite angle of repose or natural slope whidh 
it will assume if left unsupported for a sufficient time. The various 
theories give results which in most practical cases do not materially 
differ from one another. There is very little experimental evidence 
that the calculated pressures form a reliable guide to the actual con- 
ditions which vary with many circumstances. The cohesion in 
moist, well-rammed earth is often very considerable, and in conse- 
quence many structures are able to withstand earth pressure which, 
if the granular earth theories gave correct values, would be quite 
unsafe. 

It is well to recognise that earth pressures cannot be calculated 
with anything approaching the accuracy usually possible in say stress 
computations for a simple steel framework or a simply supported 
steel beam. One theory is here given in some detail, and for others 
the reader is referred to books specially devoted to such matters. 

Rankine's Theory of Earth Pressure. This postulates dry granular 
particles of earth free from cohesion but held in place by friction and 
indefinite in extent. It follows that at any plane surface within a 
mass of earth the pressure cannot be inclined to the normal at a 
greater angle than the angle of repose of such earth, without slipping 
taking place. Notation: <p=angle of repose of earth =maximum 
angle which any resultant force across any internal face can make 
to the normal without slipping occurring, w = weight of unit volume 
of earth (say pounds per cubic foot). 

(a) Vertical Wall Face: Horizontal Earth Surface. When slip- 
ping is about to take place downwards across the plane where the 
resultant force is most oblique to the normal, it follows from (8), 
Art. 15, that the smaller principal stress is 


Py Px • 


1— sin 9 
I-fsin 9 


( 1 ) 


where p, is the intensity of the maximum principal stress. 
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At a depth h in the earth the maximum principal stress will be 
vertical, i.e. perpendicular to a horizontal face and equal to wh^ 
since 1 sq. ft., say, supports a column of earth h ft. high, having 
contents h cu. ft. and weight wh lb. Hence the horizontal pres- 
sure in pounds per square foot is 


Py = m 77 


i —sin 9 
1 +sin 9 


( 2 ) 


which is proportional to //. Hence the total pressure per foot length 
of a vertical face is (average intensity x area) 


V=\wh 


1 —sin 9 
1 +sin 9 ‘ 


1 +sin 9 


or \w . tan 2 ( 45 °-i 9 ) . (3) 


or p X -^i— times that of water pressure on the same wall face, 
l+sin9 

where p is the specific gravity of the earth. The force P acts as 
shown in Fig. 279 at a depth of ^ of h from the horizontal earth 
surface. ^ 



Fi(i. 279 



l-iG. 280 


It will be noticed from (2) and (3) that the magnitudes are those 
for the pressure of a liquid of density w per unit volume multiplied 

by the coefficient — which is unity for a liquid, which may be 
1 H-sin 9 


defined by the static property 9=0. 


Simple graphical constructions for P and for shown 

1 +sin 9 

in Fig. 280; AC=AB, BD=//, angle ADB= 9 , then P=-i^ . w . CD^. 


And if EG = h’/; to scale and the semicircle FKG is drawn to touch 

EK inclined 9 to EG, EF = wh \ — 

l+sin 9 

( 6 ) Sloping Wall Face: Horizontal Earth Face. Let the slope be 
6 to the vertical (see Fig. 281). Then the intensity of pressure across 
the face at a depth h by (3), Art. 1 5, is 

/»=A/(P:t^sin2e+/7^2cos2e) = V(p«^+P<^) . . (4) 


1 For the depth of the centre of pressure see any book dealing with the mechanics 
of fluids, such as the author’s Mechanics for Engineers. 
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where Px = wh and as before is wh . ] — hence p is propor- 

I +sin q) 

tional to h. The total pressure per foot length of wall face is 
\p X area or substituting 

P=/i . . sec 6=^w’/j2-^{tan2 0 + tan^ (45— ^ 9 ) } (5) 

and this pressure acts in the direction given by (5), Art. 15. 

Graphical Construction. The value of p may be found graphically, 
the principal stresses and Py being known as above. The graphical 
construction is shown in Fig. 282, where Pv is across a horizon(;al 



Fig. 281 Fig. 282 


plane. The proof, with the notation of Art. 15 is as follows; 
ED=i(p;,— Py) sin 26 =p 
BD=i(p;,+p,,)— i(p^-p,,) cos 26 
=i/’A(l —cos 20)+ip,,(H-cos 26) 

=p,sin2 9+Py cos^ 0=P„ 

BE = V(BD2 + ED2) = +P ") =P. 

P=^p/i sec 6 or ^p.AB (6) 

acting parallel to BE through a point in AB, ^ of AB from A. 

(c) Vertical Wall surcharged at Slope a. Rankine assumed that 
the pressure on a vertical face was parallel to the earth slope, i.e. 
inclined a to the horizontal. Then at any depth h the vertical 
pressure pi on a plane face inclined a to the horizontal, forms with 
the resultant pressure intensity P 2 on a vertical face a pair of con- 
jugate stresses, i.e. pi is parallel to the face across which P 2 acts, and 
P 2 is parallel to the face across which pj acts. Now referring to 
Fig. 283, 

pi: =1^/1 COS a (not a principal stress) ( 7 ) 

sec a 

The stresses pi and p 2 may be looked upon as resultants of princi- 
pal stresses p* and Py (in directions unknown), and therefore of a 
normal stress Hpx+Py) added geometrically to a stress Kp*— Py) 
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acting at an unknown angle 20 to the normals of the faces giving re- 
sultants inclined a to the normals. Fig. 284 represents the vector 
diagram, AC being proportional to and BC (=CD) to 

i(Px—Pr)- The two stresses inclined a to the normals are 
represented by AB and AD, so that 


( 8 ) 


^2^ A B 

Pi ad 

and substituting in terms of AC and BC and writing from (9), 




Art. 15 or (5), Art. 17, when slipping is about to take place, 
gpj using (7) we get 

Px+Py 

cos a— \/(cos- a— cos^ 9) 


/'2 = h'// . cos a . - - - . 

cosa-l- \/(cos-a— cos- 9J 

which reduces to (1) when a=(). 

The total pressure per foot length of face is 

„ , , , cosa— Vtcos^a— cos^ 9) 

p=4n, . . cosa . - — 

cos a -|- V (cos- a— cos- 9) 


(9) 


( 10 ) 


If the surcharge reaches the maximum possible angle 9 (10) 
becomes the maximum possible pressure on a vertical wall, viz. 

P=.^h7i 2 . cos 9 (11) 

Graphical Constructions. The value pi is easily found graphically 
as shown in Fig. 285, by drawing a semicircle BEC centred at O, and 
from E a tangent AE to meet the circumference in E, and from A 
drawing AC inclined a to AD cutting the semicircle in B and C, and 
then drawing CD perpendicular to AC. Then AB represents 
and AC represents pi on the scale that AD represents wh. The 
point E is the limiting position of both B and C for maximum 
surcharge. 
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P may be represented by the weight of a triangular prism of earth 
XYZ (Fig. 286), 1 ft. long, perpendicular to the figure if YZ = 
h . AB/AC (Fig. 285), or h . AB/AD (Fig. 284). 

(d) Sloping Surcharged Wall (Fig. 287). The resultant pressure 
on a sloping face AB may be found by finding that on BC as in the 
previous case, and adding geometrically the weight of a triangular 
prism of earth ABC. The algebra involved is quite simple but 
occupies much space, so is not set forth here. It should be noticed 



FiCi. 283 Fig. 286 


that BC is equal to /K1 +tan 9 . tan a) or /j{cos (a— 0) scca . sec 6}. 
The final result, which the reader may verify for himself, is 
P = 1 ii7z2 cos (ot— 0) sec^ 6 sec a 

X -v/{sin2 0+2Ktanasin6cos(a— 6)+K2cos“(a— 0)scc2a}. (12) 


where K is the ratio cos a . 


cos a — "v/lcos-a— 
cosa+-v/(cos‘a— 


cos* cp) 
cos^ 9) 


The inclination of P to the horizontal is P where 


sin 0 sec (a— 0) + tan a 
K 



Fig. 287 


Fig. 288 


Wedge Theories. Another method of estimating the pressure on 
say a vertical face AB is to consider it as supporting a wedge or 
triangular prism of earth ABC (Fig. 288), which would slip away if 
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the face were removed. This involves the assumption that the 
surface of rupture would be a plane of rupture such as BC, inclined 
say 6 to the vertical. From the principles of statics the value of the 
normal component pressure P exerted by the wall on the wedge may 
be written in terms of 0 and constants. To find the maximum value 
of P this expression may be differentiated with respect to 0 and the 
result equated to zero, and hence 6 obtained. By substituting this 
value of 6 the maximum value of P may be found. Various assump- 
tions may be made with respect to the angle of friction p, say between 
the earth and the wall. The commonest is to make tan p = ii' = 
tan 9 = p. If we put p=0 (i.e. p'=0), equivalent to neglecting wall 
friction as Coulomb did, and a=0, 0=45 — ^9, and we obtain 
Rankine’s value (3), which mayalso be written 
If we put = resolving horizontally and vertically and eliminat- 
ing R, 

P=:\wh 2 . — . (14) 

(2m cot 0-1-1 — (1 — tanatan 0) 

and differentiating this with respect to 0 and equating to zero to find 
the conditions which give a maximum normal thrust P, we find 

(1 H-M^) tana-M(l -m^) 

which when substituted in (14) gives the maximum value of P. The 
actual thrust on the face AB according to this theory is the resultant 
of mT downward and P horizontally. 

Taking the particular case of level earth, i,c. a=0, and substituting 
in (15) and (14), we find 

tane.V{2(^M^)lz:k^ (16) 

and 


In the more generaJ case of pressure exerted by and on a sloping 
wall when the earth is surcharged let Fig. 289 represent the wall 
face AB inclined p to the vertical (or having a batter p) and sur- 
charged with earth to an angle a to the horizontal. The upper 
surface of the earth is BC: the plane of rupture giving a maximum 
pressure on AB is AD inclined 6 to the vertical. The line AC from 
A represents a plane at 91 to the horizontal where 91 is the angle of 
repose of the earth. The angle of friction of the earth on the wall 
face is 92. The forces exerted upon the wedge of earth ABD are: 
(a) its weight W acting through its c.g., (h) the reaction Ri of the 
earth below the plane of rupture AD acting at an angle 91 to AD, 
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and (c) the reaction R 2 of the wall, inclined 92 to the normal to the 
face AB. These three forces must be in equilibrium; they are 
represented on the vector force triangle adf on the right-hand side 
of Fig. 289. We might state the value of R 2 in terms of W and the 
variable 9 as before and find by equating rfR 2 /rf 9 to zero the condi- 
tions to give a maximum R 2 and its magnitude. But the same 
results can be found by a simple graphical construction shown in 
Fig. 289. From B a line BE, at an angle ABE=(pi-l-<P 2 to AB, is 
drawn to meet AC in E and from E a line EK perpendicular tolAC 
is drawn to meet a semicircle AKC described on AC in R-V 
distance AF equal to AK is marked of!' along AC. From I? a 



Fig. 289 

line FD is drawn parallel to BE, meeting BC in D. Then AD 
represents the plane of rupture for a maximum thrust R 2 on AB 
(and equal reaction of the wall on the wedge ABD). The weight 
W, say per foot perpendicular to the diagram can easily be calculated 
in terms of w and the dimensions of the triangle ABD. Finally, if 
from F along FA a length FG be set off equal to FD the (maximum) 
value of R 2 is equal to the weight of a triangular prism of earth of 
the section FDG and 1 ft. long perpendicular to the figure or 
Rj = w X (area FGD). 

To prove this it is convenient to change the variable from 9 and 
adopt one of the lengths which is dependent on the value of 9. 
Let EF=jr, a variable the magnitude of which depends on the fixed 
data h, 9 ], 92 , a, P and the variable angle 9. Let AE=a, AC=b, 
BE=d, all constants independent of 9. From the foregoing con- 
struction it follows that EK is a mean proportional between AE 
and EC, i.e. EK2=AE xEC=a(f>— o). Also AF2=AK2=AE2+ 
EK^=a^+a(b—a)=ab‘, therefore A¥='\/(ab), i.e. AF is a mean 
proportional between a and h. 
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The triangle FAD is similar to the vector triangle /ad, hence 


R 2 =WxDF/AF=iH'BD xBA sin ABD x (DF/AF)’! 

=Wxarea ABDx(DF/AF) J ' ^ ^ 

Since the triangles BCE and DCF are similar, 

BD/BC=EF/EC or BD=BC(EF/EQ . . (19) 
and, substituting this in (18), 


R 2 = ivvBC . BA sin ABD x (EF/EC)(DF/AF)'l 

=w/l(EF/EC)(DF/AF) J ‘ ^ ^ 

where A =area of the triangle ABC (a constant). 

From the similarity of triangles DFC and BEC, DF/BE = 
CF/CE and DF/AF=(BE/AF) x (CF/CE), hence from (20) 


R2 = H ’/1 


EF BE CF 
EC^AF^EC 


= M’/1 X 


d 

(b-ay 


x(b—a—x) 

(x-i-a) 


. . ( 21 ) 


differentiating with respect to x and putting dRzIdx—O we find 
x=\/(ab)—a as the condition for a maximum value of R 2 . But this 
was the basis of the foregoing construction which made AF = \/{ab) 
and therefore EF = Viab) —a, hence the construction gives the value 
of R 2 . It only remains to prove that the maximum value is 
represented by the area of the triangle DFG. 

The ratio of the triangles 


BDA/ADC=BD/DC=EF/FC=x-/(/>-o-x) = V(o/6) . (22) 

the value \/{ab)—a being substituted for x. 


Also BFA/ADC=AFIAC={a+x)lb = V{a/b) . . (23) 

and from the equality of (22) and (23) the triangle BDA is equal in 
area to the triangle DFA and the magnitude of W, for 1 ft. length 
of wall, is M’ X BDA or w x DFA. 

From (18) 

R 2 =W xDF/FA=W xFG/FA 

since FG was made equal to FD and since W is equal to w x area 
ADF, and the ratio FG/FA is equal to the ratio of the area FGD to 
area ADF 

R2=H’Xarea FGD (24) 

The wedge theory has been fairly widely adopted as a working 
basis of calculating earth pressure and experiments by Jenkin ’ on 
dry sand give it some confirmation for that material. On the basis 


• “ The Pressure on Retaining Wails,” by C. F. Jenkin, Proc. Inst. C.E., vol. 234, 
p. 103 (1931-32). 
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of his experiments Jenkin has put forward a Revised Wedge Theory. 
The application of it is rather complicated but is somewhat simpli- 
fied by the use of special tables, and reference must be made to the 
paper cited or to “ Earth Pressure Tables.”^ 

Important conclusions from Jenkin's experiments are that there 
are in many cases two planes of rupture and that the centre of pres- 
sure is not in all cases at one-third of the height from the base of the 
retaining wall. The second plane of rupture may coincide with the 
face of the wall or may be inclined to it, the two planes of ruptUre 
meeting at the foot of the wall. The centre of pressure on the wall 
was commonly from 0*4 to 0*55 of the height above the base\of 
the wall. i 

203. Resistance and Stability of Masonry, Brickwork, etc. 
Masonry and similar structures are usually employed (without steel 
reinforcement) mainly to resist compressive forces. This, of course 
(Art. 7), causes shear stress on surfaces oblique to that which 
withstands thrust. 

(1) Owing to eccentricity of the resultant thrust (Arts. 99 and 
100) bending stresses arise which unless the eccentricity is suitably 
limited will involve tensile stress. It is a general practice to dis- 
regard any tensile resistance which such structures are capable of 
exerting in virtue of the adhesion of the mortar or cementing 
material, and to attempt to limit the possible eccentricity of thrust 
so as to prevent tensile stress. 

(2) The shearing resistance of joints is likewise taken as negligible, 
and consequently the obliquity of thrust across any joint should be 
limited to the angle of friction (Fig. 290), i,e, the tangential stress on 

a joint should not exceed the frictional resistance 
to sliding. The main function of mortar is not 
adhesive resistance, but uniform distribution of 
thrust across joints. 

(3) The resistance to thrust (really dependent 
on the shearing resistance on oblique planes) is 
limited by the strength of the stone or brick or 
concrete. To allow for concentration of pressure 
due to uneven bedding a high factor of safety is 
usually adopted. 

Middle Third Rule. The majority of masonry and brickwork 
joints are of rectangular section, and from Art. 100 and Fig. 146 it 
is evident that to avoid tension the eccentricity of thrust must be 
limited to ^ of the breadth of the joint, i.e. the thrust must fall 
within the middle third of the joint. In Fig. 290, to avoid tension 
at B, the resultant thrust P must not fall outside DE. If it falls to 
the left of D, tension at B may open the joint. The result is a smaller 

* Building Research Special Report No. 24, D.SJ.R, (H.M. Stationery Office). 
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bearing surface, giving increased intensity of compressive stress at A. 
Jn many cases with the ample margins allowed no serious conse- 
quences may ensue, but too great an opening of the joint may result 
in failure by shearing associated with compression in the neighbour- 
hood of A. 

Stresses in Masonry and Brickwork. Stone and brick are in 
general much less homogeneous than say steel, and further they are 
often not even approximately isotropic; they have different strengths 
and elasticities in diiferent directions. A masonry or brickwork 
structure varies in properties even more than does a single piece of 
the component material, hence the application of the principles 
previously deduced for ideal homogeneous and perfectly elastic 
material must be regarded as conventional to a considerable degree. 
For many such structures strength considerations are not the primary 
ones, but W'here considerable loads are to be carried the principles 
already dealt with, allowing ample margins, form the basis of cal- 
culation. 

204. Foundations. Provided that the earth is sufficiently firm to 
support a structure without piles or other form of reinforcement, 
the area of a foundation is found by dividing the total weight borne 
by the known allowable unit pressure, which will not cause a serious 
amount of compression. The allowable unit pressure in loose 
earths is about from 1 to 2 tons per sq. ft., rising to say 10 tons on 
good rock. In loose ground to prevent the earth being squeezed 
out laterally, the horizontal pressure intensity at the depth of the 
foundation must be a certain amount. If W=total weight on a 
foundation in tons, and A = its area in square feet, the unit pressure 
is p=W/A. According to Rankine’s theory of earth pressure, 
Art. 202, (1), the least lateral pressure to prevent movement must 
be p{\ —sin 9)/(l +sin cp). Again, to support this horizontal pres- 
sure at the outside of the base, there must similarly be a vertical unit 
pressure (1— sin 9)/(H-sin 9) times the horizontal pressure, or 

pi ; if this pressure is supplied by sinking the horizontal 

\l+sin9/ 

surface its intensity is mVz, where M’=weight of earth in tons per 
cubic foot, and /i=depth in feet, hence the minimum depth of a 
foundation for stability is given by 


A\l+sm(p/ AH’\H-sm9/ 

Example 1 . Find the necessary depth of a concrete foundation 
6 ft. wide carrying a wall which supports 8 tons per lineal foot, 
including its own weight. The weight of concrete foundation is 
li cwt. per cu. ft.; weight of earth, 1 cwt. per cu. ft.; angle of 
repose 30“. 
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Total load per foot run =8 + ^ ^^^^^^ =8+0-375A 
/I— sin30°\2 , r 

lHrs-inW“) 

h X ^ hence h=2-6 ft. 

0 05 X 6 


Footings. The steps in which the area of the base of a wall orjpier 
is increased to the full area of the base are called footings (Fig. 491). 

Due to the upward pressure at the foundation, 
there is bending action on the overhanging 
portion EB, which may be treated as a cantileyer 
uniformly loaded, giving a maximum bendipg 
moment at ED. It is desirable to keep the 
tensile bending stress at E within safe limits, 
and also to see that the shear stress on ED is 
g within safe limits, remembering Art. 53 that 
the maximum value may be about 1-5 times 
Fig. 291 the mean value. Actually the thickness DE 

for a given type of masonry or brickwork 
structure and the projections of successive courses are determined 
by empirical rules, which allow ample margins in these respects. 

Grillage Foundations. The necessity of deep excavations to 
secure a wide base for a foundation to carry a heavy load, such as 
that carried by a large stanchion, may be obviated by the use of two 
or more tiers of steel joists set in concrete. In poor bearing soils a 
single layer of steel joists may even be used in the concrete of a heavy 
wall foundation. The practical requirements are that all joists of a 
tier should be spaced sufficiently far apart to allow of concrete being 
well rammed between them, say 4 in. or 5 in. between flanges. The 
joists are kept in proper position by cast-iron separators, or by bolts 
passing through steel tubes about 1 in. diameter. Fig. 292 shows 
such a stanchion foundation having two layers of joists. At least 
12 in. depth of concrete below the joists is generally allowed. The 
resistance of the joists to both bending and shearing must be con- 
sidered in designing such a foundation, and the joists must not be 
placed too far apart to provide sufficient shearing resistance in their 
webs. For a given stanchion base as many (usually 3 or 4) joists 
are placed in the first tier as can be spaced sufficiently far apart as to 
allow of proper ramming. 

The calculation of bending moment in the joists under a stanchion 
base is a conventional one, for it depends upon what assumption is 
made as to the distribution of the pressure exerted by the base on the 
grill. 
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Let Fig. 293 represent a stanchion base resting on a single layer 
of steel beams ; if they are embedded in concrete the upward pres- 
sure may be taken as uniformly distributed, say W/L per ft., where 
W=total load and L=length of beam in feet. Then if the beams 
are so flexible in comparison with the (shorter) stanchion base that 



Fig. 292. — Grillage foundation 


they bend so as to rest on the edges of the base, the diagram of 
bending moments is of the type shown (for different proportions) 
in Fig. 52, and as shown by the curve ADFEB (Fig. 293). In this 
case the maximum bending moment at D is as for a cantilever of 
length i(L— /) equal to the overhang, and loaded W/L per ft., viz. 

W 

i^(L-/)^ (1) 

If, on the other hand, the stanchion base is so flexible as to bend 
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with the beam, the downward pressure might be taken as a uni- 
formly distributed load W// per ft., giving the bending moment 
diagram ADCEB where DEC is a parabola, and the maximum 
OC is 

iW . iL-iW . i/=iW(L-/) .... (2) 

or L/(L— 0 times as great as (1). The actual distribution of pres- 
sure, and therefore the bending moment, depends upon the relative 
flexural stiffness of the parts, and is statically indeterminate: both 
values (1) and (2) are conventional. If the base were \cry flexible, 
the pressure might be more concentrated towards the centre ofi the 
base, giving some such ordinates as indicated by DGE (Fig. 2^3). 



F Ki. 293 

In the case of the lower tier of joints the downward load is necessarily 
partially distributed by the upper tier. 

Frequently both grillage and stanchion base will be made exactly 
square; if not, however, appropriate values of L or L' and / or /' in 
(1) and (2) must be adopted. 

The maximum shearing force, whatever the distribution of pres- 
sure, will be practically at the edge of the stanchion base and will be 

iW(L-/)/L (3) 

Example 2. A stanchion designed to stand a direct load of 120 
tons has a base 30 in. square. Arrange a suitable grillage for the 
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foundation to give a pressure of not more than 2 tons per sq. ft. 
Use British Standard Beams, and limit the bending stress in the 
flanges to 7i tons per sq. in. and the mean shearing stress to 4 tons 
per sq. in., taking the web area as the thickness multiplied by the 
depth of joist. 

Area required =-‘^§'’=60 sq. ft.; concrete, say 8 ft. by 8 ft.; joists, 
7 ft. long and 6 in. from edges. For the lower tier use 8 joists 
spaced 12 in. apart, the outside ones being 6 in. from the edges. 
L-/=84-30=54 in. 

Then from (2), maximum bending moment = J x 120x 54 = 810 
ton-in. 

Modulus of section per beam = J X 810/7-5 = 13-6 (in.)^. 

Referring to Table I, Appendix, the B.S.B. 12, 8x4 in., with a 
modulus of 13-92, will suit. 

The shearing force (3), is-J^x 120x -8-f =38-6 tons 

=4-82 tons per beam. 

The allowable shearing force per beam is 0-28x8x4=9-3 tons, 
which is ample. 

The clear spaces between flanges is 12 in.— 4 in. = 8 in. 

For the upper tier, taking three joists, the modulus required is 
lx 810/7-5=36 (in.)3. 

And Table I gives for B.S.B. 20, 12x5 in., modulus 36-66 (in.)^. 

Shearing force per beam 38-7/3 = 12-9 tons. 

Allowable shearing force per beam 0-35x12x4 = 16-8 tons, 
which allows a margin. 

The three flanges occupy 5x3 = 15 in., 
leaving 15 in. for two spaces or 7-5 in. clear 
between flanges. 

205. Resistance of Retaining Walls. It 

has already been indicated that neither the 
earth pressure on a retaining wall nor the 
stress caused in masonry by given forces 
can be accurately calculated. The follow- 
ing conditions with which a retaining wall 
is made to comply must therefore be re- 
garded as more or less empirical. Let P 
(Fig. 294) be the estimated earth pressure per 
foot run from one of the theories given in 
Art. 202; let W be the weight of masonry in 
the wall per foot run, and G be the position 
of the centre of gravity of this piece of the 
wall. Then combining W and P by the triangle of forces EKL 
drawn to scale (or by trigonometrical calculation), the resultant 
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pressure R on the base AB is ascertained in magnitude and 
direction. It is then necessary that 

(1) R shall cut AB in a point F within the middle third to avoid 

a vertical component tension at the inner toe B. 

(2) That the intensity of vertical compressive stress at A cal- 

culated by (2), Art. 100 (taking a normal thrust W + 
P sin P), shall be within the working limits suitable to the 
masonry used. 

(3) The inclination of R to the normal to the base of the (wall 

shall be less than the safe angle of friction betweenlthe 
masonry and the foundation. ' 

The wall should also satisfy the same conditions for all horizoiital 
sections. The position of F may easily be found by equating the 
opposite moments about, say, A or B, of the forces acting on the 
wall including the reaction of the foundation which is equal and 
opposite to R. 

Practical Proportions. The above conditions, in conjunction 
with the commoner rules for earth pressure, often lead to retaining- 
wall proportions which aie unnecessarily wasteful. The late Sir 
Benjamin Baker stated that as a result of his experience he made the 
width of the bases of retaining walls for average ground equal to i of 
the height from the footings to the top. Also, that a thickness of 
i of the height with a batter of 1 or 2 in. per foot on the face was 
sufficient with favourable backing and foundation, while with a 
solid foundation the thickness need never exceed i of the height. 
He also stated that good filling gives a thrust equivalent to that of a 
fluid weighing 10 lb. per cu. ft.; hence, allowing a factor of safety 
of 2, the wall should be capable of sustaining the pressure exerted 
by a fluid weighing 20 lb. per cu. ft. (see also end of Art. 206). 

Example, A trapezoidal retaining wall is 24 ft. high, the base is 
8 ft. wide, and the top 6 ft. If the earth weighs 1 10 lb. per cu. ft. 
and its angle of repose is 50°, and if it stands level with the top of the 
wall, find, according to Rankine's rule, the centre of pressure on the 
base of the wall, and the extreme intensities of normal stress on the 
base assuming that the intensity varies uniformly and the masonry 
weighs 150 lb. per cu. ft. 

The total horizontal force on the wall per foot, by Rankine’s 
rule, is 

i X 1 10 X 242 X j =4,200 lb. 

^ 1 +0-766 

Weight of masonry per lineal foot is i(8+6)24 x 150=25,200 lb. 

Horizontal distance of centre of gravity from the inner side of the 
wall={(6 X 24 X 3)+(i X 24 X 2 X 6^)} + 168 =3-5236 ft. 

Talcing moments about the inner toe of the wall 
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Distanceof centre of pressure x 25,200 =25,200 x 3-5236+4,200 x^. 

Distance of centre of pressure=3-5236 + 1-3333 =4-8569 ft.; 
i.e. 0-8569 ft. from the centre of the base, and therefore well within 
the middle third, which extends f ft. = l ft.— 4 in. from the centre. 

206. Masonry Dams. The thrust on the face of a masonry dam 
being, unlike that on a retaining wall, due to water pressure, is 
calculable with considerable exactness. But there is not, and cannot 
well be, any exact computation of the state of internal stresses in 
dams. They form, however, such large, costly, and important 
structures that much attention has been paid to the estimation of 
such stresses. 

Most existing dams have been designed so far as strength and 
stability are concerned with a view to fullilling the three conditions 
laid down in Art. 205 for retaining walls for earth. It may be 
pointed out, however, that the fall of the resultant within the middle 
third of the horizontal section only ensures that, assuming a uni- 
formly varying distribution of normal stress across the section, there 
is no tensile component across this section. 

The dam may be regarded as a vertical cantilever of cross-sec- 
tional dimensions (breadth) comparable with its height. To apply 
the theory of long uniform beams to such a case is at best a rough 
approximation. The normal stresses across the horizontal sections 
will not generally be principal stresses, and there will be tangential 
components or shearing stress on such sections, which may involve 
tensile stress across some other plane. Most recent theories of 
stresses in dams have been supported by some experimental 
approximations (deduced from models) as to the distribution of 
horizontal shearing stress in the dam. Such data and theories as 
representing anything like actual conditions in a masonry dam must 
for the present be regarded as tentative, and are here only given by 
references at the end of this article. 

Water Pressure. The water face of a dam is usually so little 
curved in its vertical section that the water 
pressures on either part or the whole may 
be taken as if the face were plane. The 
pressures per foot run of the dam for 
whole or part of the depth are then easily 
estimated by the rules of hydrostatics 
applicable to immersed rectangles. Thus if 
Fig. 295 represents a section of a dam 
with water up to the sill at A, the pressure 
per foot run on the curved face AB may be 
taken as that on a rectangle of length AB 
and breadth 1 ft., the mean intensity being that at E midway be- 
tween the ends A and B, i.e. at half the vertical depth of B. Further, 
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this pressure is perpendicular to AB, and acts through a point F in 
AB distant one-third of AB from B. Strictly, the weight of water 
within the space between the straight and curved faces AB should 
be added geometrically to this pressure, but it is usually negligible, 
and such approximation is on the safe side. A still closer approxi- 
mation would be obtained by dividing AB into a number of straight 
faces, and summing geometrically the partial pressures, and finding 
the position of the resultant by a funicular polygon. 

Middle Third Rule and Lines of Thrust or Resistance. If the rpain 
criterion as to stability is accepted as being that the line of resultant 
thrust shall pass within the middle third of horizontal section^ it 
becomes desirable to test a vertical section of a gi\'en design', by 
drawing lines called lines of resistance, or lines of thrust which ^ve 
the direction and position of the resultant thrust on all horizontal 



sections under the extreme conditions of no water pressure and full 
water pressure. Fig. 296 shows how to determine graphically a 
single point in the lines of resistance for the reservoir full and the 
reservoir empty. The section chosen is at the floor-level of the 
reservoir, but the construction is the same for any other horizontal 
section. Taking 1 ft. perpendicular to the figure, the centre of 
gravity G of the masonry ABCD is found by the well-known 
trapezoidal rule of joining NM, the middle points of AD and BC, 
and finding the intersection G with SQ, where AQ=CB and CS = 
AD. The weight of masonry W acts through G, and its line of 
action cuts the base CB in K, which is a point in the line of resistance 
for the reservoir empty. With the reservoir full the line of action of 
the pressure V=\wh^ (where rv=wcight of 1 cu. ft. of water, say 
62-4 lb.) is i of /i above B and cuts GK in E. A triangle of forces 
EFH gives the direction of the resultant thrust EH, which cuts CB 


Art. 206]. MASONRY STRUCTURES 577 

in L, which is a point in the line of resistance for the full reservoir. 
Then L and K and similarly determined points for all other hori- 
zontal sections are required to fall within the middle third of the 
various horizontal sections. 

Forms of Section. Actual dams are rarely trapezoidal, but have 
the flank hollowed, and the base widened by a rake of the flank, and 
just so much on the face as will keep the thrust well within the middle 
third when the reservoir is empty. 


Water Pressure 



i « GS'O' -^- H 

Line of Pressure Line of Pressure 

Reservoir Empty Reservoir Full 


Fig. 297. — Lines of pressure 

Complete curves between dotted lines marking the middle third 
boundaries are shown in Fig. 297 for a typical reservoir dam section. 
The vector-force triangles for the five horizontal sections are set out 
to the right-hand side of the diagram. It will be sufficient to indi- 
cate in detail the method of finding two sample points, say D and F, 
for the section 44'. The weight ^4 of the masonry 433'4' is cal- 
culated, and its centre of gravity g 4 found by calculation or graphi- 
cally as in Fig. 296. The weight of masonry 300'3' (wi-bwa + ws) 
having been previously calculated and its centre of gravity G 3 
u 
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determined, the centre of gravity G4 of all the masonry above 44' 
is found, as indicated for clearness just to the right of the dam 
section, by dividing the line 03^4 inversely as the weights »vi + 
W2 + m '3 to ^4. This is accomplished by drawing a line G3K pro- 
portional to ^4 and a parallel line g4H proportional to W| -1 -m' 2 +m' 3, 
and Joining HK ; then the intersection of HK with G 3^4 gives the 
centre of gravity of the masonry 432100'r2'3'4' at G4. By drop- 
ping a perpendicular G4D on 44' the point D in the line of pressure 
for the empty reservoir is obtained. ( 

The water pressure P4 on the face 01234 is taken as perpendicular 
to the line 04 and f of its length from 0, Le. 140/3 ft. vertically be\ow 
the water surface. The mean pressure is taken as that at a depth of 
i of 70=35 ft. below the surface, viz. 35 x62-5 lb. per sq. ft., ahd 
the area per foot length of dam is equal to the number of fcet in the 
straight line 04. The line of action of P4 intersects G4D at E. The 
direction of the resultant of iVi-t-W2-l-H’3-|-H’4 and P4 is given by the 
line AB in the vector diagram. Hence, drawing EF parallel to AB 
to meet 44' gives the point F in the line of pressure for the reservoir 
full to the sill 00'. 'The other points are similarly obtained. The 
pressure vectors Pzj P3» P4» P 5 radiating from C are so nearly parallel 
that they cannot all be drawn separately. In obtaining P the effect 
of the weight of the prism of water shown in profile by the triangle 

024 is neglected. Its efl'ect would 
[*- be to slightly lower E and slightly 

increase the steepness of EF, thus 
bringing F very slightly closer to 
the middle of 44'. Alternatively, P4 
might be found by calculating the 
true pressure on 01, 12, 23, 34 and 
obtaining their vector sum and true 
position of their resultant by vector 
and link polygons or by calculation. 

Trapezoidal Retaining Wall or 
Dam. The limiting dimensions for 
a trapezoidal wall with vertical face 
subject to normal pressure due to 
level filling calculated by Rankine’s 
rule, so that the thrust on the base 
Just remains in the middle third, 
may easily be estimated by mo- 
ments. Thus in Fig. 298 if the ratio of the weight of 1 cu. ft. 

of masonry to ^ times that of 1 cu. ft. of filling is s, where 
H-sin 9 

9=angle of repose (so that for water on the face 9=0, 5=specific 
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gravity of the masonry), we have 

FrW=^h^^sh(b-ih/ri) 

and by moments of areas 


h 

s{2b—hlri) 


^j^_ 3b^-Obhln)+hyn^ 

3(2b-hln) 


CD=JAx,4- = : 


A2 


W 3s{lb-hiri) 

If the intersection C falls at the limit of the middle third, equating 
BD+CD = ^b, we find 

b^+bhln-hm\ln^)+{\ls))=0 . ... ( 1 ) 
a quadratic equation for b with a given batter one in « or a quadratic 
in n for a given width of base b. 

In the particular case of a triangular section b=hjn this reduces to 


b=hVOIs) (2) 

which also holds for a rectangular section, n being infinite. If for a 
reservoir we put, say, s=2, then b=0-lh, while for 5=2-5, b=0-63h. 
If we take Baker’s suggestion of allowing for a fluid of density 
20 lb. per cu. ft., and take masonry at 150 lb. per cu. ft., 5=7-5, 
(2) gives /)=0-365/i, while if we put n=12 in (1) we get A=0-336/i. 


References to Stability of Dams, etc. 

“ On some Disregarded Points in the Stability of Masonry Dams,” 
by L. W. Atcherly and Karl Pearson (Dulau). 

“ An Experimental Study of the Stresses in Masonry Dams,” by 
Karl Pearson and A. F. C. Pollard (Dulau). 

“ Stresses in Masonry Dams,” by Sir J. W. Ottley and A. W. 
Brightmore, Proc. Inst. C.E., 1907-1908. 

Letters and Articles in Engineering, vols. 79 and 80, and in the 
Engineer, 1907-1908. 

207. Masonry Arches. The mechanics of masonry (including 
brickwork) arches presents considerable dilficulty, and there is no 
theory dealing with this point which is both simple and satisfactory. 
The arch ring supporting the load is made of material such as brick, 
or stone and mortar, which is more or less perfectly elastic. The 
names used in connection with this ring and the adjacent parts are 
shown in Fig. 299. The ring may be of uniform radial depth, or it 
may gradually thicken from the crown to the haunches. 

Such a structure is, in any case, statically indeterminate, and the 
true line of thrust or linear arch for any given loading cannot be 
drawn with great certainty. For, in the first place, the incidence of 
the loading on the ring, when the force is transmitted through the 
spandrel, filled, it may be, with more or less loose material, is inde- 
terminate. The pressure of granular material will not be wholly 
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vertical, but will have a horizontal component dependent on the 
angle of repose. It is usual to take the loading as vertical, any 
error resulting being on the safe side. In some cases open spandrels 
are used, the load from the roadway being transmitted by vertical 
masonry columns connected under the roadway by short arches ; in 
such a case the loading of the arch ring is fairly definitely vertical. 

Then of all the possible reactions at the skewbacks which would 
satisfy the statical conditions of equilibrium, the correct values will 
depend upon the relative elasticities of the ring and the abutments 
(including heavy semi-rigid backing over the haunches and piers). 
It is interesting to record that in Germany attempts have been m^de 


Filling 



to localise the line of thrust at three sections in the arch by the inser- 
tion of blocks of lead near the curved axis between voussoirs at those 
sections, thus forming quasi hinges. Masonry arches have also 
been constructed with actual metal pin hinges. 

If we treat the arch ring as an elastic rib fixed at both ends, we 
may apply to it the theory of Art. 200. Experiments made by the 
Austrian Society of Engineers and Architects showed that masonry 
arches behaved very nearly as elastic arches with fixed ends.^ This 
is, of course, equivalent to taking the rigidity of the abutments as 
infinite in comparison with the flexibility of the arch ring. 

Winkler's Criterion of Stability. Neglecting the strain from 
normal thrust and considering the strain energy due to bending mo- 
ment, (6), Art. 96, the principle of minimum strain energy, Arts. 148 
and 150, indicates that the average square of the bending moments 
will be as small as possible. And as for vertical loads the bending 
moment is everywhere proportional to the vertical distance of the 
arch axis from the line of thrust (Art. 194) the average square of the 

1 For a brief account of these experiments, see Howe’s Treatise on Arches, which, 
with Symmetrical Masonry Arches, by the same writer, contains much valuable 
information. 
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vertical distance must be as small as possible, i.e. the correct hori- 
zontal thrust wUl be such as to give minimum deviation of the line 
of thrust from the axis as measured by the square of the vertical 
deviations. If the corresponding funicular polygon or linear arch 
is wholly within the middle third of the arch ring, and if the maximum 
compressive stress is within the safe allowance for the material, the 
arch may be considered stable. If, therefore, any funicular polygon 
can be drawn for the particular system of loads such as to lie wholly 
within the middle third of the arch ring, the ring is stable for that 
system of loads. To ensure stability under all systems, the polygons 
for different positions of the movable load would have to be drawn, 
or their effect investigated. This is somewhat beyond the scope of 
this brief treatment of the subject, but it is usually sufficient to apply 
the criterion to the arch under (1) Dead load only, (2) Full load, 
(3) Dead load, and full movable load on half of the span only. 

In an arch the dead load is a considerable proportion of the whole 
load, and minimises the deviation of the linear arch from the curved 
axis, and if it is sufficiently great will keep it within the required 
limits, provided the axis follows the linear arch for the dead load. 
In designing an arch, the ring may be made to an empirical formula, 
the curved axis following, say, the linear arch for the dead load, and 
then its stability tested by the above criterion. Or the depth of the 
ring, say, at the crown, and the intrados curve may be assigned, and 
then the lines of thrust may be drawn in by the elastic method of 
Art. 200 (estimating roughly the weight of ring) and then the 
extrados drawn so as to form a ring of variable radial depth, the 
middle third of which lies entirely outside the extreme limits of the 
line of thrust. 

The elastic method offers the most direct method of design and 
gives the most probable line of thrust, according to Winkler’s 
criterion, for in Art. 200 it was shown that (neglecting strain due to 
thrust) the solution given, follows from the principle of minimum 
strain energy. If, however, an entirely empirical design is made the 
criterion may be applied by trial, either graphically, by drawing 
various trial lines of thrust, or algebraically by calculating the 
moments, and hence the deviation of the linear arch from the curved 
axis. In either case three conditions have to be assumed for any 
trial line of thrust. These three conditions may be three points in 
the linear arch (say at the crown and the abutments) or two points 
and one direction, or any three which make the funicular polygon 
determinate; these three assumptions correspond to the three 
quantities actually computed in Art. 200. 

The application of the criterion graphically by trial is much 
facilitated by a device due to Fuller, which is illustrated in Fig. 300, 
which represents an arch ring, the boundaries of the middle third 
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being shown dotted. The funicular polygon ADEKB is drawn 
with any pole distance, O] h corresponding to any horizontal thrust, 
for the loads Wj, W2, W3, W4, etc., on a horizontal base AB the 
points A and B being the intersection of the curved axis with the 
skewbacks. Any length FG on the line AB is then chosen, and 
the highest point K of the funicular polygon is joined to F and G. 
Then FKG represents the funicular polygon “ straightened out.” 
The next step is to correspondingly modify the region between the 
middle third boundaries. This is accomplished by projecting 
horizontally the vertices such as D and E of the funicular polygon 
on to FK and KG, giving such points as D' and E'. Vertical lines 
through D and E intersect the upper boundary of the middle third 
region at d and e; horizontal lines through d and e intersect vertical 
lines through D' and E' in d’ and e', giving points in the modified 
or derived upper boundary of the middle third region; other points 
are similarly obtained, and both upper and lower boundaries are 
drawn in through the points J, d’, e’, k, etc. If now two intersecting 
straight lines, mpn, can be drawn to meet in p on the vertical through 
K and k, and he wholly within the modified middle third region, 
corresponding funicular polygons can be drawn within the original 
middle third region. Such a funicular polygon may be drawn by 
projecting horizontally the intersections of the lines mp and pn, with 
the verticals through D' and E', etc., on to the verticals through D and 

E, etc., or by taking a pole distance equal to OiA x , — — 

* ^ ^1 height ofp above m 

and starting the polygon through p, or through the horizontal pro- 
jection of m, say, on the vertical through A. If several polygons 
are possible, a good approximation to the most probable one could 
be obtained by drawing in the centre line of the modified middle 
third region, and drawing by inspection a pair of intersecting straight 
lines, such as mp and pn, deviating as little as possible from the 
centre line, which is the axis, as modified. 

Elastic Method. The application of the elastic method to the 
determination of the line of thrust in a masonry arch may best be 
explained by an example. A segmental or circular arch is chosen 
and the approximate methods for the summations given in Art. 200 
are used, although, after dividing the continuous load into several 
concentrated loads the exact formulae given in Example 2, Art. 200, 
might have been employed. The purpose is, however, to illustrate 
the method, and with that object the data have been simplified as far 
as possible. See Fig. 301. 

Data. Radius of centre line of symmetrical arch ring 40 ft. 
Angle at centre of arc 80° (a =40°). Uniform radial depth of ring 
2 ft. Filling to stand level 3 ft. above the top of the ring at the crown. 
Average weight of filling to include roadway, 120 lb. per cu. ft.; 
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weight of masonry in ring 160 lb. per cu. ft. Moving load 150 lb. 
per foot run per foot of width of roadway. 

The arch is considered per foot width of roadway throughout. 
The arc is divided into 10 parts of 8° each, and both dead and live 
load are taken as that vertically above the 8° length of the curved 
axis, and acting vertically through points 1, 2, 3, 4, 5, 5', 4', 3', 2', 1', 
in the centre of the 8° arcs. Thus at point 4 the dead load is that 
of the spandrel filling and the arch ring shown cross-hatched in 
Fig. 301. The estimation of the dead and moving loads assignee^ to 
these points is simple mensuration and is not shown in detail, ^ny 



reasonable approximation being satisfactory. The three unknown 
quantities H, Vn, and Me, as given in (14), (15), and (17), Art. 200, 
are first calculated for unit loads at points 2, 3, 4, and 5, the values 
for point 1 being zero according to the approximation. The 
following values are first tabulated (Table A), the notation being 
given in Fig. 301 . The number of significant figures used may be in 
excess of that warranted by the assumptions, but will assist the 
reader in tracing the work clearly. 

Half span of centre line=40 sin 40°=25-71 16 ft. 

Rise of centre line 40 (1 —cos 40°) =9-3582 ft. 
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From Table A the summations required for the expressions (14), 
(15), and (17), Art. 200, are taken. Some of these are independent 
of the load position and magnitude. For example, the denominator 
for (14) is (rt being 5) 

n ZCv 2 ) _ { }2 = 5 X 230-82 - (3 1 -087)2 = 187-7 

The denominator for (15) is 

2{(i/-Jc)2} = l,170. 

And for (17), the coefficient j 

{A-2(y)/n}=9-35822-H^^?^=3 14086ft. \ 

5 1 

The values of H, Vb, and Me for unit load at the various points 
are next calculated. Sample calculations are as follows: 

For unit load at 3 or 3', from Table A, columns 4 and 8, 

Z(y) X I(a —x)—n 2{ {a—x)y } 

= 3 1 -0868 X 1 4-9284 - 5 x 40-7407 =260-4 
hence from (14), Art. 200, 

H X 260-4/1 87-7 =0-6935. 

For unit load at point 3, from (15), Art. 200, taking the value from 
Table A, columns 16 and 6, Vc=VB=i x 326-8/1,170=0-1398, and 
for load at 3' Vc would be —0-1398, and Vb would be 1 —0-1398. 

Also for unit load at 3 or 3', using the above values and column 
(8), Table A in (17), Art. 200 

Mc=0-6935 X 3-14086--, 2^ x 14-9284= +0-6854. 

The other quantities similarly calculated are entered in columns 2, 9, 
and 5 of Table C. They may be checked by the exact formulae 
given in Example 2, Art. 200, and show the nearness of the method of 
approximate summation. 

We investigate one type of loading only, viz. movable load cover- 
ing the left-hand half of the arch only. Then by simple mensuration 
we find approximately the loads in Table B. 


Table B 


Point 

1 

Weight of 
filling fib.) 

Weight of 
arch ring 
(lb.) 

Total dead 
load (lb.) 

Total live 
toad 

1 

5,640 

1,790 

7,430 

680 

2 

4,460 

1,790 

6,250 

740 

3 

3,360 

1,790 

5,150 

790 

4 

2,520 

1,790 

4,310 

820 

5 

2,070 

1,790 

3,860 

840 
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1 

2 

3 

4 

5 

6 

1 7 

8 

9 

10 

Points 

Hfor 
unit 
load at 
either 
point 

H for 
dead 
load 
at 

either 

point 

Hfor 

live 

load 

at 

either 

point 

Me for 
unit load 
at either 
point 

Me for 
dead 
load at 
either 
point 

Me for 
live 
load at 
either 
point 

Vefor 
dead 
load on 
both 
points 

Vb=Vc 
for unit 
load on 
left 
point 
only 

Vd- 

Ve 

for 

live 

load 

left 

point 

only 

1. r 

0 

0 

0 

0 

0 

0 

7,430 

0 

0 

2. 2' 

0-2835 

1,772 

210 

+0 4172 

2,608 

309 

6,250 

0-0476 

35 

3. 3' 

0-6935 

3,572 

546 

+0-6854 

3.530 

539 

5,150 

01 398 

110 

4. 4' 

1 -0730 

4,625 

880 

+0-2680 

1,155 

220 

4,310 

0-2681 

220 

5, 5' 

1-2972 

5,007 

1,085 

-1-2382 

-4,780 

-1,036 

3,860 

0-4199 

351 

Totals 

1 

14,976 

2,721 

— 

2,513 

1 

+ 32 

27,000 

— 

716 


Total H for arch, 2 x 14,976+2,721=32,673 lb. 

Total Me for arch, 2x2,513 + 32=say5,060 Ib.-ft. 

Total Vb for arch 27,000+716 =say 27,720 lb. 

Vc=716, say 720 lb. 

The loads in Table B are used with the unit load coefficients to 
find the contribution of each load to the totals as shown in Table C. 
Thus at point 3 we have for H 0-6935 x 5,1 50=3,572, and 0-6935 x 
790=546. 

The three unknown quantities H, Me, and Vb or Vc, being now 
known, the funicular polygon which is the linear arch may be drawn 
by setting off the load line, and Vb and H, as shown to the right of 
Fig. 301, and starting at a point 5,060 + 32,673=0-155 ft. vertically 
below C. On account of the difficulty of obtaining an accurate 
result in the thin ring graphically, the work may be completed 
arithmetically by calculating the bending moments. If V is the 
vertical shearing force, that is the external downward force to the left 
of any section (or upward to the right), 5V the increase of V on pass- 
ing any load is equal to that load, hence after entering column 3, 
Table D, column 4 is easily obtained by addition or subtraction, 
since we know starting-points Vc or Vb. 

Also the increase 6M in bending moment between two consecu- 
tive loads is easily found by taking moments about the second of the 
two to be 

6M=H . 6>'+V6;c, 

which is also evident by differentiating (7), Art. 200, thus 
dMjdx =dmldx + Vb + Hdyidx 

and since 

dm/dx+Vn^'V, 6M=V . 6jc+H6y. 


Eccen- 1 Maximum Maximum 
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Columns 4 and 5, Table D, follow by subtraction from columns 3 
and 4 of Table A, and from the known values of H and V, column 7, 
Table D, is easily calculated. Thus from point 3 to point 4 

6M = -9,1 10 X 5-3644 + 32,673 x 1 -5384 = 1 ,400. 

Then knowing Me as a starting-point, column 8, Table D, is com- 
pleted by additions and subtractions from colunm 7. Column 9, 
Table D, gives the normal thrusts on the ring sections, viz. 

P=H cos 6— V sin 0. 

The radial eccentricity of thrust at any cross-section is M-rP. 
Line 1, column 10, shows that the eccentricity at the abutment A is 
0-350 ft. The limits of the middle third of the ring have an eccen- 
tricity of i of 2 ft. =0-333 ft., so the linear arch is just outside those 
limits by 0-017 ft. or less than i of an inch. 

The values of the extreme stresses are calculated on the assump- 
tions and by the formulae of Art. 100, e.g. 

and at point A 

y; = l-5 X 15,520+0-5 X 44,400 =45,500 lb. per sq. ft. 
y;=l-5 X 15,520-0-5 X 44, 400 = 1,100 lb. per sq. ft. 

It will be observed from the changes in sign of M in column 8, 
Table D, that the line of thrust crosses the axis of the arch ring four 
times. 

To complete the investigation it would be necessary to find the 
live-load positions to give maximum bending moment at every 
section. For example, if point A be chosen, for each unit load to the 
left of C, taking a section at C and moments about A, Ma=Mc“- 
H/z — ^Vc/+ 1 X a, where Me, H and Vc may be taken from columns 
5, 2 and 9 respectively, of Table C. For each unit load to the right 
of C the corresponding values from the left are modified by the 
omission of the term 'Wa=a (since W = l) and reversal of the sign 
of Ve- When all the coefficients for unit loads are obtained, live 
load may be taken at points which give like signs for Ma, and Ma 
then calculated for the extreme variations in conditions. Influence 
lines for M, V, H, P, etc., may also be plotted approximately by 
setting up ordinates at the load points 1, 2, 3, 4, 5, etc. 


Examples XX 

1, A concrete foundation has to be provided for a wall to carry 6 tons per 
linear foot at 1*5 ton per sq. ft. bearing pressure. Estimate the necessary 
depth of foundation, according to Rankine’s rule, if the angle of repose of the 
earth is 35°, and its weight 110 Ib. per cu. ft. 
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2. Using British Standard Beams, find suitable dimensions for a two-tier 
grillage foundation to carry a stanchion designed to carry 100 tons, the base 
being 2 ft. square. The earth is to be limited to a pressure of 1*75 ton per 
sq. ft. and the tensile and shear unit stresses in the joists to 7*5 and 4 tons per 
sq. in. respectively. 

3. A retaining wall, trapezoidal in cross-section, 24 ft. high and 8 ft. wide 

at the base, has a vertical face and a batter of 1 in 12 at the back. Find, 
according to Rankine’s rule, how far from the centre of the base the resultant 
thrust passes (a) for horizontal filling to the level of the top of the wall, 
(b) for the maximum surcharge of earth if the angle of repose is 45°, weights of 
earth filling 120 lb., masonry 150 lb. per cu. ft. Assuming uniformly varying 
intensity of stress in each case, find the extreme values of the normal unit str^ess 
across the base of the wall. \ 

4. For the same height, batter and constants as in Problem No. 3, find the 
minimum width of base to prevent the resultant passing outside the middue 
third of the base. 

5. Assuming uniformly varying normal stress across the base, find the 
limit of height of a triangular masonry dam with water up to the vertical face 
in order that the vertical compressive stress across the base shall not exceed 
6 tons per sq. ft. if the masonry weighs 150 lb. per cu. ft. 

6. Assuming uniform variation in the intensity of vertical stress across the 
base of the dam in Fig. 297, find the extreme unit stresses at the upstream and 
downstream toes 5 and 5', given that the widths at the levels 0, 1,2, 3, 4, 5, 
arc 12 ft., 12 ft., 18 ft., 32 ft., 47 ft. and 65 ft. respectively, and the masonry 
weighs 160 lb. per cu. ft. 



APPENDIX 

DIMENSIONS AND PROPERTIES OF BRITISH 
STANDARD SECTIONS 

These Tables are based on Report No. 6 of the British Standards 
Institution and are published by permission of the Institution. Some 
of the tables are slightly modified in form, and some contain the 
properties of sections of thicknesses not given in the above Report, All 
the tables have been taken by permission of Messrs. Dorman, Long & 
Co,, Ltd., from their “ Pocket Companion.” 

Changes, mainly of a minor character, take place from time to time 
in such tables and reference marks in particular have been changed 
since the first edition of this book was published. The designer will 
use the current tables of the British Steelwork Association, the hand- 
books of the manufacturers and the specifications of the British 
Standards Institution. 
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TABLE 1 


Dimensions and Properties of 


Reference 

mark 


Weight' Diagram 

per 

foot I I 

lb. Web Flangej Radius Radius 
/ T R1 R2 




30 24x7i 100 0 6 1 07 0 7 O-BS 

29 20x7i 89 0 6 1 01 0-7 0)5 

28 18x7 75 0 55 0-928 0-65 0-325 

27 16x6 62 0-55 0-847 0-65 0-325 


26 I 15x6 


25 15x5 

24 14x6 

23 14x6 

22 i 12x6 
21 12x6 


20 12x5 32 

19 10x8 70 

18 10x6 42 

17 10x5 30 

16 9x7 58 


15 9x4 21 

14 8x6 35 

13 8x5 28 

12 8x4 18 

11 7x4 16 


10 6x5 25 

9 6x4i 20 

8 6x3 12 

7 5x4i 18 

6 5x3 11 


0 5 0 88 0-6 0-3. 


5 4Jxli 6-5 

4 4x3 9-5 

3 4xlJ 5 

2 3x3 8-5 

1 3xli 4 
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TABLE n 

Dimensions and Properties of 





Reference 

mark 

Size 

AxB 

Standard 

thicknesses 

Radii 

Weight 
per 
ft. lb. 

i 

/ 

T 

R 

r 

1 

2 

3 

4 

5 

6 


1 




BSC27 

15x4 

0525 

0630 

0 630 

0440 

4^-94 




*iri* 

^ 

26 

12x4 

0-525 

0-625 

0625 

0-425 

36-47 




" 1 


25 

12x3i 

0-500 

0-600 

0-600 

0-425 

32-88 




r” 


24 

12x3i 

0375 

0500 

0-500 

0-350 

26-10 

A 


1 / 


22 

llx3i 

0-475 

0-575 

0-575 

0-400 

29-82 

x-\ 


t 

t/ 


21 

10x4 

0-475 

0-575 

0-575 

0-400 

30-16 




-H 


20 

10x3J 

0-475 

0575 

0-575 

0-400 

28-21 






19 

10x3i 

0375 

0500 

0 500 

0350 

23-55 




1*' u: 1 


17 

9x3i 

0450 

0 550 

0-550 

0-375 

25-39 





ft 

16 

9x3i 

0-375 

0500 

0-500 

0-350 

22-27 



1 


15 

9x3 

0-375 

0 437 

0-437 

0-350 

19*37 



'y 


13 

8x3i 

0-425 

0-525 

0-525 

0-375 

22-72 





12 

8x3 

0-375 

0-500 

0-500 

0-350 

19-30 





10 

7X3J 

0 400 

0500 

0-500 

0-350 

20-23 




>» 

9 

7x3 

0375 

0-475 

0-475 

0325 

17-56 




If 

8 

6x3i 

0-375 

0475 

0-475 

0-325 

17-9 




tf 

6 

6x3 

0 312 

0-437 

0-437 

0-300 

14-49 


TABLE III 

Dimensions and Properties of 


Y 

r' 

Reference 

mark 

Size 

AxB 

Standard 

thicknesses 

Area 
sq. in. 

Weight 
per 
ft. lb. 

t 

T 


1 ^ 




1 

2 

3 

4 

5 

6 

^ 90°\i 

r A 







X — 


--X 

BSZ8 

10x3i 

0-475 

0575 

8-283 

28-16 



f 

» 7 

9x3i 

0450 

0-550 

7-449 

25-33 




M 6 

8x3i 

0-425 

0-525 

6-670 

22-68 




5 

7 x3i 

0-400 

0-500 

5-948 

20 22 


' — ► 

>1 ^ 

„ 4 

6x3i 

0-375 

0-475 

5-258 

17-88 


r 


„ 3 

5x3 

0-350 

0450 

4-169 

1417 






APPENDIX 


595 


British Standard Channels 


Area 
sq. in. 

Dimen- 

Moments 
of inertia 

Section moduli 

Radii of 
gyration in. 

Reference 

mark 

sion 

P 

About 

XX 

About 

YY 

About 

XX 

About 

YY 

About 

XX 

About 

YY 

8 

9 

10 

11 

12 

13 

14 

15 

16 

12-334 

0 935 

377-0 

14-55 

50-27 

4-748 

5-53 

1-09 

BSC 

27 

10-727 

1-031 

218 2 

13-65 

36-36 

4-599 

4-51 

1-13 

*» 

26 

9-671 

0-867 

190-7 

8-922 

31-79 

3-389 

4-44 

0-960 

tf 

25 

7-675 

0 860 

158-6 

7-572 

26-44 

2-868 

4-55 

0-993 

ry 

24 

8-771 

0-896 

148-6 

8-421 

27-02 

3-234 

412 

0-980 

yy 

22 

8-871 

1-102 

130-7 

12-02 

26-14 

4- 147 

3-84 

1-16 

yt 

21 

8-296 

0933 

117-9 

8-194 

23-59 

3-192 

3-77 

0-994 

yy 

20 

6 925 

0-933 

102-6 

7-187 

20-52 

2 800 

3-85 

1-02 

yy 

19 

7-469 

0-971 

88 07 

7-660 

19-57 

3-029 

3-43 

1-01 

yy 

17 

6-550 

0976 

79 90 

6-963 

17-76 

2-759 

3-49 

1 03 

yy 

16 

5-696 

0 754 

65-18 

4-021 

14-48 

1-790 

3-38 

0840 

yy 

15 

6-682 

1-011 

63-76 

7-067 

15*94 

2-839 

3-09 

1-03 

yy 

13 

5-675 

0-844 

53-43 

4-329 

13-36 

2-008 

3-07 

0-873 

yy 

12* 

5-950 

1-061 

44-55 

6-498 

12-73 

2-664 

2-74 

1-04 

yy 

10 

5-166 

0-874 

37-63 

4-017 

10-75 

1-889 

2-70 

0-882 

yy 

9 

5-266 

1-119 

•29-66 

5-907 

9-885 

2-481 

2-36 

1-06 

yy 

8 

4-261 

0-938 

24-01 

3-503 

i 8-003 

i 

1 699 

2-37 

0-907 

yy 

6 


British Standard Zed Bars 


Radii — ^in. 

Moments 
of inertia 

Section 

moduli 

Angie 
a de- 
grees 

Least 
radius of 
gyration 
in. 

Reference 

mark 

R 

r 

About 

XX 

About 

YY 

About 

XX 

About 

YY 

7 

8 

9 

10 

11 

12 

13 

14 

15 

0-500 

0-475 

0-450 

0-450 

0425 

0375 

0-350 

0-350 

0-325 

0-300 

0-300 

0-250 

117-865 

87-889 

63-729 

44-609 

29-660 

16-145 

12-876 

12-418 

12-024 

11-618 

11-134 

6-578 

23-573 

19-531 

15-932 

12-745 

9-887 

6-458 

3-947 

3-792 

3-657 

3-521 

3-361 

2-328 

14 

16i 

19i 

23 

284 

29i 

0-839 

0-843 

0-845 

0-840 

0-821 

0-698 

BSZ8 

7 

M 6 

5 

.. 4 

p. 3 
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TABLE IV 

Dimensions and Properties of British Standard Unequal 
Angles 


Refer- 

ence 

mark 


Size and 
thickness 


g I 00 o 
' rt ’S c2 
CT > 


Root j Toe 


Dimcn- i Moments 
sions of inertia 


oX 


Section 

moduli 




4 I 5 


10 I 11 I 12 13 14 


BSUA 

25 

25 

25 


7 x3ix i 5 0 17 00 0 425 0-300 2-50 0-764 25-1 4-28 5-58 1-56 14i 0-74 

„ „ i 6-172 20-98 0-425 0-300|2 55 0-814 30-55 5-15 6-86 1-92 14} 0-74 

„ „ i 7-313 24-86 0 425 0 300 2-60 0-862 35-68 5-95 8-11 2-26 14 0-73 

6ix4ix } 5-248 17-84 0-45 0-325 2-08 1-09 22-2 8-75 5-02 2-57 25 0-97 

„ 1 6-482 22 04 0-45 0-325 2-13 1-14 27-09 10-60 6-20 3-15 25 0-96 

„ „ i 7-686 26-13 0-45 0-325 2-18 1-19 31-66 12-32 7-33 3-72 25 0-96 

61x3} X i 3-610 12-27 0-425 0-300 2-22 0-741 15-7 3-27 3-67 1-18 16} 0-75 

„ } 4-750 16-15 0 425 0-300 2-28 0-792 20-4 4-20 4 83 1-55 16} 0-75 

„ „ i 5-860 19-92 0-425 0 300 2-33 0 841 24-83 5-06 5-95 1-90 16 0-74 


i 3-610 12-27 0-425 0 300 1-91 0 923 13-2 
} 4-750 16-15 0-425 0-300 1-96 0-974 17-1 
f 5-860 19-92 0-425 0 300 2 02 1-02 20-8 


4-73 3-23 1-54 23} 0-87 

6- 10 4-23 2-02 23} 0-86 

7- 36 5-23 2-47 23} 0-86 


6 X3}X I 3-424 11-64 0-40 0-275 2-01 0-773 12-6 3-22 3-16 1-18 19 0-76 

„ „ } 4-502 15-31 0-40 0-275 2-06 0-823 16-4 4-14 4-16 1-55 19 0-75 

„ „ i 5-549 18-87 0-40 0-275 2-11 0-872 19-88 4-97 5-11 1-89 18} 0-75 

5}X3}X } 3 236 11-00 0-40 0-275 1-80 0-807 9-93 3-15 2-68 1-17 22 0-76 

„ „ } 4-252 14-46 0-40 0-275 1-85 0-857 12-80 4-05 3-51 1-53 22 0-75 

„ „ i 5-236 17-80 0-40 0-275 1-90 0-905 15-6 4-86 4-33 1-87 21} 0-75 

5}x3 X i 3-050 10-37 0-375 0-250 1-90 0-662 9-45 2-02 2-62 0-86 17 0-64 

„ „ } 4-003 13-61 0-375 0 250 1-95 0-711 12-2 2-58 8-44 1-13 16} 0-64 

„ „ i 4-925 16-74 0-375 0-250 2-00 0-759 14-7 3-08 4-20 1-37 16} 0-63 

5 X4 X i 3-236 11-00 0-40 0-275 1-51 1-01 7-96 4-53 2-28 1-52 32 0-85 

„ „ } 4 252 14-46 0-40 0 275 1-56 1-06 10-3 5-82 2-99 1-98 32 0-84 

„ „ i 5 236 17 80 0-40 0-275 1-60 Ml 12-4 7-01 3-66 2-43 32 0-83 

5 x3}x i 3-050 10-37 0-375 0-250 1-59 0-848 7-64 3-09 2-24 1-17 25} 0-75 

„ } 4-003 13-61 0-375 0-250 1-64 0-897 9-86 3-96 2 93 1-52 25} 0-75 

„ „ I 4-925 16-74 0-375 0-250 1-69| 0-944 11-9 4-75 3-60 1-86 25 0-74 
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TABLE IV — continued 

Dimensions and Properties of British Standard Unequal Angles 



Refer- 

ence 

Size and 

CO 

U 

X 

U 

m c 

<L> 

£ ^ 

Radii 

Dimen- 

sions 

Moments 
of inertia 

Section 

moduli 

degrees 

Least radius 
of gyration 

mark 

thickness 

3 

CT 

03 

60 O 

'ScH 

Rooij Toe 

1 ; 

J 

P 

1 

1 

About 

XX 

About 

YY 

About 

XX 

About 

YY 

Angle a 

1 

2 

3 

4 

5 I 

6 i 

1 

7 

8 

9 

10 

11 

12 

13 

14 

BS UA 
15 

1 

5 X3 x/J 

2 402 

8 17 

1 i 1 

0-350' 0-250 1-66 10 667 

6-14 

1-68 

1-84 

0-72 

20 

0-65 

15 

33 33 

2-859| 

9-72:0 350-0-250 1-68 

0693 

7-24 

1-97 

2-18 

0-85 

I9i 

0-65 

15 

.. i! 3-749 

12-75 0-350!o-250! 1-73 

1 5-67j 0-350 0-250| 1-78 

0-742 

9-33 

2-51 

2-85 

1-11 


0-64 

15 

.. „ f. 4-609 

0-789 

11-25 

3-00 

3-49 

1-36 

19 

0-64 

14 

4ix34x-A' 

2-402 

8-17!0 35o'o-250; 1-36 

0 866 

4-82 

2-55 

1-54 

0-97 

3(H 

0-74 

14 

» ^12 859 

9-72:0 350,0-250, 1-39 

0-891 

5-69 

3 00 

1-83 

1-15 

30i 

0-74 

14 

„ i; 3-749 

12-75' 0 350: 0-250 1-44 

OS>40 

7-31 

3-84 

2-39 

1-5 

30 

074 

14 

x„ ij 4-609 

15-67 

0 350^0-250 1-48 

0-987 

8-81 

4-61 

2-92 

1-83 

30 

0-74 

12 

4 X3ix-,’s 

2-246 

7-64 

0-350i0-250ll-16 

0-915 

3-46 

2 47 

1-22 

0-96 

37 

072 

12 

2-671 

9 081 0-350 0-250 

M9 

0-941 

4-08 

290 

1-45 

1-13 

37 

0-72 

12 

„ » i\ 3 499 

11-90 

0-350 0 250 

1-24 

0-990 

5-23 

3-71 

1-89 

1-48 

37 

0-71 

12 

„ .. 14-296 

14 61 

0-350 

0-250 

1-28 

1-04 

6-28 

4-44 

2-31 

1-80 

36i 

0-71 

11 

4 X3 X-i’.- 

2 091 

7-11 

0-325 

0-225 

1-24 

0 746 

3-31 

1-59 

1-20 

0-71 

28i 

0-64 

11 

„ i' 2-485 

8-45 

0325 

0-225 

1-27 

0-771 

3-89 

1-87 

1-42 

0-84 

28i 

0-64 

11 

„ i| 3-251 

11 05 

0-325 

0-225 

1-31 

0-819 

4-98 

2-37 

1-85 

1-09 

28i 

0-63 

11 

„ i| 3-985 

13-55 

0 325 

0-225 

1-36 

0 865 

5-96 

2 83 

2-26 

1-33 

28 

0-63 

9 

3ix3 x^’. 

1-934 

6-58 

0-325 

0-225 

104 

0-792 

2-27 

1-53 

0-92 

0-69 

35^ 

0-62 

9 

.. i 

2-298 

7 81 

0-325 

0225 

1 07 

0819 

2-67 

1-80 

1-10 

0-83 

35i 

0-62 

9 


3-001 

10 20 

0-325 

0-225 

1-11 

0 867 

3-40 

2-28 

1-42 

1-07 

35i 

0-61 

9 

.. .. i 

3-673 

12 49 

0-325 

0-225 

1-16 

0-912 

4-05 

2-71 

1-73 

1-30 

35 

0 61 

8 

31x2ixVs 

1-779 

6-05 

0-30 

0-20 

112 

0-627 

2-15 

0-910 

0 90 

0-49 

261 

0-54 

8 

.. i 

2-ni 

7-18 

0 30 

0 20 

M5 

0-652 

2-52 

1-06 

1-07 

0-57 

26 

0-53 

8 

.. „ i 

2-752 

9-36 

0-30 

0-20 

1-20 

0-699 

3-20 

1-34 

1-39 

0-74 

26 

0-53 

7 

3 xlix i 

1-312 

4-46 

0-275 

0-20 

0-895 

0-648 

M4 

0-716 

0-54 

0-39 

34 

0-52 

7 


1-921 

6-53 

0-275 

0-20 

0-945 

0-697 

1-62 

1-02 

0-79 

0-57 

34 

0-52 

7 

33 33 

2-499 

8-5C 

0-275 

0-20 

0992 

0-744 

2-05 

1-28 

1-02 

0-73 

331 

0-52 

6 

3 X2 X i 

M87 

4-04 

0-275 

0-20 

0976 

0-482 

1-06 

0-373 

0-52 

0-25 

231 

0-43 

6 

>. »> 1 

1-733 

5-89 

0 275 

0-20 

1-03 

0-532 

1-50 

0-525 

0-76 

0-36 

23 

0-42 

6 

It II 

2-249 

7-65 

0-275 

020 

1-07 

0-578 

1-89 

0656 

0-98 

0-46 

221 

042 

5 

2ix2 X i 

1-063 

3-61 

0-250 

0-175 

0-774 

0-527 

0-636 

1 0-359 

• 0-37 

0-24 

32 

0-42 

5 

II II !'£ 

1-309 

4-45 0 250 

0-175 

0-799 

0-552 

: 0-77C 

1 0-433 

0-45 

: 0-30 

1311 

042 

5 

ji If 1 

1-547 

5-2€ 

0-250 

0-175 

0-823 

0-575 

0-895 

; 0-502 

:o-53 

0-35 

311 

0-42 

4 

2 Xlix-,"i 

0-622 

2-11 

0 225 

0-150 

0-627 

' 0-381 

1 0-240 

10-115 

1 0-17 

0-10 

► 281 

0-32 

4 

.. 1 

0-8H 

2-77 

0-225 

0-150 

0-653 

i 0-407 

0-308 

1 0-146 

1 0-23 

1 0-13 

28 

0-31 

4 

M II 

0-997 

3-39 

0-225 

0150 

► 0-678 

; 0-431 

0-369 

» 0-174 

^ 0-28 

1 016 

• 28 

0-31 



598 


THEORY OF STRUCTURES 



TABLE V 

Dimensions and Properties of British Standard 
Equal Angles 


Refer- 

ence 

mark 

Size and 

1 

Area 

Weight 
per 
ft. lb. 

Radii 

Dimen- 

Moment 

of 

Section 

modulus 

XX 

— 

Least 

j-adius 

^r't’n 

thickness 

sq. in. 

Root 

Toe 

sion J 

inertia 

XX 

1 j 

2 

3 

4 

5 

* 

7 

8 

9 

\10 

B S E A j 

16 Is x8 X i 

7-75 

26-35 

0-600 

0 425 

2-15 

47-4 

8 10 

1-58 

16 

„ » i 

9-609 

32-67 

0-600 

0 425 

2-20 

58-2 

10-03 

1-57 

16 , 

1-437 1 

38-89 

0-600 

0425 

2-25 

68-5 

11 91 

1-56 

14 

6 x6 x-,^^ 

5 062 

1721 

0475 

0 325 , 

1-64 

17 3 

3-97 

1-18 

14 


7112 

24-18 

0475 

0 325 

1-71 

23 8 

5-55 

M8 

14 


8 441 

28-70 

0-475 

0 325 

1-76 

27-8 

6-56 

1-17 

13 

5 x5 X ^ 

3-610 

12-27 

0-425 

0 300 

1-37 

8 51 

2-34 

0-98 

13 

tt • ■ 

4-750 

16-15 

0-425 

0-300 

1-42 

n-0 

3-07 

0 98 

13 

,, M i 

5-860 

19 92 

0 425 

0 300 

1 47 

13-4 

3 so 

0 98 

12 i44x4ix 1 

3-236 

11 00 

0 400 

0 275 

1-22 

6-14 

1-87 

0 88 

12 

.. .. 1 

4-252 

14-46 

0 400 

0 275 

1-29 

7-92 

2 47 

0-87 

12 

.. » i 

5 236 

17-80 

0 400 

0-275 

1-34 

9-56 

3 03 

087 

11 

4 x4 X ^ 

2 859 

9-72 

0-350 

0 250 

M2 

4-26 

1-48 

0-78 

11 

:: :: 1 

3-749 

12-75 

0-350 

0250 

1-17 

5-46 

1-93 

0-77 

11 

4 609 

15-67 

0-350 

0-250 

1-22 

6-56 

2 36 

0 77 

10 

3ix3ix* 

2091 

7-11] 

0-325 

0 225 

0-975 

2-39 

0-95 

0-68 

10 

M » i 

2-485 

8-45 

0 325 

0-225 

1-00 

2 80 

M2 

0 68 

10 

» » i 

3 251 

11-05 

0 325 

0 225 

1-05 

3-57 

1 46 

0-68 

10 

»> '6 

3 985 

13-55 

0325 

0-225 

1-09 

4-27 

1-77 

0-68 

9 

3 X3 X i 

1-44 

4-90 

0 300 

0200 

0 827 

1-21 

0-56 

059 

9 


2111 

7-18 

0300 

0200 

0-877 

1-72 

0-81 

0-58 

9 


2-752 

9-36 

0-300 

0 200 

0-924 

2-19 

1-05 

0 58 

9 

J 

3 362 

11-43 

0-300 

0 200 

0970 

2-59 

1-28 

0 58 

7 i24x24x i 

M87 

4-04 

0-275 

0 200 

0 703 

0 677 

0-38 

048 

7 

__s 

1-464 

4-98 

0-275 

0-200 

0-728 

0-822 

0-46 

0-48 

7 

.. .. '1 

1-733 

5-89 

0-275 

0 200 

0-752 

0 962 

055 

048 

7 

)* i 

2-249 

7-65 

0-275 

02(X) 

0-799 

1 21 

0-71 

048 

6 

2ix2iXi?.' 

0-809 

2-75 

0-250 

0-175 

0-616 

0 378 

023 

044 

6 

„ i 
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TABLE VI 

Dimensions and Properties op 
British Standard Tees 


Size and g 
thickness ^ t 




< Ti.O 


Moments Section 
of inertia moduli 


Radii of 
gyration 



10 I n 12 


6 X4 X I 3-634 
.. i 4-771 
.. .. i 5-878 

6 x3 X i 3 260 
.. i 4-272 
.. .. i 5-256 

5 X4 X ii 3-257 
.. ij 4-268 
5 X3 X j] 2-875 
.. .. i 3-762 

4 X4 X i 2 872 
i 3-758 
4 X3 X I 2-498 
.. i 3-262 

3ix3ix i 2-496 
.. .. 1 3-259 

3 X3 X j 2 121 
i 2-76 
3 x2ix J 1-929 
„ i 2-506 

21x2ix i 1-197 

.. I 1-742 
2lx2ix J 1-071 
.. i 1-554 
2 X2 X i 0 947 
„ .. i 1-367 

lix2 X j 0-820 
.. .. -h 1-003 

lixljx i 0-820 
.. „ * 0-999 

HxlixA0 531 
.. i 0-692 


12-36 0-425' 0-300 0 915! 4-700l 

16- 22 0 425 0 300 0 968 6-070j 
19-99 0-425 0-300 1-02 7-350j 

11-08 0 400 0-275 0 633 2-062 
14-53 0 400 0-275 0-684 2 635i 

17- 87 0 400 0-275 0 732 3-144j 

11- 07 0 400 0 275 0 998 4-471 
14-51 0 400 0-275 1-05 5-772 

9 78 0-350 0 250 0-691 1-973 

12- 79 0-350 0-250 0-741 2-516 
9 77 0-350i0-250 1-11 4-189| 

12 78 0-350 0-250 1-16 5-402j 

8-49 0 325 0-225 0-767 1 860, 
11-08 0-325 0-225 0-816 2-365 

8- 49 0-325 0-225 0-988 2-768 
11-08 0-325 0-225 1-04 3-543 

7- 21 0 300 0-200 0-868 1-708 

9- 38 0-300 0 200 0 918 2 165 

6-56 0-275 0 200 0 695 1-015 

8- 52 0-275 0-200 0-742 1-275 

4 07 0 275 0-200 0-697 0-677 

5 01 0-275 0-200 0-724 0 823 
5-92 0-275 0 200 0-750 0-959 

3-64 0 250 0-175 0 638 0-488 
5-28 0 250 0 175 0-689 0-685 

3- 22 0-250 0-175 0-579 0-337 

4- 64 0-250 0 175 0-628 0-469 

2- 79 0-225 0 150 0-648 0-307 

3- 41 0-225 0-150 0-674 0-369 

2- 79 0-225 0-150 0 519 0-221 

3- 40 0-225 0 150 0-544 0-265 

1- 81 0 200 0 150 0 435 0 106 

2- 35 0-200 0-150 0-460 0 135 


6-344 1-52 2-11 1-137 1-321 
8-621 2-00!2-87 1-128 1-344 

10-912 2 4713-64 1-118 1-362 

6 389 0-87 2-13 0-795 1-400 
8-649 1-14! 2-88 0-785 1-423 
10-938 l-39|3-65 0 773 1-443 

3-691 1-49 1-48 M72 1-065 

5-017 1-96 2-01 1-163 1-084 

3-716 0-85 1-49 0-828 1-137 

5-031 1-11 2-01 0 818 1-156 

1- 901 1-45 0-95 1-208 0-814 

2- 590 1-90 1-29 1-199 0-830 

1- 914 0-83 0-96 0-863 0-875 

2- 599 1-08 1-30 0-851 0 893 

1-284 1-10 0-73 1-053 0-717 
1-752 1-44 1-00 1-043 0-733 

0 816 0-80 0-54 0-897 0-620 
1-115 1-04 0 74 0-886 0-636 

0- 814 0-56 0-54 0-725 0-650 

1- 109 0-73 0-74 0-713 0-665 

0-302 0-38 0-24 0-752 0-502 
0-387 0-46 0-31 0-747 0-512 
0-473 0-55 0-38 0-742 0-521 

0-224 0-30 0-20 0 675 0-457 
0-349 0-44 0-31 0 664 0-474 

0-157 0-24 0-16 0-597 0 407 
0-246 0 34 0-25 0-586 0-424 

0 068 0-23 0 09 0-612 0-288 
0-088 0-28 0-12 0 607 0-296 

0-107 0-18 0-12 0-520 0-361 
0 137 0-22 0-16 0 515 0-370 

0-048 0 10 0-06 0-447 0-301 
0-067 0-13 0 09,0-442 0-512 
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9499 

9504 

9509 

9513 

9518 

952S 

9528 

9533 

9538 

0 

1 

1 

2 

O 

3 

3 

4 

4 

90 

9542 

9547 

9552 

9557 

9562 

HQ 

9571 

9576 

9581 

9586 

0 

1 

1 

2 

2 

3 

3 

4 

4 

91 

9590 

9595 

9000 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

0 

1 

1 

2 

O 

3 

3 

4 

4 

92 

9638 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

0 

1 

1 

2 

O 

3 

3 

4 

4 

93 

9085 

9689 

9694 

969'J 

9703 

9708 

9713 

9717 

9722 

9727 

0 

1 

1 

2 

2 

3 

3 

4 

4 

94 

9731 

9736 

9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

0 

1 

1 

2 

2 

3 

3 

4 

4 

95 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

0 

1 

1 

2 

2 

3 

3 

4 

4 

96 

9823 

9827 

9832 

9836 

9841 

9815 

9850 

9854 

9859 

9863 

0 

1 

1 

o 

2 

3 

3 

4 

4 

97 

9868 

9872 

9877 

9801 

9886 

9890 

9894 

9899 

9903 

9908 

m 

1 

1 

2 

3 

3 

3 

4 

4 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

□ 

1 

1 

o 

o 

3 

3 

4 

4 

99 

9966 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9996 

L 

1 

1 

2 

o 

3 

3 

3 

4 
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MATHEMATICAL TABLES 


An^le. 

Cbord 

Sina 

Tangent 

Co. 

tangent 

Cosine 




r>e- 

Crrees. 

Radians 

0* 

0 

bd 


0 

OD 

1 

1-414 

1-5708 

00“ 

1 

“0175 

ViTTB 

■0176 

■0175 

67-2000 

•0098 

1*402 

15533 

80 

2 

■0349 


-0348 

■0349 

28-6363 

•9994 

1-389 

1-5350 

88 

S 

'0524 


-0523 


19-0811 

■9086 

1-377 

1-5184 

87 

4 

•0098 

■070 

-0698 

•0699 

14-3007 

•0976 

1-304 

1-5010 

86 

6 

■0873 

■087 

■0872 

■0876 

11-4301 

•9962 

1-351 

1-4835 

85 

e 


■105 

•1046 

■1051 

0-5144 

-0945 

1-338 

1-4661 

84 1 

7 


■122 

•1219 

■1228 

8- 1443 

■0925 

1-325 

1-4480 

83 

8 


•140 

•1392 

■1405 

7-1154 

•9903 

1-312 

1-4312 

82 ^ 

9 

mmM 

-157 

■1664 

-1584 

6 3138 

-9877 

1-209 

1-4137 

81 \ 

10 

■1745 

-174 

■1736 

-1703 

6-6713 

■0848 

1-280 

1-3063 

80 ^ 

11 

•1920 

■192 

■1908 

-1944 

6-1440 


1-272 

1-3788 

79 

12 

-2094 

•209 

-2079 

-2126 

4 7046 


1 259 

1 3614 

78 

13 

•2200 

226 

■2250 

-2309 

4-33J5 

•0744 

1-245 

1-3439 

77 

14 

•2443 

-244 

■2419 

•2493 

4-0108 

■0703 

1-231 

1 3265 

76 

15 

•2818 

■261 

-2588 

■2C70 

8 7321 

-9069 

1-218 

1-3090 

75 

10 

■2793 

■278 

■2766 

-2S67 

S 4874 

9613 

1-204 

1-2915 

74 

17 

■2967 

■296 

-2924 

■3057 

3 2709 

-9563 

11 90 

1 2741 

73 

18 

■3142 

■313 

■3090 

■3249 

30777 

-95 1 1 

1-170 

1-2566 

72 

19 

■33J6 

■330 

■3250 

■3443 

2 £H>12 

-0455 

1-161 

1-2392 

71 

20 

■3491 

■347 

■3420 

■36 10 

2 7475 


1-147 

1-2217 

70 

21 

■3065 

-364 

■8584 

■3839 

2-6051 

-9336 

1*133 

1-2043 

69 

22 

■3840 

•382 

•3746 

•4040 

2 4761 

•9272 

1-J18 

1-1868 

68 

23 

■4014 

■399 

-39U7 

•4245 

2-3559 

■9205 

1 104 

1-1694 

67 

24 

■4189 

-416 

■4067 

■4452 

2 2460 

•9135 

1-080 

1-1519 

66 

25 

■4363 

■433 

■4226 

■4603 

2-1443 1 

■0063 

1076 

11345 

65 

20 

■4538 

-450 

•43B4 

■4877 

2 0503 

■8988 

1 000 

1-1170 

64 

27 

*4712 

•407 

■4540 

■5095 

1-9626 

■8910 

1-045 

1 0996 

63 

29 

■4887 

-484 

■4695 

•6317 

1-R807 

■BH29 

1 -030 

1 0821 

62 

29 

-5061 

•501 

•4848 

•6543 

1-8()10 

■8746 

1016 

1-0647 

61 

SO 

•6236 

•618 

•6000 

■6774 

1-7321 

■8600 

1000 

1 0472 

60 

81 

■6411 

■634 

•6150 

■6009 

1-6643 

-8572 

•085 

1-0297 

50 

32 

■6585 

■651 

-6299 

■6249 

1-6O03 

■8480 

■070 

1-0123 

58 

33 

■5760 

568 

-5446 

-6494 

1-6309 

-B3K7 

•054 

-0948 

57 

34 

•5934 

■585 

•6592 

■6745 

1-4S2G 

■8290 

•939 

■0774 

56 

35 

■6109 

■601 

-6736 


1-4281 

-8102 

•023 

■0699 

55 

30 

■6283 

-618 

•5878 

■7205 

1-3764 

•8090 

•008 

■0425 

54 

37 

•6458 

■625 

■6018 

•7536 

1-3270 

■7986 

■892 

■0250 

63 

38 

-6032 

■051 

■6157 

-7813 

1-2799 

•7880 

•877 

■0070 

52 

39 

■6807 

■668 


-8098 

1-2349 

-7771 

•801 

•8901 

51 

40 

•4981. 

-684 

-6428 

■8391 

1 1918 

■7660 

■845 

■8727 

50 

41 

■7150 

•7fX) 

■6561 

■8693 

1-1504 

-7547 

■829 

•8 5 5 2 

49 

42 

■7330 

'717 

•6691 

*9004 

1 1106 

-74 31 

■813 

■8378 

48 

43 

7505 

■733 

-6H 20 

■9326 

1 0724 

-7314 

■797 

■8203 

47 

44 

-7079 

•749 

•694 7 

•9057 

1 0355 

■7193 

■781 

•8U29 

46 

45“ 

-7854 

■765 

•7071 

1-0000 

1 OCMXI 

■7071 

■766 

-7954 

45“ 
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Table or Coefficients of Elasticity 


Materia! 

Stretch, direct, or 
Young’s modulus (E) 
in tons per sq. in. 

Transverse or shearing 
modulus or modulus of 
rigidity (N, C, or G) 


in tons per sq. in. 

Wrought iron 

12,000 to 13,000 

5,000 to 6,000 

Steel 

13,000 to 14,000 

5,500 to 6,500 

Cast iron 

6,000 to 9,000 

2,500 to 3,500 

Copper 

6,000 to 7,000 

2,000 to 3,000 

Brass 

5,000 to 6,000 

2,000 to 3,000 

Gun-metal j 

5,000 to 6,000 

2,000 to 3,000 

Aluminium 

4,000 to 5,000 

— 

Aluminium-hionze . . . . ' 

7,500 

— 

Oak 

— 

650 

Ash 

— 

700 

Elm 

— 

500 

Teak 

— 

1,000 

Yellow pine 

— 

700 

Red pine | 


700 

Spruce j 

— 

700 


Table of Approximate Working Stresses for Dead Loads 


Material 

j Kind of stress 

Magnitude of allowable 
stress 

Structural steel (Board of Trade allow- 
ance) 

Tension 

6-5 tons per sq. in. 

Structural steel (Board of Trade allow- 
ance) 

Compression 

6’5 „ ,, 

Rivet steel 

Shearing 

^ i> »» 

Wrought iron (Board of Trade) . 

Tension 

5 ., 

ff tv If fv * * 

Compression 

^ .» ». 

tt If if tp * * 

Shearing 

4 .. 

Cast iron 

Tension 

2 

•1 

Compression 

4 

*» •« ........ 

Portland cement concrete, 5 to 1 . 

Shearing 

1-5 .. 

Compression 

1 5 tons per sq. ft. 

Bricks in mortar 

Compression 

4 .. 

Granite 

Compression 

70 ,. 

Sandstone 

Compression 

35 .. 



ANSWERS TO EXAMPLES 


Examples 1 


(1) 3-96 tons per sq. in.; 13,700 tons per sq. in.; 1-98 tons per sq. in. 

(2) 20° 54^'; 2*62 tons per sq. in.; 2-80 tons per sq. in. 

(3) 3-27 tons per sq. in.; 3-60 tons per sq. in. 

(4) 0 0318 in. I 

(5) 23,200,000 lb. per sq. in.; 3-385. \ 

(6) 3-5 tons per sq. in.; 0-866 ton per sq. in. ; 3-60 tons per sq. in. inclined 

76° 5' to the plane. 1 

(7) 32-5° and 3-54 tons per sq. in., or 72° and 2-27 tons per sq. in. 

(8) 4-58 tons per sq. in. 40-9° to plane; 4 tons per sq. in. 

(9) 8-12 tons per sq. in.; normal of plane inclined 38° to axis of 5-ton 
stress. 

(10) 6-65 tons per sq. in.; normal of plane inclined 221° to axis of 5-ton 
stress. 


(1 1) 4-828 tons per sq. in. tensile on plane inclined 221° to cross-section. 
0-828 ton per sq. in. compressive on plane inclined 671° to cross-section. 

(12) 4-16 and 3-16 tons per sq. in. 

(13) 4-375 tons per sq. in. 


(14) 




(15) 19,556 lb. per sq. in. (steel); 10,222 lb. per sq. in. (brass); 48-89 per 


cent. 


Examples II 

(1) 32-4 and 21-6 tons per sq. in.; 23-5 per cent.; 13,120 tons per sq. in. 

(2) (a) 15-77 tons; (b) 69- 1 tons. 

(3) 7-03 in.-tons. 

(4) 620 in.-lb. 

(5) 2,760 and 16-26 in.-lb. 

(6) 8 tons per sq. in.; 00738 in.; 4 06 tons. 

(7) (n) 55 tons; 4-07 sq. in.; (Z>) 25 tons; 1-85 sq. in. 

(8) 5-46 tons per sq. in. 

(9) 3-50 in. 

(10) 4-17 tons per sq. in. (Launhardt); 3-33 tons per sq. in. (Dynamic). 

(11) 1-56 sq. in. (Launhardt); 1-71 sq. in. (Dynamic). 


Examples III 

(1) 3-55 in. 

(2) 2-52 in. from outside of flange. 

(3) 312 (in.)-*. 

(4) 74-1 (in.)«, 2-47 in. 

Examples IV 

(1) 158ton-ft.; 20 tons; 50 ton-ft.; 14 tons. 

(2) 2,650 ton-ft. 
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(3) 8 ton-ft.; 6 ft. from left end; 9-75 ton-ft. 

(4) 10-958 ft. from left support; 88-1 ton-ft.; 87 ton-ft. 

1 w/2 

(5) ft.; ton-ft.; 10-4 ft.; 41-5 ton-fU 

(6) 11-76 ft. from A. 

(7) 13-1 ft. from A. 

(8) 32 and 40 ton-ft.; 3 05 ft. from supports. 

(9) 0-207/ and 0*293/ from ends. 

(10) 4*6 ton-ft.; 0-5 ton-ft.; 4-9 ft. from left support; 4-74 ft. from right 
support. 

01) 13 ton-ft.; 2-89 ft. from left support; 1-46 ft. from right support. 

(12) 27-5 ton-ft.; 52ton-ft.; 16 ton-ft.; 4-15 ft. (left) and 1 -41 ft. (right). 

(13) (a) iW/; ib) 

(14) (a) iW/; (6) iW/^l + i j. 


Examples V 

(1) 4-8 tons per sq. in. 

(2) 217-5 ton-in. 

(3) 15-625 tons; 7-812 tons. 

(4) 937-5 ft.; 253-2 ton-in. 

(5) 1,470 lb. per sq. in.; 609-5 ft. 

(6) 3i in. 

(7) 13-1 in. 

(8) 1-414. 

(9) 12 ft. 

(10) 3-27 to 1. 

(11) 7 tons per sq. in. 

(12) 21,750 Ib.-in. 

(13) 5-96(in.)l 

(14) 4-57 in.; 930 (in.)^; 1-36 ton; 1-95 ton per sq. in. 

(15) 30-7 ft. 

(16) 7-15 tons per sq. in. 

(17) 16 in. 

( 18 ) i in 

(19) 5*80 tong per sq. in.; 3-93. 

(21) 4-68 tons per sq. in. tension inclined 53° 44' to section; 2-60 tons per 
sq. in. inclined 36“ 46' to section. 

(22) 351,900 Ib.-in.; 18,000 lb. per sq. in. 

(23) 1,437 1b.; 6,930 lb, per sq. in. 

(24) 0-63 sq. in.; 386 lb. 

(25) 4-67 sq. in. 

(26) 0-565 sq. in.; 14,580 lb. per sq. in, 

(27) 3 sq. in.; 18,000 Ib. per sq. in. 

(28) 9,580 lb. per sq. in.; 1,040,000 Ib.-in. 


Examples VI 

(1) 1*875 tons; —16-875 tons; ±7*5 tons; 337*5 and 450 ton-ft. 

(2) Positive, 0*33, 0*67, and 1 ton; negative, 1*67, 1*33 and 1 ton; 8*33 
ton-ft.; 13-33 ton-ft.; 15 ton-ft. 
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(3) M25, 3-75 and 5-25 tons; 162*5, 306 and 318*75 ton-ft.; 0*255 ton 
per ft. 

(4) 243 ton-ft.; 2*5 ft. from centre; 240 ton-ft. 

(5) 100 ton-ft. at centre; 27*24 ft. 

(6) 31-2 ft. from an abutment; 779 ton-ft. 

(7) 3,238,500 Ib.-ft.; 615,000 Ib.-ft. 

(8) 137,700 1b. 

(9) 5,500 1b. per ft.; 4,400,000 Ib.-ft.; 4,320,000 Ib.-ft. 

(10) 12-52 ft. 

(11) 612 ton-ft.; 7*5 tons; 13-5 tons. 


Examples VII \ 

(1) 4-96 tons; 4*74 tons per sq. in.; 7*94 tons; 3*79 tons per sq. in. 

r84 


( 2 ) ^ : 


1 + 


48EI 

c/» 


(3) 3 in. (nearly) from centre of span; 0-262 in. 

oa . 

1 


(4) 


(5) -/eW; AW/; AW/; -7--/ from free end; 


1 W/» 


V5‘ 


48-^5 El 


0*2038 W. 


(7) A 


Ef 


(8) 0*134 in.; 0-148 in.; 9 25 in. from centre; 0*148 in. 

(9) 9-18 tons; 3-3 tons. 

(10) 8*8 in. from centre; 0-342 in. 

(11) 12-083 tons (centre^ 3-958 tons (ends). 

(12) 0-414; 0-68. 

(13) 0-29; 0-337; 0-644. 

(14) i ; H . 

(15) 0-0186 in.; 0-224 in,; 0-0181 in. (upward); 9-87 ft. 

(16) 0-0988; 0-073 in. (upward); 0-409 in.; 4-63 ft. to left of D. 

W/* 

(17) 0-544-^. 

tio 

(18) 2*98 in. 

W/* 

(19) 0*0241^ 

tlo- 

W/® 

(20) 0-0153 ~ 

tlQ. 


Examples VIII 

(1) 6-55 tons per sq. in.; 0*152 in. 

(2) AW2; Aw/2; 0-025/ from centre. 

(3) fW/; iW/; yffW/VEl; xAW/VEI; {/from ends. 

(4) AW/; AW/; AW; HW ; xAirW/VEl; r/rTW/VEI; V from light 
end; AItW/^/EI; {/ and tl from light end. 
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(5) 22 025 ton-ft. (left); 19-475 ton-ft. (right). 

(6) 'iVfW'/^and 0182/ and i-|/ from heavy end; 0-443 from heavy 

end; 0-001 34 h>/‘'/EI. 

W/* 

(7) 0-1108W/; 0-1392W/; 0-007 

III 

(8) 0-0759W/; 0-0491W/; 0-0037^*. 


(9) 0, 1*0 -Ah'/2, 0; toH’/, i JnV, liw’/. rowL 

(10) 0, 175 ton-ft., 125 ton-fl., 0; 2416 tons, 57 083 tons, 55 tons, 
23-75 tons. 

(11) 7-429 ton-ft. at B, 4-913 ton-ft. at C; in order A, B, C, D, 3-45, 
7*34, 6-39, 3-82 tons. 

(12) (a) From fixed end, tUwI\ 0; llwl, 

wl 
2 


ro 4 VI’/. (b) 1*2 u’/2 at each ; at ends, wl at inner supports. 


(13) In order A, B, C, D, 6 193, 5-661, 5-486, 0 ton-ft.; 4-441, 6-03, 6-843, 
3-703 tons. 

(14) 2-94 and 8-65 ton-ft.; 4 01, 5-60, 8-32, 3-07 tons. 


Examples DC 

(1) 3-2 to 1, 1 to 3. 

(2) 7-4 per cent. 


Examples X 

(1) 1-936 and 0*844 tons per sq. in. (8) 354 tons. 

(2) 5-6 and 2-4 tons per sq. in. (9) 324 tons. 

(3) 7-417 and 6-583 tons per sq. in. (10) 36-6 tons. 

(4) 14-85 ft. (11) 121-3 tons. 

(5) 72-8 tons. (12) 0-48 in. 

(6) 4 ft. 6-6 in. (13) 9-5 in. 

(7) 989 tons. (14) 3-43 in. 

(15) 2-441 and 0-339 tons per sq. in. 

(16) 0-309 in. 

(17) 46-3 in.; 0-34 ton per sq. in. 

(18) 770 tons. 

(19) 19-06 tons; 5-42 tons per sq. in. 

(20) 2-275 in. 

(21) 13-2 Ions; 4-06 tons per sq. in. 

(22) 4,571 and 521 lb. per sq, in. compression 
Q3) 0-0308 in.; 3,173 lb. per sq. in. 

(24) 87,150 1b.; 10,333 lb, per sq. in. compressive; 3,000 lb. per sq. in, 
tensile. 

(25) 93,500 lb.; 10,270 lb. per sq. in. compressive; 3,540 lb. per sq. in. 
tensile. 


Examples XI 

(1) At bearings 392 lb. at apex and struts 784 lb., at bearings and apex 
940 lb., at strut 1,880 lb. 

(2) 7,390 lb. 

(3) At shoe and apex 1,155 lb.; at intermediate joints 2,310 lb. 

X 
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THEORY OF STRUCTURES 
Examples XII 


(1) Dead loads. Main rafters and short strut 2,630, 2,280 and 700 lb. 
thnut. Main ties and inclined ties 2,350, 1,568 and 786 lb. tension. Wind 
loads. Main rafters and short strut 3,290, 3,290 and 1,880 lb. thrust. Main 
ties and inclined tie 3,680, 1,575 and 2,100 lb. tension. 

(2) Main rafters 7,700, 6,060, 7,700 lb. thrust, short struts 3,980 lb. thrust, 
main ties 8,610 and 3,100 lb. tension, inclined tie 5,510 lb. tension. 

(3) Main rafters 14,680, 13,830, 13,000, 12,300 lb. thrust; truss struts 
1,680, 3,360, 1,680 lb. thrust; main tics 13,130 11,250, 7,500 lb., second 
truss tics 3,750 and 5,625 lb., sub-truss ties 1,875 Ib. 

(4) Add to No. 3 answers in order: 12,450, 12,450, 12,450, 12,450 lb.; 
2,765, 5,535, 2,765 lb.; 15,460, 12,370, 6,188 lb.; 6,188, 9,272 lb.; 3,094 lb. 

(5) From left end, + for tension, — for thrust. Diagonals — 16-96, + 1 6-96, 
-1M9, -hlM9, -5-089, H- 5-089, +0-36, -0-36, +6 135, -6-135, 
+902, -902, +902, -902, +902, -902 ions. Top chord thrusts 
16-96, 28 1 6, 33-26, 32-90, 26-78, 17-78, 8-78 tons. Lower chord tensions 
8-48, 22-56, 30-71, 33-08, 29-84, 22-28, 13-28, 4-28 tons, 

(6) Coefficients of W from left end. Diagonals (tension) IS, -S^, Jf, (0). 
A, 1., W, V/- Verticals (thrust) V, V, 7, 0, ‘ 

-- -- -- 7 | -- 

f 6 0 

*’(7) /i(n-l)(«+l) 


14, 


(thrust), fl. If, V, V, xi, ft, ft- Lower chord (tension) 0, tf, 


Top chord 

0 3 6i. 7 5 

-.2 8, 14, 28, 


6n 

(8) U . 7, . w. 


,w. 


(9) Top chord thrusts firm support to centre 1,294, 1,230, 1,295, 1,423, 
1,402, 1,378 tons. Lower chord tensions, 915, 915, 931, 1,290, 1,290, 1,444, 
1,444, 1,422 tons. 


Examples XIII 

(1) From support to centre (in tons): lower chord maximum tensions, 
44*1, 44-1, 75-6, 94-5; minimum tensions, 12-6, 12-6, 21-6, 27-0; top chord 
maximum thrusts, 75-6, 94-5, 100-8; minimum thrusts, 21*6, 27-0, 28-8. 

(2) + tension, —thrust (in tons). End posts, —73-5, —21. Diagonals, 
support to centre first, +54-4, +13-1, second +37-1, +3-4, third +21-8, 
(-8-3. More exactly diagonals: first +53-7, +13-9, second +35-8, +4-8. 
. aird +20*1, -6-6. 

' (3) From support to centre (in tons); lower chord tensions (max.) 23-3, 
(18’3f 78-7, (min.) 6-03, 15-3, 19-9; upper chord thrusts (max.) 46-1, 73-9, 
•1, (min.) 11*5, 18-5, 20-8; extreme stresses in diagonals, end to centre 
(Uension +) max. —46-8, +45-65, —29-65, +28-50, —15-35, +14-20, min, 
-12-1, +10-95, -6-11, +4-96, +2-66, -3-81. 
i (4) 2-8 tons per ft. 

From end to centre (in tons): lower chord maximum tensions 0, 30, 42-86; 
top chord maximum thrusts 30-9, 43-3, 48-2; diagonals maximum tensions 
42-1, 23*3, 12*6; verticals maximum thrusts 37*5, 17-8, 9-7, 0. 


Examples XIV 

(1) -l,250w, +3,750wand +2,500>v ton-ft. 

(2) Maximum tension 115-8 tons; maximum thrust 26-1 ton-ft. 

(3) Bay QE; 67-0 tons; 12-1 tons. 

(4) MF and FG. 
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(5) 111-4 and 13-5 tons (tension). 

(6) 104 and 12-6 tons. 

(7) 49-3 tons thrust; 216-4 tons tension. 

(8) 62-8 and 21-2 tons tension. 

(9) 185,600 and 66,900 lb. tension. 

(10) Thrusts 14 tons; tension 17-4 tons. 

(11) Thrusts 14 tons; tension 9-9 tons. 

(12) Stresses in lb.; tension +; tie, -4-1,000; jib —1,732; shear legs 
(a) +650 each, (Z») +1,060 and +170, (r) -hi, 154 and 0; post (a) —370, 
(d) -310, (c) -260; strut RS, (a) -485, (b) -785, (c) -870; strut RT 
(a) -485, (b) -125, (c) 0. 

(13) AB 1,450 lb., AD 1,280 lb., AC 800 lb. 


Examples XV 


(1) 0 0252 in., 0 00762 in. 

(2) 0 21 24 in. 

(3) 0-2395 in. 

(4) AC, 2-40 tons; BC 5-49 tons, DC 5-25 tons. 

(5) Sides 207 lb.; vertical diagonal 707 lb. tension; horizontal diagonal 
293 lb. thrust. 

(6) 0-387W and 0-467W. 

(7) 1,540 Ib. tension, 2,180 lb. thrust. 

(8) 25-98 tons, (a) 40 tons, (b) 38 tons. 


Examples XVI 

(1) 242 lb.; 6-03 tons per sq. in.; 1-33 ton per square inch. 

(2) 59,130 Ib.-ft. 

(3) 56,318 Ib.-rt. 

(4) 2-625 ton-ft.; 1-125 ton-ft. 

(5) 0-393 in. 

(6) 2-5 ton-ft.; 1-25 ton-ft. 

(7) 0-357 in. 

(8) 12-455; 10-446 and 21-797 tons-in. 

(9) 0-1148 in. 


Examples XVII 

(1) to (5) Indefinite; refer to Plate II. 

(6) 4-91 tons. 

(7) 2-749 tons. 

(8) 2-943 tons. 


Examples XVIII 

(1) 6 ft. 8 in. and 12 ft. 10 in. 

(2) 16 ft. 1 in. 

(3) 1-25 in.; 23 ft. 6 in.; 32 ft. 

(4) +in. rivets, pitch 5-8 in. theoretical, 4 in. actual; or l-in. rivets. 
6-in. pitch changing to J-in. rivets at first stiffener. 

(5) 24 in. or 21 in. according to 4-in. or 6-in. pitch. 

(6) (a) 6 tons 12 cwt. 1 qr. 13 lb.; (b) 17 cwt. 2 qrs. 22 lb.; (c) 8 cwt. 
3 qrs. 17 lb. 

X* 
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THEORY Oh STRUCTURES 
Examples XIX 


(1) 3,710 ft. 

(2) 53-85 tons; 10-77 sq. in.; 82-13 ft., 57*7 tons; 48*85 tons; 3-36 tons; 
46-9 tons. 

(3) (by calculation) left end 30-79, right end 31-10 tons. 

(4) 47-3 tons; 48 ton-ft.; left —15 ton-ft., right +10 ton-ft. 

(5) +18-83 tons-ft. ; —18-83 tons-ft. at 23-4 ft. from left, 60-5 ft. from 
right and 39-5 ft. from left loaded. 

(6) +1-5625 and -3-4375 tons; +2-5 and -2-5 tons; +2-8125 and 
-2-1875 tons. 

(7) + and - 0-9450, 0-625, 1-055 tons. 

(8) 40-39 tons + and —62-5 ton-ft.; —15 ton-ft., +10 ton-ft. 

(9) + and — 31-25 ton-ft.; for + value, 25 ft. from each end; for — 
value 50 ft. central. 

(10) + and — 2*5 tons for all sections. 

(11) + and — 1-25 tons for all sections. 

(12) 1-523 tons per sq. in. 

(13) 31-25 tons; 8-4 ton-ft. 

(14) 20-83 tons; 6-51 ton-ft.; 25*1 ton-ft.; 25-1 tons; 0-57 ton. 

(15) 3-125 tons; -23-4375 ton-ft.; +7*8125 ton-ft.; 6-25 tons; 
-15-625 ton-ft. 

(16) + and - 0-563 W and 0-9945 W. 

(17) Thrust 1-032 W; tension T1628 W; (W=load per 50 ft. panel). 

(18) 30-5 tons. 

(19) 9-76 tons; 21-9 ton-ft. 

(20) 6-96 tons; 5-66 ton-ft.; 5*8 tons; 6*4 ton-ft. 

(21) 0-421 ton. 

(22) 0-43 ton per sq. in. 

(23) 11-72 tons; - 18-75 ton-ft. 

(24) Ends -0-0553 W/; -JW; 0 459 W; Crown -0-0757 W/; 0-459 W; 
zero. 

(25) 0-3103 ton. 

(26) 1,990 lb. per sq. in,; 50-5^ 

(27) 1-62 tons per sq. in. 


Examples XX 

(1) 2-24 ft. 

(2) Three 12 x 5 in. beams on eight 8 x 4in. beams all 7 ft. long in con- 
crete 8 ft. by 8 ft. 

(3) (a) 1 -405 ft.; 6,468 lb. thrust and 168 lb. tension per sq. ft.; (6) 1-3446 
ft.; 10,665 lb. thrust and 45 lb. tension per sq. ft. 

(4) {a) 8-17 ft.; (6) 8-04 ft. 

(5) 89-6 ft. 

(6) Upstream toe 6-22 tons per sq. ft.; downstream toe 4-98 tons per 
sq. ft. 
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A 

Angle of repose of earth, 560 
Appendix, 591 
Arched ribs, 532, 549 
Arches, Chaps. XIX and XX 

, circular, 546, 548, 555, 583 

, masonry, 579 

, parabolic, 536, 546, 555 

, three-hinged, 534, 538 

, two-hinged, 543, 547 


B 

Baltimore truss, 339, 373, 384 
Beams, Chaps. IV, V, VII, VIII 

, built-in, Chap. VIII 

, connections, 489 

, deflection of. Chaps. VII, VIII 

and IX 

, stresses in, Chap. V 

, trussed, 438 

Bearings for bridges, 513 
Bending, theory of, 65, 86 

moments, 65; signs, 79 

from funicular polygon, 74 

relation to shearing force, 

78 

— — unsymmctrical, 103, 276, 281 

BoUman truss, 371 

Bond stress, 130 

Booms, 338 

Bow’s notation, 50 

Box-plate girder, 98 

Braced girders, 337 

, curved type, 340, 379 

parallel type, 338, 378 
piers, 402 
portals, 442 
• shed frames, 442 
Bridge bearings, 513 

floors, 513 

Bridge Stress Committee, 46 
Bridges, cantilever, 389 

, dead loads on, 343 

, live loads on, 158 


Bridges, skew, 515 

, suspension, 520 

, wind bracing, 338, 386 

, wind loads, 341 

British Standard Sections. See 
Appendix, 591 

British Standard bridge loading, 159 
Buildings, steel, 458 
Built-in beams, 211 
Bulk modulus, 9 


C 

Cable, hanging, 516, 522 
Cantilever, 67, 179, 192 

bridge, 254, 389 

, deflection of, 179, 192 

seatings, 278 

Cast iron, 38 

beams, 102 

Castigliano’s theorem, 261 
Centre-bearing swingbridge, 396 
Centrifugal force on bridges, 345 
Centroids, 52, 57 
Chains, hanging, 516 
Chords, 338 

Circular diagrams of stress, 17, 25 
Circular arch, 546, 548, 555, 583 
Clapeyron’s theorem of three mo- 
ments, 232 

Cleat connections, 489 
Coefficient of elasticity, 4; table, 605 
Columns, 288. See Stanchions 
Combined bending and direct stress, 
274, 321 

Combined shearing-force diagrams, 
160 

Commercial elastic limit, 35 
Component stresses, 4 
Compound girder section, 98 
Concrete, reinforced, 118, 321 
Conditions of equilibrium, 51 
Continuous beams, 232 
, advantages and disad- 
vantages, 253 

of varying section, 243 
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INDEX 


Continuous truss, 399, 434 
Contraction of section, 9, 37 
Contrary flexure, points of, 72 
Conventional web stresses, 375, 391 

train loads, 158 

Cores, 276 

Counterbraces, 334, 384 
Crane braced, 406 

derrick, 404 

Cross-girders, 338, 509 
Cross, Hardy, 245 
Crushing strength, table, 605 
Curtailment of flanges, 493 
Curvature of beams, 87, 1 70 


D 

Dams, 575 

Dead loads on bridges, 343 

on roofs, 340 

Deck-type girders, 338, 500 
Deflection of beams, Chaps. VII, 
VIll and IX 

due to shearing beams, 263 

from bending-moment diagrams, 

191 

from strain energy, 258 

of arch, 541 

of frames, 414 

from principle of work, 

420 

graphical method, 421 

Deformation, method of, 427, 428 

of curved rib, 542 

Derrick crane, 404 

Diagrams of bending moment, 66 

Ductile metals, 33 

Ductility, 33 

, importance of, 36 

Dynamic effect of live load, 42 


E 

Earth pressure, 560 

retaining walls, 573 

Eccentric loads, 274 

on long columns, 307 

Eddy’s theorem, 536 
Effective span, 73 
Elastic constants, 7 

, relations between, 10 

, table of, 605 


Elastic limits, 3, 34 

method for masonry arches, 583 

strain energy, 41, 256, 263 

strength, 35 

Elasticity, 4, 33 

, modulus of, 4 

Ellipse of inertia, 60 

stress, 15 

Encastre beams, 211 
Equation of three moments, 232 
Equivalent dead-load stress, 44 

uniformly distributed load, 155 

Euler’s theory of long pillars, 288, 
293 

Experiments on struts, 297. 304 

on wind pressure, 341 

Eye-bars, 486 


F 

Factor of safety, 35, 44; table, 48 
Fink truss, 372 

Fixing-couplcs on beams, 213, 219 
Flange resistance diagrams, 493 

splices, 495 

Flexural deformation of rib, 542 
Flexure, points of contrary, 72 
Foundations, 569 

, grillage, 570 

Frames, 333 

, deflection of, 414, 420, 421 

, pin-jointed, 476 

, riveted, 476 

, space, 403 

French roof truss, 351, 366 
Funicular polygon, moments from, 
51 

G 

Girder, braced, 337 

, cast iron, 102 

, compound, 98 

, plate, 98. Chap. XVIIl 

Graphical determination of area 
moments, 57 

of beam deflections, 200 

of centroids, 57 

of moments of inertia, 57 

Graphical methods for beam deflec- 
tions due to shearing, 267 

for built-in beams. 220 

for continuous beams, 

236. 243 
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Grillage foundations, 570 
Gyration, radius of, 53 


H 

Hanging cable and chains, 516 
Hog-back girder, 351 
Hooke’s law, 4 

Howe, roof weight formula, 340 


I 

Impact allowances and coeflicients, 
45 

of falling weight, 43 

Indeterminate frames, 426 
Inertia, moment of, 53, 62 

graphical determination, 

57 

Inflexion, points of, 72 
Influence lines, 162 

for cantilever bridge, 391 

for continuous beams, 399 

for spandrel-braced arch, 

538 

for suspension bridges, 

528, 531 

for swingbndge, 399 

for truss, 165 

Intensity of stress, 1 


J 

Johnson formula for struts, 297 
Joints, pin, 486 
, riveted, 486 


K 

Kneebraced roof, 459 


L 

Lattice bars, proportions, 302 

girder, 337, 430 

Lateral loads on struts and tie-rods, 
315 

Lea, on equivalent loads, 158 
Linear arch, 516, 532, 536, 581 
Line of resistance in masonry, 531 
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Live loads, 42, Chap VI, 344 ; 

Chap. XIII 
Long columns, 288 
under eccentric loads, 307 


M 

Malleability, 33 
Mansard roof, 337 
Masonry arches, 579 
dams, 575 

seating for beam ends, 278 

, stability of, 568 

, stresses in, 569 

Maximum bending moments, Chap 
VI, 526, 530 

pressure on supports, 153 

shearing forces, Chap. VI, 528, 

531 

Maxwell’s reciprocal deflection the- 
orem, 260, 420 
Metal arches, 532 
Method of resolution, 365 

of sections, 366 

Middle third rule for masonry, 276, 
569, 575 

Minimum strain energy, principle of, 
427, 432 

Modulus, bulk, 9 

figures, 96 

of elasticity, 4 

of rigidity; table, 605 

of section, 91, 93 

, Young’s, 7; table of, 605 

Moment distribution, 245 468 

of inertia of sections, 52, 57, 62 

of resistance, 66, 89 

Momental ellipse, 60 
Moments from funicular polygon, 51 
Moving loads on bridges. Chap, Vl, 
344 ; Chap. XII 
Multiple web systems, 339, 383 


N 

N girder, 338, 351, 367, 369, 376, 486 
Neutral axis, 86, 88 
surface, 86 

Number of members in perfect frame, 
335 

O 

Oblique stresses, 4 
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P 

Panels, 338 

Parabolic arch rib, 536, 546, 555 
girder, 370 

Partially continuous trusses, 400 
Pencoyd formula, 45 
Perfect frames, 333 
Perry, J., footnote, 308, 318 
Perry- Robertson formula for 

columns, 309 
Piei s, braced, 402 
Pillars, 288 
Pin joints, 486 

Pitch of rivets in girders, 480, 497 
Plasticity, 33 

Plate girder. Chap. XVIII 
deck bridge, 500 and Plate 

111 

sections, 98 

through bridge, 507, and 

Plate IV 

web stresses, 495 

Points of contrary flexure, 72 
Poisson’s ratio, 9 
Pratt truss, 338 
Pressure of earth, 560 
Principal axes of sections, 60 

stresses, 12, 20; in beams, 113 

Principle of minimum strain energy, 
427, 432 

of work, 427 

, deflection from, 420 

planes, 22 

strains, 28 

Proof resilience, 42 
Product of inertia, 60, 62 
Propped beams, 175, 181, 193 

R 

Railbearers, 338, 507 
Rankine’s formula for struts, 294 

theory of earth pressure, 560 

Reciprocal Deflection Theorem 
(Maxwell’s), 260, 420 

figures, 349 

Rectangular frames, 447, 463 
Redundant frames, 333, 428 
Reinforced concrete, 118, 321 
Relation between elastic constants, 10 
bending stress and deflec- 
tion, 176 

— of curvature slope and deflec- 
tion in beams, 171 
Repose, angle of, 560 


Resilience, 42 

of beams, 256 

Resistance, moment of, 66, 89 

of masonry, 568 

Resolution of stresses, 12 

, method of, 365 

Retaining walls, 573 
Ricker’s formula for roof weights, 
340 

Rivet groups, 480, 483 

pitch, 480, 497 

Riveted joints, 477 
Robertson, A., 309, footnote 
Rolling loads. Chaps. VI and Xlll 
Roof, kneebraced, 459 

principals, 335 

design, 356, and Plate 1 
French truss, 351, 366 
island station, 353 
weight of, 340 


S 

S-Polygon, 281 

Safety, factor of, 35, 44; table, 48 
Second moment of areas, 52, 57 
Secondary stresses, 304, 469, 472 
Sections, forms of, 97, 300, 477, 
and Appendix, 591 

, method of, 366 

, standard, 591 

Shear legs, 404 

strain, 3 

stress, 2 

, simple, 6 

in beams, 102 

Shearing deflection of beams, 263 

force, 65 ; signs, 79 

, relation to bending mo- 
ment, 78 

strength table, 48 

Simple bending, 86 

shear, 6 

Skew bridges, 515 
Space frames, 403 
Spandrel-braced arch, 538 
Stability of masonry, 568 
Stanchions, 288, 489 

, built-up, 300 

connections, 489 

, latticed, 301 

with cross-beams, 447, 463 

Statically indeterminate frames, 363, 
426 



INDEX 


617 


Statics, Chap. Ill 
Steel, 38 

buildings, 458 

sections, 97, 300, 477, and 

Appendix, 591 
Stiffened cables, 532 

suspension bridge, 523 

Stiffeners, 495 

Stiffening girder, three-hinged, 523 

, two-hinged, 529 

Stiffness of beams, 1 70 
Straight-line strut formula, 297 
Strain, 3 

energy, 41, 256, 263 

, principal, 28 

Strength, elastic, 35 

, tables of, 48, 605 

Stress, 1 

coefficients, 370, 408 

diagrams, 348 

for wind loads, 355 

due to change of temperature, 

40, 531, 547, 556 

due to impact, 43 

, ellipse of, 15 

in frames, 348 

, oblique, 4 

, principal, 12, 20; in beams, 113 

, shear, 3 

, simple, 2 

Stringers, 338, 507 
Struts, 288 

laterally loaded, 315 

Superposition, method of, 363 
Suspension bridge, 520 

stiffened, 523 

Swingbridge, centre- bearing, 396 

, rim-bcanng, 399 

Symmetrical arches, 552 


T 

Temperature deflection, frames, 415 
stresses, 40 

in arched ribs, 547, 556 

in stiffening girders, 531 

Tenacity, 35, 37 

Tension coefficients for space frames, 
408 

Theorem of three moments, 232 
Theory of bending, 65, 86 
Three-hinged arch, 534 

, spandrel-braced, 538 

stiffening girder, 523 


Through-girder bridge, 338, 507 
Thrust, line of, 576, 579 

on columns, Chap. X 

Tic-rods laterally loaded, 315 
Torsional resistance of rivet groups, 
483 

Trapezium, centroid of, 576 
Trapezoidal retaining wall, 578 
Truss, 338 
Trussed beams, 438 
Two-hinged arch, 543, 547 

stiffening girder, 529 

spandrel-braced arch, 538 


U 

Ultimate strength, 35, 48 

, tables of, 48, 605 

Uniform curvature, 170 

equivalent loads, 155 

Unit stress, 1 

UnsymmeUical bending, 103, 276 
281 


V 

Vector diagram, 50 
Voussoirs, 580 


W 

Walls, footings for, 570 

, retaining, 537 

Warren girder, 339, 350, 369 
Web splice, 498 

stresses in plate girder, 112, 495 

Wedge theory of earth pressure, 564 
Wilson’s method for continuous 
beams, 238 

Wind bracing, 338, 386 

loads, 341 

stress diagrams, 355 
pressure formulae, 343 
Winkler’s criterion for arches, 580 
Working stress, 44, 475; table, 605 
Wrought iron, 38 


Y 

Yield point, 34 
Young’s modulus, 7 



